Equivariant KK-theory and noncommutative index theory

Paul F. Baum

Notes taken by
PawelWitkowski

May 2007



Contents

1.1
1.2
1.3
1.4
1.5
1.6
1.7

1.8

1.9

1.10
1.11
1.12
1.13
1.14

1 The Baum-Connes Conjecture 3
C*algebras . . . . . . . . e e 3
K-theory . . . . . o 6
Representations . . . . . . . . . . . . e 7
K-homology . . . . . . . . 7
Equivariant K-homology . . . . . . . . . . .. . 10
Universal G-space for proper actions . . . .. .. .. ... ... ........ 12
The Baum-Connes Conjecture . . . . . . . . . . . v i v i it 14
1.7.1 The conjecture with coelcients . . . . .. ... ... .......... 15
Hilbert modules. . . . . . . . . . . . . e 15
Reduced crossed product. . . . . . . . . . .. ... ... 17
Topological K-theory of ' . . . . . . . . ... . 18
KK-theory . . . . . . . e e e 19
Equivariant KK-theory . . . . . . . . . . . . 20
Assembly map in the Baum-Connes conjecture . . . . . ... ... ...... 21
KKLE(C,C) oot e e e e 23



Chapter 1

The Baum-Connes Conjecture

1.1 C*-algebras

Let G be a locally compact, Hausdor [, 3econd countable (the topology of G has a countable
base) group. Examples are:

e Lie groups with mp(G) finite - SL(n, R),
= p-adic groups - SL(n, Qp),

« adelic groups - SL(n, A),

« discrete groups - SL(n, Z).

For a group G we have the reduced C*-algebra of G, denoted by C,'G. The problem is to
compute its K-theory K;(C€), j =0, 1.

Conjecture 1 (P. Baum - A. Connes). For all locally compact, Hausdor [,_3econd countable
groups G
w: KP(EG) ~ K;j(C/G)

is an isomorphism for j =0, 1.
Recall some definitions:
Definition 1.1. A Banach algebra is an algebra A over C with a given norm [I[]
CIEA - {t CRI|t=0}

such that A is complete normed algebra, i.e.

A&[Z \|ELA [ a [A,

[@H b= [al# [bI,h,b A,
e [ab[= [AlTHI, kb A,
e [alFO0ifand only ifa=0,
and every Cauchy sequence is convergent in A (with respect to the metric @l b

Definition 1.2. A C*-algebra is a Banach algebra (A, 1D with amap A - A, ad a™
satisfying



- (@b a,

e (a+b)F=at+pt]

- (ab)T= bt

e (A\a)"% Aallab [A, A [T,
- [@aa"'= @2k @hel

A *-morphism is an algebra homomorphism ¢: A — B such that ¢(a5’'= (¢p(a)) ~for all
a LAl

Lemma 1.3. If $: A - B is a *-homomorphism then [p(a) (=% [@l fbr all a [CA.

Example 1.4. Let X be a locally compact Hausdor [fbpological space, and X = X [{poo}
its one-point compactification. Define

Co(X) :={a: X* - C|ais continuous, a(pe) = 0},
[ sup |ap)l,  a'th) = a(p).
p X1
with operations

(a+B)(p) = a(p) +B(p),
(@B)(p) = a(P)B(P).
(Aa)(p) = Aa(p), A LA

If X is compact, then
Co(X) :=C(X) ={a: X - C | ais continuous},

Example 1.5. Let H be a separable Hilbert space (admits a countable or finite orthonormal
basis). Define
LH):={T:H - H|T bounded},
1

(M= sup [TulCd ul=F ™ ul]
u [H) =1

[Mu, v[F m, T%or all u,v CH.
with operations
(T +S)u=Tu+ Su,

(TS)u =T(Su),
(ATHu=A(Tu),A @A

Example 1.6. If H is a Hilbert space, then define

K(H) ={T CIXH) | T is compact operator}
={T LIXH) | dimc T(H) < oo}

with the closure in operator norm. Then K(H) is a sub-C*-algebra of L(H) and an ideal in
L(H).




Example 1.7. Let G be a locally compact Hausdor [_sécond countable topological group. Fix
a left-invariant Haar measure dg for G, that is for all continuous f: G — C with compact

support ] ]
f(yg)dg = f(9)dg
G G

for all y Q.

Let L2G be the following Hilbert space
1

L’G={u:G -~ C| |u(g)l’dg < oo}
G
1
W, viE  u(g)v(g)dg, u,v CLFG.
G

Let L(L?G) be the C*-algebra of all bounded operators T: L?G — L2G. Let
C.G={f: G - C|f is continuous, and has compact support}.
Then C.G is an algebra
(AMf)g=A(fg), ALQ g [A

(f +h)g = T%r hg

(f Ch)go = Gf(g)h(g_lgo)dg, go LG
There is an injection of algebras

0 - C.G - L(L%G)

given by f 3 Ty, Te(u) = f [, u CILPG,
1

(f [)go = Gf(g)U(g‘lgo)dg, do (G,
Define the reduced C*-algebra CG of G as the closure of C.G [CI{L?G) in the operator
norm. CG is a sub-C*-algebra of L(L%G).
Definition 1.8. A subalgebra A of L(H) is a C*-algebra of operators if and only if
1. A is closed with respect to the operator norm.
2. If T A, then the adjoint operator T ~Al.

