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Chapter 1

Preliminaries on C� -Algebras

1.1 Basic de�nitions

1.1.1 De�nitions C � -algebra, � -algebra

De�nition 1.1.1. A C � -algebra A is an algebra over C with involution a 7! a� (*-
algebra), equipped with a norm a 7! kak, such that A is a Banach space, and the norm
satis�es kabk 5 kakkbk and ka� ak = kak2 (C � -property).

Immediate consequence:ka� k = kak. a� is called adjoint of a.
A C � -algebra A is called unital if it has a multiplicativ e unit 1A = 1. Immediate

consequence:1� = 1, k1k = 1 (k1k = k12k = k1k2). If A and B are C � -algebras,a � -
homomorphism' : A ! B is a linear multiplicativ e map commuting with the involution.
If A and B are unital, ' is called unital if ' (1A ) = 1B . A surjective ' is always unital.

A C � -algebraA is called separable,if it contains a countable densesubset.

1.1.2 Sub- C � and sub- � -algebras

A subset B of a C � -algebra A is called sub-� -algebra, if it closedunder all algebraic
operations(including the involution). It is calledsub-C � -algebra,if it is alsonorm-closed.
The norm closureof a sub-� -algebrais a sub-C � -algebra(from continuity of the algebraic
operations).

If F is a subsetof a C � -algebra A, the sub-C � -algebra generatedby F , denoted by
C � (F ), is the smallestsub-C � -algebracontaining F . It coincideswith the norm closureof
the linear spanof all monomialsin elements of F and their adjoints. A subsetF is called
self-adjoint, if F � := f a� j a 2 F g = F .

1.1.3 Ideals and quotien ts

An ideal in a C � -algebra is a norm-closedtwo-sidedideal. Such an ideal is always self-
adjoint, hencea sub-C � -algebra. ([D-J77, 1.8.2], [M-GJ90, 3.1.3]) If I is an ideal in a
C � -algebraA, the quotient A=I = f a + I j a 2 Ag is a � -algebra,and also a C � -algebra
with respect to the norm ka+ I k := inf fk a+ xk j x 2 I g. I is obviously the kernel of the
quotient map � : A ! A=I . ([M-GJ90, 3.1.4], [D-J77, 1.8.2])

A � -homomorphism' : A ! B of C � -algebrasis always norm-decreasing,k' (a)k 5
kak. It is injective if and only if it is isometric. ([M-GJ90, 3.1.5]). Ker ' is an ideal in A,
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6 CHAPTER 1. PRELIMINARIES ON C � -ALGEBRAS

Im' a sub-C � -algebraof B . ([M-GJ90, 3.1.6]). ' always factorizesas ' = ' 0 � � , with
injective ' 0 : A=Ker ' ! B .

A C � -algebrais called simple if its only idealsare f 0g and A (trivial ideals).

1.1.4 The main examples

Example 1. Let X be a locally compact Hausdor� space,and let C0(X ) be the vector
spaceof complex-valued continuous functions that vanish at in�nit y, i.e., for all � > 0
exists a compact subset K � � X such that jf (x)j < � for x =2 K � . Equipped with the
pointwisemultiplication and the complexconjugationasinvolution, C0(X ) is a � -algebra.
With the norm kf k := supx2 X fj f (x)jg, C0(X ) is a (in generalnon-unital) commutativ e
C � -algebra.

Theorem 1.1.2. (Gelfand-Naimark) Every commutativeC � -algebra is isometrically iso-
morphic to an algebra C0(X ) for somelocally compact Hausdor� space X .

Idea of proof: X is the set of multiplicativ e linear functionals (characters(every char-
acter is automatically *-preserving, [D-J77, 1.4.1(i)], equivalently, the set of maximal
ideals),with the weak-� -topology (i.e., the weakest topology such that all the functionals
� 7! � (a), a 2 A, are continuous.

Additions:

(i) C0(X ) is unital i� X is compact.

(ii) C0(X ) is separablei� X is separable.

(iii) X and Y are homeomorphici� C0(X ) and C0(Y) are isomorphic.