Theorem 1.9 (I. Gelfand, V. Naimark). Any C*-algebra is isomorphic, as a C*-algebra, to
a C*-algebra of operators.

Theorem 1.10. Let A be a commutative C*-algebra. Then A is (canonically) isomorphic to
Co(X) where X is the space of maximal ideals of A.

Thus a non-commutative C*-algebra can be viewed as a “’noncommutative locally compact
Hausdor [Ctbpological space”.
We have an equivalence of the following categories

e Commutative C*-algebras with *-homomorphisms,

e Locally compact Hausdor [tbpological spaces with morphisms from X to Y being a
continuous maps f: X* - Y * with f(Poo) = Goo.



1.2 K-theory

Let A be a C*-algebra with unit 14,

Ko(A) = K3'9(A) = Grothendieck group of finitely generated
(left) projective A-modules
In the definition of Ko(A) we can forget about [-1[Cdnd [In the definition of Ki(A) we

cannot forget about that.
Take a topological groups GL(n, A) and embeddings GL(n,A) & GL(n+1,A)
—1

1
1 L1 a; ... aan O
aij; ... Ain .
' : and ... a 0
an]_ s ann n 8“ 1A

Then GL(A) = lim GL(n, A) with the direct limit topology. Define the K-theory groups

= N oo

Ki(A) :=mj—1(GL(A)), j=1,2,3,....

Bott periodicity states that Q2 GL(A) [QL(A), so Kj(A) CKj+2(A) for j =0,1,2,....
Thus in fact we have two groups Ko(A) and Ky (A).
If A is not unital, then we can adjoin a unit,

0_A_-AdcC_o0
and define

Ko(A) := ker(Ko(A)1. Ko(C)),
K1(A) 1= Ky(A)]

Ifd: A - B isa*-homomorphism, then there is an induced homomorphism of abelian groups
Kj(A) - K;(B). ~
Example 1.11. C is a C*-algebra, AL = |A], AF= A

Theorem 1.12 (Bott). -
7 j even
K@=
0 j odd
Theorem 1.13 (Bott). -
0 jeven

hGLOC) = o

forj =0,1,...,2n—1.
For a locally compact Hausdor Ctbpological space one defines a topological K-theory with
compact supports (Atiyah-Hirzebruch)
KI (X) = K;j(Co(X))-

If X is compact Hausdor CEhen K°(X) is the Grothendieck group of complex vector bundles
on X.
There is a chern character

ch: KI(X) - HJC+2|(x;@), j=0,1.



Theorem 1.14. For any locally compact Hausdor [fbpological space X

ch: KI(X) - HJC+2|(X;<Q))

is a rational isomorphism, i.e.

ch: KI(X) [zD - HJC+2|(X;Q)

|
is an isomorphism for j =0, 1.

We can use Cech cohomology, Alexander-Spanier cohomology or representable cohomol-
ogy (all with compact supports).

1.3 Representations

Definition 1.15. A representation of C*-algebra A is a *-homomorphism
¢: A L(H),

where H is a Hilbert space.

The myth: for a reduced C*-algebra C'& of G there exists a locally compact Hausdor []
topological space &l The space GrJhas one point for each distinct (i.e. non-equivalent)
irreducible unitary representation of G which is weakly contained in the (left) regular repre-
sentation of G. Gs known as the support of the Plancherel measure or the reduced unitary
dual of G. The K-theory K@) is the topological K-theory (with compact supports of

=)

Example 1.16. For G = SL(2, R) we have G

1.4 K-homology

Let A be a separable C*-algebra (A has o countable dense subset). We will define generalized
elliptic operators over A in the odd and even case.

Definition 1.17 (odd case). A generalized odd elliptic operator over A is a triple
(H, Y, T) such that

1. H is a separable Hilbert space,
2. P: A > L(H) is a *-homomorphisms,
3. T [IAH)



and
T=T5 ¢@T —Ty@) CK(H), v@)(L—-T?) CK(H)

for all a [CAl
We will denote the set of such triples by EX(A). If ¢: A - B is a *-homomorphism then
there is an induced map

¢“ENB) - EMA), ¢ H. . T)=(H,u-9,T).
Example 1.18. St :={(t;,tp) [R| 2+t =1}, A= C(S?), y: C(S?) - L(L3(SY))
W(o)(u) =a(u), o CT(S?), u CILF(SY),
(au)(A) = a(A)u(r), A CSE.

The Dirac operator D of St is —iZ. If we take a basis {e"}, 70f L2(S?), then
1 P 1

inby — _; Y inBy — inb

DE"™) = |ae ") =ne™".

1
Set T =D(l +DD) 2. Then

T (™) = N qino
1+n2 '
and (L%(S%),u, T) CEHC(SY)).
We will define odd K-homology of A by
K1(A) := E}(A)/ C(E KK(A,C)),
where the relation [Cislhomotopy, which is defined below.

Definition 1.19. Let & = (H,,T), n = (HJW5TYH be elements of E1(A). We say that & is
isomorphic to n, & COdf there exists a unitary operator U: H —. HFwith commutativity in
the diagrams

H—2> HU H—> HO
Tl \LTD Lu(a)l lw%a)
. O O

H—>H H—>H

for all a Al

Definition 1.20. We say that &€ = (H,y,T),n = (Hp5TY CEF(A) are strictly homo-
topic if there exists a continuous function [0, 1] - L(H), t 3 T such that

1. To=T,
2. for all t [0, 1], (H,y, Te) CELA),

3. (H,y,Ty) C@ETYITH.

Definition 1.21. We say that a generalized elliptic operator (H, y, T) CEF(A) is degenerate
if and only if

P@T —Ty@ =0, Y@ —T? =0, foralla[CA



Definition 1.22. We say that § = (H,¢,T),n = (HY¢YTY [CBY(A) are homotopic,
£ [ if and only if there exists degenerate generalized elliptic operators & with & &3
strictly homotopic to n .11

Definition 1.23. Odd K-homology of a C*-algebra A is defined as the group of homotopy
classes of generalized odd elliptic operators,

KY(A) := E}(A)/ 1
It is an abelian group with respect to
(H,y, T)+ (HWTY = (H tHLy CEiT £

with inverse defined by
—(H 4y, T)=H,p,-T).
If $: A - B is a *-homomorphism, then there is an induced map
q)l:] Kl(B) - Kl(A)! q)l%i_'!w!T):(quJoq)vT)
Now we will define even elliptic operators and K°(A).

Definition 1.24 (even case). A generalized even elliptic operator over A is a triple
(H,y,T) such that

1. H is a separable Hilbert space,
2. Y: A - L(H) is a *-homomorphisms,
3. T CI(H)
and
Y@T —Ty(a) CK(H), @@ -TTHCKH), w@Q@—TF) CKH)

for all a [CAl
We will denote the set of such triples by E°(A).

Definition 1.25. Even K-homology of a C*-algebra A is defined as the group of homotopy
classes of generalized even elliptic operators,

K°(A) := E°(A)/ 1
It is an abelian group with respect to
(H,y, T)+ (HWTY = (H tHLy CEiT £

with inverse defined by
—(H g, T)=H,p,-T).

If $: A - B is a *-homomorphism, then there is an induced map

q)l:] KO(B) - KO(A)! q)l%i_'!w!T):(quJoq)vT)



1.5 Equivariant K-homology

Let G be a locally compact Hausdor [Csecond countable group, and H a separable Hilbert
space. Denote the set of unitary operators on H by

UH):={U CIXH) |Juu~=utd =1}

Definition 1.26. A unitary representation of G is a group homomorphism : G - U(H)
such that for each v [H the map G - H, g B m(g)v is a continuous map from G to H.

Definition 1.27. A G-C*-algebra is a C*-algebra A with a given continuous action
GxA- A
by automorphisms.
Example 1.28. Let X be a locally compact G-space. Then G acts on Cy(X) by
(9a)(x) = a(g™x), g [Q, a [Th(X), x [X.

This makes Cy(X) a G-C*-algebra.
Let A be a (separable) G-C*-algebra.

Definition 1.29. A covariant representation of A is a triple (H, y, ) such that
e H is a separable Hilbert space,
e : A - L(H) is a *~homomorphism,
e 11: G - U(H) is a unitary representation of G,

e and
Y(ga) = n(@)w(@n(@ ™)
for all g (3, a Al

Definition 1.30. Equivariant odd K-homology Ké(A) of a G-C*-algebra A is the group
of homotopy classes of quadriples (H,y, T, 1), where (H,y, ) is a covariant representation
of A, and T [LKH) is such that

T =THh(Q)T —Tn(g) CK(H), ()T —Ty(a) CK(H), w(a)(l—T?) CK(H)

for all g (3, a AL
KE(A) ={H,yp,n, T)}/ [

Example 1.31. Let G =7, X =R, A = Cp(R). Consider the action by translations
ZxXR - R, () B n+t
Let H = L%(R). Define ¢: A - L(H) by
g(a)u =au, au(t) =al)u(t), o CCH(R), u CLF(R), t CRL.
The representation 1: Z — U(L?(R)) is defined by

(m(u)(®) := u(t—n).