(iv) Each proper continuous map � : Y ! X inducesa � -homomorphism� � : C0(X ) !
C0(Y ) (� � (f ) = f � � ). Conversely, each � -homomorphism' : C0(X ) ! C0(Y)
inducesa proper continuous map � : Y ! X (map a character � of C0(Y) to the
character � � ' of C0(X )).

(v) There is a bijective correspondencebetweenopen subsetsof X and idealsin C0(X )
(the ideal to an open subset is the set of functions vanishing on the complement
of the subset,to an ideal always corresponds the set of charactersvanishingon the
ideal, its complement in the set of all charactersis the desiredopen set). If U � X
is open, then there is a short exact sequence

0 � ! C0(U) � ! C0(X ) � ! C0(X n U) � ! 0; (1.1.1)

whereC0(U) ! C0(X ) is given by extending a function on U as 0 to all of X , and
C0(X ) ! C0(X n U) is the restriction, being surjective due to Stone-Weierstra•s.

Example 2. Let H be a complex Hilbert space,and let B(H) denote the set of all
continuous linear operators on H. Then B(H) is an algebra with respect to addition,
multiplication with scalars,and composition of operators, it is a � -algebrawith the usual
operator adjoint, and it is a C � -algebrawith respect to the operator norm.



1.1. BASIC DEFINITIONS 7

Theorem 1.1.3. (Gelfand-Naimark) Every C � -algebra A is isometrically isomorphic to
a closed C � -subalgebra of someB(H).

Idea of proof: Considerthe set of positive linear functionals (' (a� a) � 0) on A. Every
such functional allows to turn the algebra into a Hilbert spaceon which the algebra is
represented by its left action. Take as Hilbert spacethe direct sum of all theseHilbert
spaces.Then the direct sum of theserepresentations givesthe desiredinjection.

1.1.5 Short exact sequences

A sequenceof C � -algebrasand � -homomorphisms

: : : � ! Ak
' k� ! Ak+1

' k +1� ! Ak+2 � ! : : : (1.1.2)

is said to be exact, if Im' k = Ker ' k+1 for all k. An exact sequenceof the form

0 � ! I
'

� ! A
 

� ! B � ! 0 (1.1.3)

is called short exact. Example: If I � A is an ideal, then

0 � ! I �� ! A �� ! A=I � ! 0 (1.1.4)

is short exact (� the natural embeddingI ! A). If a short exact sequence(1.1.3) is given,
then ' (I ) is an ideal in A, there is an isomorphism = : B ! A=' (I ), and the diagram

0 - I
' - A

 - B - 0

0 - ' (I )

'
? � - A

id
? � - A=' (I )

 =

?
- 0

(1.1.5)

is commutativ e. If for a short exact sequence(1.1.3) exists � : B ! A with  � � = idB ,
then the sequenceis called split exact, and � is called lift of  . Diagrammatic:

0 � ! I
'

� ! A

 
� !
 �
� B � ! 0: (1.1.6)

Not all short exact sequencesare split exact.
Example:

0 � ! C0((0; 1)) �� ! C([0; 1])
 

� ! C � C � ! 0 (1.1.7)

with  (f ) = (f (0); f (1)) is an exact sequence. It does not split: Every linear map
� : C � C ! C([0; 1]) is determined by its values on the basis elements, � ((1; 0)) =
f 1; � ((0; 1)) = f 2. The split condition meansf 1(0) = 1; f 1(1) = 0 and f 2(0) = 0; f 2(1) =
1. If � is to be a homomorphism, becauseof (1; 0)2 = (1; 0), we should have f 2

1 =
� ((1; 0))2 = � ((1; 0)2) = � ((1; 0)) = f 1, and analogouslyf 2

2 = f 2. However, a continuous
function on a connectedspaceis equal to its squareif and only if it is either the constant
function 1 or the constant function 0. Both is not the casefor f 1 and f 2.
Geometric interpretation:  correspondsto the embeddingof two points asend points of
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the interval [0; 1]. However, it is not possibleto map this interval continuously onto the
set f 0; 1g.