10



As an operator on L?(R) we take —i&. It is not a bounded operator on L?(R), but we can
“normalize” it to obtain a bounded operator T. Since —i& is self-adjoint ther is functional
calculus, and T can be taken to be the function ~2=; applied to —idi,
1+x 28
1 L1
X (—ii
1+ %2 dx”’
Equivalently, T can be constructed using Fourier transform. Let My be the operator of
“multiplication by x”

T:=

(MxF)(X) = xF(X).
Fourier transform converts —i& to My i.e. there is a commutativity in the diagram

L%(R) ——= L2(R)
W
L2(R) —— L%(R)

where F denotes the Fourier transform. Let M;,% be the operator of “multiplication by

1+x

X 77
aﬁ . Then
Mux f (X) = Y2 (),
1+x2 1+ x2
and MJ,LZ is a bounded operator
1+x

Max L?(R) - L%(R).

1+x

Now, T is the unique bounded operator T : L?(R) — L2(R) such that there is commutativity
in the diagram

L2(R) —— L2(R)
L e

1+x2

L2(R) —— L%(R)
Then
(L*®),y,m, T) CEF(R).
Definition 1.32. Equivariant even K-homology K%(A) of a G-C*-algebra A is the group

of homotopy classes of quadriples (H,y, T, 1), where (H,y, ) is a covariant representation
of A, and T [LKH) is such that

n@T—Tn(g) CK(H), w@T-Ty(@) CK(H), Y@L-TF) CKH), w@A-TTY CK(H)

for all g [Q, a [CA.
KL(A) ={(H,p, 1, T)}/ 1

If A, B are G-C*-algebras, and ¢: A - B is a G-equivariant *-homomorphism, then
dSEL(B) - EL(A) for j = 0,1 is given by

¢I%'_|’w’T[VT) g (H’qJ ° q),T[,T).
Addition in KL(A) is direct sum
(H,y,m,T)+ (H7nTH = (H CHYy C@in CxfT CT),

and the inverse is
—H, g, 1, T)=H,P,n,—T).

11



1.6 Universal G-space for proper actions

Recall that if X, Y are G-spaces, then a G-map from X to Y is a continuous G-equivariant
map f: X - Y
f(gp) =gf(p), a LG p [X.

Two G-maps fp, f1: X — Y are G-homotopic if they are homotopic through G-maps, i.e.
there exists a homotopy {f}, 0 <t < 1 with each f; a G-map.

Definition 1.33. A G-space X is proper if
e X is paracompact and Hausdor [ ]
< the quotient space X/G (with the quotient topology) is paracompact and Hausdor 1
e for each p X there exists a triple (U, H, p) such that

1. U is an open neighbourhood of p in X with gu Ul for all g G, u [,
2. H is a compact subgroup of G,
3. p: U - G/H is a G-map from U to G/H.

Proposition 1.34 (Chabert, Echterho [_Meyer). If X is a locally compact Hausdor [_sécond
countable G-space, then X is proper if and only if the map

GxX - XxX, (g,%X) B (gx,x)
is proper (i.e. the preimage of any compact set in X x X is compact).

Definition 1.35. A universal G-space for proper actions, denoted EG is a proper G-
space such that if X is any proper G-space, then there exists a G-map f: X - EG and any
two G-maps from X to EG are G-homotopic.

Lemma 1.36. There exists universal G-space for proper actions.

The space EG is unique up to homotopy. Indeed, if EG and (EG)"are both universal
examples for proper actions of G, then there exists G-maps

f: EG - (EG)”
fY (EG)"- EG

with fP f and f o fYG-homotopic to the identity maps of EG and (EG)" respectively.
Moreover f and f™are unique up to homotopy.
There is a following set of axioms for EG

1. Y is a proper G-space,
2. if H is any compact subgroup of G then there exists p Yl with hp = p for all h CH
3. if we view Y x Y as a G-space with action

9(Yo. Y1) = (9Yo.9y1),

Po,P1:Y XY =Y, po(Yo,Y1) = Yo, P1(Yo, Y1) = Y1,
then pg and p; are G-homotopic.

12



Lemma 1.37. If Y satisfies the axioms 1,2,3, then Y is an EG.
Example 1.38.
e If G is compact, then EG = pt.

e If G is a Lie group with mo(G) finite, then EG = G/H, where H is maximal compact
subgroup of G.

e If G is a p-adic group then EG is the a [nelBruhat-Tits building for G, denoted by BG.

A [nelBruhat-Tits building for SL(2, Qp) is the (p + 1)-regular tree, that is a tree with
exactly p + 1 edges at each vertex.

e If I is (countable) discrette group, then

L 1
Er={f: 1 - [0,1] | {y CO| f(y) 8 0} is finite,  f(y) = 1}
y 1

The action is given by (Bf)(y) = f(B~ty) for B,y I f: I - [0,1]. The space EI is
topologized by the metric

—1 11
L1 2
d(f,h)y = L1|f(y) —h(y)? L
y 1

Definition 1.39. A subset A [CEG is G-compact if
1. gx CAfor all g (43, x A,
2. the quotient space G/A is compact.

Set

KE(A).

K (EG) = lim ;

— ALEG, A is G-compact

KJG (EG) is the equivariant K-homology of EG with G-compact supports. There is a map
W KP(E) - K;j(C/©)

(H,Q,m, T) B Index(T).
If X is a proper G-space with quotient X/G compact, then
EP(X) 1= EL(Co(X)) = {(H, ¥, m, T)}
and )
KP(X) = KK§(Co(X), ©) = {(H,y,m, )}/ L1j=0,1,

is the Kasparov equivariant K-homology of X. If X, Y are proper G-spaces with com-
pact quotient spaces X/G, Y/G, and f: X - Y is a continuous G-equivariant map, then
fEICo(Y) - Co(X), FHet) = a~f induces a homomorphism of abelian groups fr KP(X) -
KS(Y),

H,u,m1,T)B (H,p-f5hT).

The map
u: KP(E) - K;(Cre)

13



is natural, that is there is commutativity in the diagram

KE(X) = KE(Y)

~

Kj(C/G)

1.7 The Baum-Connes Conjecture

Conjecture 2 (P. Baum, A. Connes, 1980). Let G be a locally compact Hausdor [_Second
countable topological group. Then
u: KP(E) - K;(Cre)
is an isomorphism for j =0, 1.
It is known that the conjecture is true for

= compact groups,

abelian groups,

Lie groups (mp(G) finite),

p-adic groups,

adelic groups.
It is not known if the conjecture is true for all discrete groups.

Theorem 1.40 (T. Schick). Let B, be tha Braid group on n strands, n = 2. Then BC is
true for By.

Theorem 1.41 (N. Higson, G. Kasparov). If " is a discrete group which is amenable (or
a-t-menable), then BC is true for I'.

Theorem 1.42 (I. Mineyev, G. Yu, V. Lalardgue). If I is a discrete group which is hyperbolic
(in Gromov’s sense), then BC is true for I'.

Theorem 1.43 (V. Lalongue). If I" is any discrete co-compact subgroup of SL(3,R), then
BC is true for I'.

Theorem 1.44 (G. Kasparov, P. Julg). If I is any discrete subgroup of SO(n, 1), SU(n, 1)
or Sp(n, 1), then BC is true for I'.

There are following corollaries of the Baum-Connes conjecture.

< Novikov conjecture

Stable Gromov-Lawson-Rosenberg conjecture

Idempotent conjecture

Kadison-Kaplansky conjecture

Mackey analogy

Construction of the discrete series via Dirac induction (Parthasarathy, Atiyah, Schmidt)

Homotopy invariance of p-invariants (Keswani, Piazza, Schick)

14



1.7.1 The conjecture with coe Lciehts
Definition 1.45. A G-C*-algebra is a C*-algebra A with a given continuous action of G
GxA - A
by C*-algebra automorphisms. The continuity condition is: for each a [CAl
G- A g5 oga
is continuous map from G to A.

Let A be a G-C*-algebra. Form the reduces crossed product C*-algebra CHG, A). The
goal is to determine K; (CHG,A)). Let KjG(EG,A) denote the equivariant K-homology of
EG with G-compact supports and coe [ciehts A, that is

KS(EG, A) := lim KKL(Co(a), A).
—— A LE®, A G—compact

Conjecture 3 (P. Baum, A. Connes 1980). Let G he a locally compact Hausdor [_skcond
countable topological group, and let A be any G-C*-algebra, then

u: KP(EG,A) - Kj(CHG,A)
is an isomorphism for j =0, 1.

Let " be a finitely presented discrete group which contains an expander in its Cayley
graph. Such a I is a counter-example to the conjecture with coe [Cciehts. M. Gromov outlined
a proof that such a I exists. A number of mathematicians are now filling in the details.

1.8 Hilbert modules

Let A be a C*-algebra. Recall that an element a [CAlis positive (notation: a = 0) if and only
if there exists b Al such that b''= a.

Definition 1.46. A pre-Hilbert A-module is a right A-module H with a given A-valuead
inner product [, —[3uch that

W, vi + vy [ F [, vi 3 [, vo [
[, valF [, viA
W, viF M uly
U, ulx=0 MuCA
W, ulx0=u=0

for u,vq,vy,v [(H, a AL

Definition 1.47. A Hilbert A-module is a pre-Hilbert A-module H which is complete in
the norm

1
ul = [, ullkel

Example 1.48. A Hilbert C-module is a Hilbert space (viewed as a right C-module).