The direct sum A � B of two C � -algebrasis the direct sum of the underlying vector
spaces,with component-wise de�ned multiplication and involution, and with the norm
k(a;b)k = max(kak; kbk). It is again a C � -algebra. There are natural homomorphisms
�A : A ! A � B ; a 7! (a;0), � A : A � B ! A; (a;b) 7! a, analogously�B ; � B . Then

0 � ! A
� A� ! A � B

� B� !
 �
�B B � ! 0: (1.1.8)

is a split exact sequencewith lift �B . Not all split exact sequencescomein this manner
from direct sums.
Example (not presented in lecture).
Let

0 � ! A
'

� ! E
 

� ! B � ! 0 (1.1.9)

be an exact sequence.Then there exists an isomorphism � : E ! A � B making the
diagram

0 - A
' - E

 - B - 0

0 - A

id
? �A- A � B

�
? � B - B

id
?

- 0

(1.1.10)

commutativ e if and only there exists a homomorphism� : E ! A such that � � ' = idA .
Proof: If � : E ! A � B makesthe diagram commutativ e, then � jIm ' is an injective map
whoseimage is �A (A). � := � A � � jIm ' : E ! A ful�lls � � ' = idA . If � : E ! A with
this property is given, put � (e) = (�A � � (e);  (e)). � is an isomorphism:
surjective: Let a 2 A. Then ' (a) 2 Ker  , hence (' (a)) = 0. But, � (' (a)) = a, i.e.,
� (' (a)) = (a;0). On the other hand, as � B � � =  and  is surjective, for any b 2 B
exists a0 2 A such that (a0; b) 2 Im� . Since(a0; 0) 2 Im� , also (0; b) 2 Im� for any b 2 B,
thus �nally all (a;b) 2 Im� .
injective: If  (e) = 0 with e 6= 0 then e = ' (a) with a 6= 0, and � (e) = � � ' (a) = a 6= 0,
thus �A � � (e) 6= 0 by injectivit y of �A . Otherwise,  (e) 6= 0 already means� (e) 6= 0. �

If this condition is satis�ed, the upper sequenceis isomorphic to the lower one, and
thus alsosplit. Counterexample(where the condition is not ful�lled)?

1.1.6 Adjoining a unit

De�nition 1.1.4. Let A be a � -algebra. Put ~A = A � C (direct sum of vector spaces)
and

(a; � )(b;� ) := (ab+ � a + � b;� � ); (a; � ) � := (a� ; �� ): (1.1.11)

De�ne � : A ! ~A and � : ~A ! C by �(a) = (a;0); � (a; � ) = � (i.e., � = �A , � = � C in
the direct sum terminology used above).

Prop osition 1.1.5. With the operations just intr oduced, ~A is a unital � -algebra with unit
1 ~A = (0; 1). � is an injective, � a surjective � -homomorphism.
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Proof. Straightforward. �

Sometimes� is suppressed,and we write also ~A = f a + � 1 j a 2 A; � 2 Cg.

Let now A be a C � -algebra,and let k:kA be the norm on A.

Note that the direct sum norm k(a; � )k = max(kak; j� j) does in general not have
the C � -property (becauseA � C does not have the direct sum product). Example: A
unital, put � = 1, a = 1A , then k(a; � )(a� ; �� )k = max(kaa� + ��a � + � a� k; j� j2) = 3,
k(a; � )k2 = max(kak2; j� j2) = 1.
Recall that the algebraB(E) of linear operators on a Banach spaceE is a Banach space
(algebra)with norm kbk = supkxk5 1 kb(x)k (see[RS72,TheoremII I.2], [D-J73, 5.7]). Note

that (a; � ) 7! La + � idA , whereLa(b) = ab for a;b 2 A, de�nes a homomorphism' of ~A
onto the subspaceof all continuous linear operatorsof the form L a + � idA in B(A). This
homomorphismis injective i� A is not unital. (exercise)Indeed, let A be not unital, and
assumeLa(b) + �b = 0 for all b2 A. If � would be 6= 0 then � a

� would be a left unit for
A, thus alsoa right unit, hencea unit, contradicting the assumednon-unitalit y. Thus we
have � = 0, i.e. ab = 0 for all b 2 A. In particular, aa� = 0, henceka� k2 = kaa� k = 0,
i.e., kak = ka� k = 0, i.e., a = 0. On the other hand, if A is unital, (1A ; � 1) is in the
kernel of ' .

We have kak = kL ak for a 2 A: kL ak 5 kak is clear by the de�nition of the operator
norm (kLak = supkbk5 1 kabk 5 supkbk5 1 kakkbk = kak), and kak2 = kaa� k = kLa(a� )k 5
kLakka� k, hencealsokak 5 kL ak. Thus it makessenseto de�ne for non-unital A a norm
on ~A by transporting the norm of B(A), i.e., we put k(a; � )k ~A := kLa + � idA k. For unital
A, we note that ~A is as a � -algebra isomorphic to A � C (direct sum of C � -algebras).
The isomorphismis given by (a; � ) 7! (a + � 1A ; � ) (easyexercise).As before,we de�ne
the norm on ~A by transport with the isomorphism. Note that (� 1A ; 1) is a projector in
A � C.

Prop osition 1.1.6. ~A is a unital C � -algebra with norm k:k ~A . � (A) is a closed ideal in
~A.

Proof. The additive and multiplicativ e triangle inequality comefrom theseproperties
for the norm in B(A) and A � C. Sincef L aja 2 Ag is closedand thus completein B(A),
and f Laja 2 Ag has codimension1 in ' ( ~A), the latter is also complete in the nonunital
case,and it is obviously completein the unital case.Also, it is obvious in the unital case
that the norm has the C � -property. To prove the latter for the nonunital case,we de�ne
the involution on ' ( ~A) by transport with ' , i.e.,

(La + � idA )� := La� + �� idA : (1.1.12)

Hence,by this de�nition ' ( ~A) is a completenormed � -algebra. It remains to show that
the C � -property is satis�ed. Let � > 0 and let x = L a + � idA 2 ' ( ~A). By the de�nition
of the operator norm, there exists b2 A with kbk 5 1 such that

kxk2 = kLa + � idA k2 5 k(La + � idA )(b)k2 + �: (1.1.13)
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The right hand sidecan be continued as follows:

= kab+ � bk2 + �

= k(ab+ � b) � (ab+ � b)k + �

= k(b� a� + �� b� )(ab+ � b)k + �

= kb� (La� + �� idA )(La + � idA )(b)k + �

5 kb� kk(La� + �� idA )(La + � idA )(b)k + �

5 kb� kk((La� + �� idA )(La + � idA )kkbk + �

5 kx � xk + �:

Thus we have kxk2 5 kx � xk + � for any � , hencekxk2 5 kx � xk. However, also kx � xk 5
kx � kkxk (B(A) is a normed algebra). Exchanging the roles of x and x � , we also obtain
kx � k2 5 kxkkx � k, together kxk = kx � k. Going back to the inequalities, this alsogivesthe
C � -property. �

For both the unital and nonunital case,we have ~A=�(A) �= C, and the sequence

0 � ! A � ! ~A

�� !
 �
� C � ! 0; (1.1.14)

with � : ~A ! C the quotient map and � : C ! ~A given by � 7! (0; � ), is split exact. Note
also that adjoining a unit is functorial: If ' : A ! B is a homomorphismof C � -algebras,
there is a unique homorphism ~' : ~A ! ~B making the diagram

0 - A
�A - ~A

� A - C - 0

0 - B

'
? �B - ~B

~'
? � B - C

id
?

- 0

(1.1.15)

commutativ e. It is given by ~' (a; � ) = (' (a); � ). ~' is unit-preserving, ~' (0; 1) = (0; 1).
If A is a sub-C � -algebraof a unital C � -algebra B whoseunit 1B is not in A, then ~A is
isomorphic to the sub-C � -algebraA + C1B of B (exercise).

1.2 Spectral theory

1.2.1 Spectrum

Let A be a unital C � -algebra. Then the spectrum (with respect to A) of a 2 A is de�ned
as

sp(a)(= spA (a)) := f � 2 C j a � � 1A is not invertible in Ag: (1.2.16)

Elementary statements about the spectrum, true already for a unital algebra,are:

(i) If A = f 0g then sp(0) = ; .

(ii) sp(� 1A ) = f � g for � 2 C.