15



If H is a Hilbert A-module, and A has unit 14, then H is a C-vector space with
UA =u(Alpa), A L@

Moreover, even if A does not have a unit, then by using approximate identity in A, it is a
C-vector space.

Example 1.49. Let A be C*-algebra. We define a Hilbert A-module structure on H = A" by
(ai,...,an) + (b1,...,by) = (a1 +by,...,an +bp),
(a1,...,ap)a=(a1a,...,ana),

[y, ...,an), (b1,...,bn) F afbh +albh +...al0h.

Example 1.50. Let

H={(a,az,...) | aj%j is norm-convergent in A}
j=1
with the operations
(@,az,...) + (b1, bz, ...) = (a1 + by, a2 + by, ...),

(a1,az,...)a=(a1a,a2a,...),

) G |
@1,&2,...), (bl,bz,...)E: aj'%}.
j=1
Then H is a Hilbert A-module.

Example 1.51. Let G be a locally compact Hausdor [sécond countable topological group. Fix
a left-invariant Haar measure dg for (IB:I Let A be a G-C*-algebra. Denote

L2(G,A):={f: G - A| g 'f(g)"F(g)dg is norm-convergent in A}.
G

Then L%(G, A) is a Hilbert A-module with operations
(f +h)g =1(9) +h(9),
(fa)(g) = T(g)loal.
[ hi Gg‘lf(g)@(g)dg-
Definition 1.52. An A-module map T: H — H is adjointable if there exists an A-module

map T5'H - H with
Mu, viF @, TV

for all u,v [CH.
If T Séxists, then it is unique, and sup = [T co. Set
L(H) :={T: A - A| [Tlis adjointable}.
Then L(H) is a C*-algebra with operations
(T+Su=Tu+Su
(ST)(u) =S(Tu)
(TAuU = (Tu)A

(M= sup Tul]
meil

foru CH, A A
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1.9 Reduced crossed product

Let A be a G-C*-algebra. Denote
Cc(G,A) ={f: G - A| T is continuous and has compact support}
Then C¢(G, A) is an algebra with operations

(F +h)(9) = f(9) + h(9)
(FA) Q) = T@A

(f CH)(90) = Gf(g)[gh(g_lgo)]dg

for g,g0 G, A A The operation [i$ the twisted convolution. There is an injection of
algebras C.(G,A) - L(L%(G, A)).

fo Ty, Tf(u)=f [u
1

(f [u)(9o) = Gf(g)(gu(g_lgo))dg-

Definition 1.53. The reduced crossed product C*-algebra C,(G, A) is the completion of
Cc(G, A) in L(L?(G, A)) with respect to the norm FI = [T}|.

Example 1.54. Let G be a finite group and A a G-C*-algebra. Assume that each g [CQ has
mass 1. Then

1
CHG,A ={ alylla, CA}

y 1

with the following operations
1 L1 1 L1

L1 I 1 I !
1 ay[y] =1 [y] =1 (ay + by)[y]
y 1 y y

I%M)(b%% = aq(abp)[ap]

L 1 I:_ll 1
LTay]E= (v lably™
y 1 y 1
—1 —1
C— 1 1
Loy @yl
y 1 y [G]
fory G, A QA
Let X be a locally compact G-space. Then Co(X) is a G-C*-algebra with

F)(x) = f(g~1x), ,f [Cp(X), g [Q, x CX.

We will denote CHG, Co(X)) by CHEG, X). We ask about the K-theory of this C*-algebra.
If G is compact, then K;(CHG, X)) is the Atiyah-Segal group K§ (X), j = 0,1. Hence for G
non-compact K;j(CHG, X)) is the natural extension of the Atiyah-Segal theory to the case
when G is non-compact.

We say that the G-space is G-compact if and only if the quotient space X/G is compact.
If X is a proper G-compact G-space, then an equivariant C-vector bundle E on X determines
an element [E] [Kh(CKG, X)).
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Theorem 1.55 (W. Liick, B. Oliver). If I" is a (countable) discrete group and X is a proper
-compact IM-space, then KO(C,-R‘F,X)) is the Grothendieck group of I'-equivariant C-vector
bundles on X.

1.10 Topological K-theory of I

Consider pairs (M, E) such that M is a C* manifold without boundary, with a given smooth
proper co-compact action of ' and a given -equivariant Spin®-structure, and E is a I'-
equivariant vector bundle on M. We introduce an equivalence relation on such pairs, which
is generated by three elementary steps

e Bordism
e Direct sum - disjoint union
« Vector bundle modification
Then we define topological K-theory of I as
KoP (M) CEIP(N) = {(M,E)}/ £
Addition will be disjoint sum
(M,E) + (MJEY = MY E CED.
The main result of this section is:
Theorem 1.56 (P. Baum, N. Higson, T. Schick). The map
T K{®P() - K] (EN)
is an isomorphism for j =0, 1.