(iii) a 2 A is invertible i� 0 =2 sp(a).
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(iv) If P 2 C[X ] (polynomial in onevariablewith complexcoe�cien ts), then sp(P(a)) =
P(sp(a)).

(v) If a 2 A is nilpotent, then sp(a) = f 0g (if A 6= f 0g).

(vi) If ' : A ! B is a morphism of unital algebrasover C, then spB (' (a)) � spA (a).

(vii) If (a;b) 2 A � B (direct sum of algebras), then spA� B ((a;b)) = spA (a) [ spB (b).
(Can be generalizedto direct products.)

If A is the algebra of continuous complex-valued functions on a topological space,then
the spectrum of any element is the set of values of the function. If A is the algebra
of endomorphismsof a �nite dimensionalvector spaceover C then the spectrum of an
element is the set of eigenvalues.

For a Banach algebra, the spectrum of an element is always a compact subsetof C
contained in the ball of radius kak,

r (a) = supfj � j j � 2 sp(a)g 5 kak: (1.2.17)

Idea of proof: If j� j > kak, then k� � 1ak < 1, hence1 � � � 1a is invertible (This uses: if
kak < 1 then 1 � a is invertible, with (1 � a) � 1 = 1 + a + a2 + : : : { Neumann series.)
Thus � =2 sp(a). The spectrum is closedbecausethe set of invertible elements is open
(useagain the fact stated in parentheses).

The number r (a) is called spectral radius of a. Using complex analysis, one can
show that the spectrum is non-empty. The sequence(kank1=n) is convergent, and r (a) =
limn!1 kank1=n. If A is not unital, the spectrum of an element a 2 A is de�ned as the
spectrum of �(a) 2 ~A. In this casealways 0 2 sp(a) ((a;0)(b;� ) = (ab+ � a;0) 6= (0; 1) =
1 ~A ).

De�nition 1.2.1. An elementa of a C � -algebra A is called

� normal if aa� = a� a,

� self-adjoint if a = a� ,

� positive if it is normal and sp(a) � R+ (= [0; 1 [),

� unitary if A is unital and aa� = a� a = 1A .

� a projector if a = a� = a2.

The set of positive elementsis denoted by A+ .

The spectrum of a self-adjoint element is contained in R, that of a unitary element is
contained in T1 = S1 (the unit circle, consideredas a subsetof C), that of a projector is
contained in f 0; 1g (exercises).An element a of a C � -algebraA is positive if and only if
it is of the form a = x � x, for somex 2 A. For normal elements, the above formula for the
spectral radius reducesto r (a) = kak. This allows to conclude

Prop osition 1.2.2. The C � -norm of a C � -algebra is unique.
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Proof. kak02 = ka� ak0 = r (a� a) = ka� ak = kak2. �

Let usalsonote that every element is a linear combination of two self-adjoint elements,
a = 1

2(a + a� ) + i 1
2i (a � a� ) (this is the unique decomposition a = h1 + ih 2, with h1 and

h2 self-adjoint), and alsoa linear combination of four unitary elements.
The spectrum a priori dependson the ambient C � -algebra. However, if B is a unital

C � -subalgebraof a unital C � -algebraA, whoseunit coincideswith the unit of A, then the
spectrum of an element of B with respect to B coincideswith its spectrum with respect
to A (exercise,use that the inverse of an element belongs to the smallest C � -algebra
containing that element, i.e., the C � -subalgebrageneratedby that element). If A is not
unital, or if the unit of A doesnot belongto B, then spA (b) [ f 0g = spB (b) [ f 0g (exercise).

1.2.2 Con tin uous functional calculus

Let A be a unital C � -algebra, and let a 2 A be normal. Then there is a unique C � -
isomorphismj : C(sp(a)) ! C � (a;1) mappingthe identit y map of sp(a) into a. Moreover,
this isomorphismmaps a polynomial P into P(a) and the complex conjugation z 7! �z
into a� . Thereforeonewrites j (f ) = f (a). One knows that sp(f (a)) = f (sp(a)) (spectral
mapping theorem).

If ' : A ! B is � -homomorphismof unital C � -algebras,then sp(' (a)) � sp(a) and
' (f (a)) = f (' (a)) for f 2 C(sp(a)).