We will describe the equivalence relation [Cinldetails. We say that (M, E) is isomorphic
to (M5 ED if and only if there exist a M-equivariant di [edmorphism ¢: M — M Upreserving
the M-equivariant Spin®-structures on M, M"with y*BY [CEl The equivalence relation is
generated by three elementary steps:

e Bordism: we say that (Mg, Ep) is bordant to (M1, E1) if and only if there exists (W, E)
such that

1. W is a C* manifold with boundary, with a given smooth proper co-compact action
of I

2. W has a given -equivariant Spin°-structure
3. E is a M-equivariant vector bundle on W

4. (OW,Elow) (WMo, Eg) [(FMy, E1).

e Direct sum - disjoint union: if E, E are M-equivariant vector bundles on M, then

(M,E) C(W,E") (M, E CE,.
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e Vector bundle modification: let F be a -equivariant Spin® vector bundle on M.
Assume that for every fiber Fp, we have dimr(Fp) =0 mod 2. Take a one-dimensional
-equivariant trivial bundle 1 = M xR, y(p, t) = (yp,t). Let S(F [L)be the unit sphere
bundle of F 11 F [1is a M-equivariant Spin® vector bundle with odd dimensional
fibers. Let = be the spinor bundle for F [11

m: Clile(F, [R) [=} - Z,.
Decompose 12 = B4 [B1. Then

(M,E) C(3(F CDIB+ LTIE).

1.11 KK-theory

Let A be a C*-algebra, H a Hilbert module, u,v CILKH). Denote

Buy CIAH), 0Byy(§) =ulv &L eu% =0v,u.

The 8, are the rank one operators on H. A finite rank operator on H is any T [LH)
such that T is a finite sum of 6.

T =0u,v; *Oupv, +-.. + 0y, v,

The compact operators K(H) are defined as the norm closure in L(H) of the space of finite
rank operators. It is an ideal in L(H).

We say that H is countably generated if in H there is a countable (or finite) set such
that the A-module generated by this set is dense in H.

Let A, B be C*-algebras, ¢: A - B a *-homomorphism, and H a Hilbert A-module. We
will define H CaB which will be a Hilbert B-module. First form the algebraic tensor product
H CaB. Itis aright B-module

(h Chp"=h ChAt] h A, b,b"[B.
Now define B-valued inner product [, —[Con H Lo B by
[bh™ Ch = bt (M, hHb~

Set
N :={¢ [H [AB | E] ([ 0}.

It is a B-submodule of H Co B, and H CAoB/N is a pre-Hilbert B-module.
Definition 1.57. H Lo B is the completion of H CoB/N.

Let A, B be separable C*-algebras, EX(A,B) = {(H,y,T)}, where H is a countably
generated Hilbert B-module, ¢: A - L(H) is a *~homomorphism, T [ILXH) is such that

T=T041
Y(@)(1 = T?) CK(H)
W(@)T —Ty(a) LKI(H)

for all a Al
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We say that (Ho, Yo, To), (H1,y1,T1) [CBI(A,B) are isomorphic if there exists an
isomorphism of Hilbert B-modules ®: Hy - Hi with

PYo(a) = Y1(a)®, for all a CA, ®To =T ®

Let A, B, D be separable C*-algebras, ¢: B - D a *-homomorphism. There is an induced
map
¢rmE'(A,B) - EY(A, D),

¢fH W, T)=(H gD,y [g1, T L),

where | is the identity operator of D.
Consider two maps po,p1: C([0,1],B) - B, po(f) = £(0), p1(f) = F(1). We say that
(Ho, Yo, To), (H1, W1, T1) CER(A, B) are homotopic if there exists (H, ¢, T) CEF(A, C([0, 1], B))

with (pj)cH, ©, T) C(Hj, Wj, Tj).
For the even case, consider E°(A, B) = {(H, y,T)}, where H is a countably generated
Hilbert B-module, : A - L(H) is a *~homomorphism, and T [LKH) is such that

Y@T —Ty(a) CKR(H)
Y@ —T5) CR(H)
Y@ —TTH CR(H)
for all a Al
Definition 1.58. We define the KK-theory of A,B as
KK°(A,B) :=E°(A,B)/ [
KK(A,B) :=EY(A,B)/ [1

where the relation [islhomotopy. KKJ (A, B) is an abelian group

H g, T)+HTITY = H By QT CTH
—(H, g, T)=H,p,TY

1.12 Equivariant KK-theory

Let A be a G-C*-algebra.

Definition 1.59. A G-Hilbert A-module is a Hilbert A-module H with a given continuous
action GxH - H, (g,v) B gv such that

g(u+v) =gu+gv
g(ua) = (gu)(g9a)
lgu, gviF glu, v

for u,v [CH, g G, a [CA. Continuity here means that for each u [CH, g B gu is a
continuous map G - H.

For each g G, denote by Ly the map Ly: H — H, Lg(v) = gv. Note that Ly might not
be in L(H). Butif T [I(H), then LyT Lg‘1 [O(H). Thus L(H) is a G-C*-algebra with
T =LgT Lgl.
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Example 1.60. If A isa G-C*-algebra, n positive integer. Then A" is a G-Hilbert A-module
with g(a1,a,...,an) = (gaz,gay,...,an).

Let A, B be separable G-C*-algebras, EX(A,B) = {(H,y, T)}, where H is a G-Hilbert
B-module (countably generated), ¢: A - L(B) is a *-homomorphism with

P(ga) = gu(a), g LG,a LA,
and T [LXH) is such that

T=TH
gT — T CKI(H)
Y@T —Ty(a) CR(H)
Y@)(I = T%) CKI(H)

for all g (3, a AL
In the even case we take E°(A,B) = {(H,y,T)}, where H is a G-Hilbert B-module
(countably generated), {: A —» L(B) is a *-homomorphism with

b(ga) =guv(a), g [G,a [A,
and T [LXH) is such that
gT — T CKI(H)
Y(@)T —Ty(a) LKI(H)
Y@ —TF) CK(H)
Y@ —TTY CK(H)
for all g [, a AL
Definition 1.61. We define the equivariant KK-theory of A,B as
KK(A,B) :=E%A,B)/ [
KK(A,B) :=EYA,B)/ [

where the relation [islhomotopy. KKJ;;(A, B) is an abelian group
(H, g, T) +(H7$5TH = (H CHEY CYET CT)
—(H e, T)=HYTH
1.13 Assembly map in the Baum-Connes conjecture
In the definition of assembly map
u: KP(EG) - K;j(C/(B))

we use the Kasparov product and descent map. Recall that if A, B, D are separable G-C*-
algebras, then there is a product

KKE5(A,B) CKKL(B,D) -~ KKZI(A,D), i,j=0,1,
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and descent map
KKL(A B) - KKI(CKG,A),CG,B)), j=0,L
Let X be a proper G-compact G-space. We define a map
KKE(Co(X), ©) ~ K;j(CHG))
as the composition of Kasparov descent map
KKE(Co(X),C) ~ KKI(C{ (G, X), C(G))
and Kasparov product with
1=X xC [Kh(CHG, X)) = KK°(C, CHEG, X)).
Recall the definition of equivariant K-homology of EG

KE(EG) := lim KKL(Co(A), C).
— A [E®, A G-compact

For each G-compact A [EIG we have

u: KKL(Co(R),C) ~ Kj(CHB)).
If A, Q are two G-compact subsets of EG with A [CQ] then the diagram

KKL (Co(a), C) KKL(Co(Q), C)

\/

Kj(CHG))
commutes, so we obtain
H: KP(EG) - K;(CHB)).
If A is a G-C*-algebra then we define the equivariant K-homology of EG with coe [ciehts in
A by

KS(EG; A) := lim KK (Co(D), A).
— A[E®, A G-compact

We define also a map
u: rKj(EG; A) - K;j(C{(G,A)).
as the composition of Kasparov descent map
KKE(Co(X), A) ~ KKI(C(G, X), C(G, A))
and Kasparov product with
1=X xC [Kh(CHG, X)) = KK°(C, CKEG, X)).
For each G-compact A [CEIG we have
H: KKL(Co(R),A) — K (CHB, A).
If A, Q are two G-compact subsets of EG with A [CQ] then the diagram

KK (Co(R), A) KK (Co(Q), A)

\/

commutes, so we obtain
u: KP(EG), A) - Kj(CHG,A)).
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1.14 KK(C,0)

If G is a compact group then EG = pt and Ko(CHEG)) = R(G) - the representation ring of
G. We obtain R(G) as a Grothendieck group of the category of finite dimensional (complex)
representations of G. It is a free abelian group with one generator for each distinct (i.e.
nonequivalent) irreducible representation of G.

Consider the group KK%((C,(C). Given (H,y, T,m) CEL(C) within the equivalence rela-
tion on EZ(C) we may assume

PA) = Al
Tmn(g) —m(@T =0

for all A [, g [G. Hence the nontriviality of (H,y, T, m) is coming from
I —TH CRH), 1 -TTCRI(H).
These conditions imply that

dimc(ker T) < oo,
dimc(coker T) < oo.

The spaces ker T and coker T are finite dimensional representations of G. We have
H(H, Y, T,m) = ker T —coker T [CRIG).
Suppose now that G is non-compact. We have the map
u: KE(EG)) - K;(CHB)).

The elements of KJG(EG) can be viewed as generalized elliptic operators on EG. The map
M assigns to auch a generalized elliptic operator its index

M(H, Y, T, ) = ker T — cokerT.
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