If a C � -algebrais realizedasa subalgebraof B(H), the functional calculusis realized
for self-adjoint elements in terms of their spectral decompositions: If a =

R
�dE � then

f (a) =
R

f (� )dE� , whereE � is the family of spectral measuresbelongingto a.
If a is a normal element of a non-unital C � -algebraA, then f (a) is a priori in ~A. We

have f (a) 2 �(A) ' A i� f (0) = 0: When � : ~A ! C is the quotient mapping, we have
� (f (a)) = f (� (a)) = f (0).

Lemma 1.2.3. Let K � R be compact and non-empty, and let f 2 C(K ). Let A be
a unital C � -algebra, and let 
 K be the set of self-adjoint elments of A with spectrum
contained in K . Then the induced function

f : 
 K � ! A; a 7! f (a); (1.2.18)

is continuous.

Proof. The map a 7! an , A ! A is continuous (continuity of multiplication). Thus
every complexpolynomial f inducesa continuousmap A ! A, a 7! f (a).

Now, let f 2 C(K ), let a 2 
 K , and let � > 0. Then there is a complexpolynomial g
such that jf (z) � g(z)j < �

3 for every z 2 K . By continuity discussedabove, for every �
we �nd � < 0 such that kg(a) � g(b)k 5 �

3 for b2 A with ka � bk 5 � . Since,moreover,

kf (c) � g(c)k = k(f � g)(c)k = supfj (f � g)(z)j j z 2 sp(c)g 5
�
3

(1.2.19)

for c 2 
 K , we concludekf (a) � f (b)k = kf (a) � g(a) + g(a) � g(b) + g(b) � f (b)k 5
kf (a � g(a)k + kg(a) � g(b)k + kg(b) � f (b)k 5 � for b 2 
 K with ka � bk 5 � . �
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1.3 Matrix algebras and tensor pro ducts

Let A1, A2 be C � -algebras. The algebraic tensor product A1 
 A2 is a � -algebra with
multiplication and adjoint given by

(a1 
 a2)(b1 
 b2) = a1b1 
 a2b2; (1.3.20)

(a1 
 a2)� = a�
1 
 a�

2: (1.3.21)

Problem: There may exist di�erent normswith the C � -property on this � -algebra,leading
to di�erent C � -algebrasunder completion (though onecan show that all norms with the
C � -property are crossnorms, ka1 
 a2k = ka1kka2k). We will restrict to the casewhere
this problemis not there by de�nition: A C � -algebrais callednuclear if for any C � -algebra
B there is only one C � -norm on the algebraic tensor product A 
 B . Examples: �nite
dimensional,commutativ e, type I (every non-zeroirreducible representation in a Hilbert
spacecontains the compactoperators). If oneof the tensor factors is nuclear, the unique
C � -norm on the algebraictensorproduct coincideswith the norm in B(H) undera faithful
representation of the completedtensor product.

We will mainly need the following very special situation. Let A be a C � -algebra,
and let M n (C) (n 2 N) be the algebra of complex n � n-matrices. Then A 
 M n (C)
can be identi�ed with M n (A), the � -algebraof n � n-matrices with entries from A, with
product and adjoint given according to the matrix structure. The unique C � -norm on
A 
 M n (C) = M n (A) is de�ned using any injective � -homomorphism' : A ! B(H), and
the canonical injective � -homomorphismM n (C) ! B(Cn ), i.e., ka 
 mk = k' (a) 
 mk,
whereon the right standsthe norm in B(H)
 B(Cn ) = B(H 
 Cn ). Onehasthe inequality
(exercise):

maxkaij k 5




















0

B
B
B
@

a11 a12 : : : a1n

a21 a22 : : : a2n
...

... : : :
...

an1 an2 : : : ann

1

C
C
C
A




















5
X

kaij k: (1.3.22)

The following lemma will be neededlater. It involves the C � -algebra C0(X ; A), see
Exercice6.

Lemma 1.3.1. Let X be a locally compact Hausdor� space and let A be a C � -algebra.
De�ne for f 2 C0(X ); a 2 A an elementf a 2 C0(X ; A) by

(f a)(x) = f (x)a: (1.3.23)

Then spanf f a j f 2 C0(X ); a 2 Ag is densein C0(X ; A).

Proof. Let X + = X [ f1g be the one-point compacti�cation of X . Then

C0(X ; A) = f f 2 C(X + ; A) j f (1 ) = 0g: (1.3.24)

Let f 2 C0(X ; A), � > 0. There is an open covering U1; : : : ; Un of X + such that kf (x) �
f (y)k < � if x; y 2 Uk . (Compactnessof X + , continuity of f .) Choosexk 2 Uk , with
xk = 1 if 1 2 Uk . Let (hk)n

k=1 be a partition of unity subordinate to the covering
(Uk), i.e., hk 2 C(X + ), supphk � Uk ,

P n
k=1 hk = 1, 0 5 hk 5 1. (Note that every

compact Hausdor� spaceis paracompact.) Then kf (x)hk(x) � f k(xk)hk(x)k 5 �h k(x)
for x 2 X ; k = 1; : : : ; n. It follows that kf (x) �

P n
k=1 f (xk)hk(x)k 5 �; for x 2 X .

Put ak = f (xk) 2 A. Then
P n

k=1 hkak 2 spanf f a j f 2 C0(X ); a 2 Ag, because
ak = f (xk) = 0 if 1 2 Uk , and kf �

P n
k=1 hkakk 5 � . �
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1.4 Examples and Exercises

Exer cise 1.4.1. If A is a sub-C � -algebraof a unital C � -algebraB whoseunit 1B is not
in A, then ~A is isomorphic to the sub-C � -algebraA + C1B of B .

The map (a; � ) 7! a + � 1B is the desiredisomorphism: It is obviously surjective, and
injectivit y follows as injectivit y of ' in the proof of Proposition 1.1.6: Let a + � 1B = 0.
If � 6= 0, then 1B = � a

� 2 A, contradicting the assumption. Thus � = 0 = a. That the
mapping is a � -homomorphismis straightforward.

Exer cise 1.4.2. Let A be a unital C � -algebra. Show the following.

(i) Let u be unitary. Then sp(u) � T.

(ii) Let u be normal, and sp(u) � T. Then u is unitary.

(iii) Let a be self-adjoint. Then sp(a) � R.

(iv) Let p be a projection. Then sp(p) � f 0; 1g.

(v) Let p be normal with sp(p) � f 0; 1g. Then p is a projector.

(i): kuk = 1, due to kuk2 = ku� uk = k1A k = 1. Hencej� j 5 1 for � 2 sp(u). By
the spectral mapping theorem, � � 1 2 sp(u� 1) = sp(u� ). But also ku� k = 1, and thus
j� � 1j 5 1, so j� j = 1.

(ii): Due to normality, there is a C � -isomorphism C(sp(u)) ! C � (u; 1), mapping
idsp(u) 7! u and �idsp(u) 7! u� . Hence1sp(u) 7! u� u = uu� = 1(= 1A ).

(iii): a 2 A is invertible i� a� is invertible, thus a � � 1A is invertible i� a� � �� is
invertible. Thus � 2 sp(a) i� �� 2 sp(a� ), and for a = a� the spectrum is invariant
under complex conjugation. The seriesexp(ia) :=

P 1
n=0

(ia )n

n! is absolutely convergent,
its adjoint is (due to continuity of the star operation) exp(� ia) =

P 1
n=0

(� ia )n

n! and ful�lls
exp(ia) exp(� ia) = 1A = exp(� ia) exp(ia), so it is a unitary element in C � (a;1), which
meansthat exp(i� ) 2 T for � 2 sp(a), i.e., � 2 R.

(iv): Let p = p� = p2. By (iii), sp(p) is real, and by the spectral mapping theoremwe
have sp(p) = sp(p)2. This meansthat sp(p) � [0; 1]. Using the isomorphismC(sp(p)) !
C � (p;1), we have idsp(p) = id2

sp(p) , thus sp(p) � f 0; 1g.
(v): Let p be normal, sp(p) � f 0; 1g. Then idsp(p) = �idsp(p) = id2

sp(p) , and the sameis
true for p (using the isomorphismC(sp(p)) ! C � (p;1)).

Exer cise 1.4.3. Let A be a unital C � -algebra,a 2 A.

(i) a is invertible i� aa� and a� a areinvertible. In that case,a� 1 = (a� a)� 1a� = a� (aa� )� 1.

(ii) Let a be normal and invertible in A. Then there exists f 2 C(sp(a)) such that
a� 1 = f (a), i.e., a� 1 belongsto C � (a;1).

(iii) Let a 2 A be invertible. Then a� 1 belongsto C � (a;1), the smallest unital C � -
subalgebracontaining a.

(i): If a� 1 exists, then also a� � 1 = a� 1� and (aa� )� 1 = a� � 1a� 1, (a� a)� 1 = a� 1a� � 1.
If (aa� )� 1 and (a� a)� 1 exist, put b := a� (aa� )� 1 and c := (a� a)� 1a� . Then ab = 1 = ca
and, multiplying the left of theseequalitiesby c from the left, the right oneby b from the
right, cab= c, b= cab. This meansb= c = a� 1.
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(ii): a invertible meansthat 0 =2 sp(a). Thus, the function idsp(a) corresponding to a
under the isomorphismC(sp(a)) ! C � (a;1) is invertible, and the corresponding inverse
is in C � (a;1).

(iii): aa� and a� a are normal (selfadjoint) and by (i) invertible in A. By (ii) their
inversesarein the C � -subalgebrasgeneratedby f aa� ; 1g and f a� a;1g, thusalsoin C � (a;1).
Again using (i) (consideringC � (a;1) instead of A), we obtain a� 1 2 C � (a;1).

Exer cise 1.4.4. Show the uniquenessof the decomposition a = h1 + ih 2, h1;2 self-adjoint.
We have a� = h1 � ih 2, henceh1 = 1

2(a + a� ) and h2 = 1
2i (a � a� ).

Exer cise 1.4.5. Let ' : A ! B be a morphism of unital C � -algebras.

(i) Show that sp(' (a)) � sp(a) for all a 2 A, and that there is equality if ' is injective.

(ii) Show that k' (a)k 5 kak, equality if ' is injective.

Let ' benot necessarilyinjective. If a� � 1A is invertible, then ' (a� � 1A ) = ' (a) � � 1B

is invertible (with inverse' ((a � � 1A )� 1)). This shows C nsp(a) � C nsp(' (a)). Thus we
also have r (' (a� a)) 5 r (a� a), which givesk' (a)k2 = k' (a� a)k = r (' (a� a)) 5 r (a� a) =
ka� ak = kak2.

Let ' beinjective, and let a 2 A. With the isomorphismsC(sp(a� a)) ! C � (a� a;1) and
C(sp(' (a� a))) ! C � (' (a� a); 1), ' givesrise under to an injective C � -homomorphism' a :
C(sp(a� a)) ! C(sp(' (a� a))). Oneshowsasin [D-J77, Proof of 1.8.1]that ' a corresponds
to a surjective continuous map  a : sp(' (a� a)) ! sp(a� a). Now, the pull-back of any
surjective continuousmap is isometric: If  : Y ! X is a surjective map of sets,and if f :
X ! C is a function such that supx2 X jf (x)j exists,then supx2 X jf (x)j = supy2 Y jf ( (y)) j.
In our situation, each ' a is isometric, which, using the above isomorphisms,just amounts
to saying that ' is isometric. This provesboth desiredequalities.

Exer cise 1.4.6. If A is a C � -algebra,and X is a locally compactHausdor� space,then let
C0(X ; A) denotethe setof all continuousmapsf : X ! A such that kf k := supx2 X kf (x)k
existsand f vanishesat in�nit y, i.e., 8� > 0 9 compactK � X : kf (x)k < � for x 2 X nK .
On C(X ; A), introduceoperationsof a � -algebrapointwise. Show that C0(X ; A) is a C � -
algebra.

The algebraic properties, the triangle inequalities and the C � property are easy to
verify. The proof of completeness(convergenceof Cauchy sequences)is standard (e.g.,
[D-J73, 7.1.3] or [RS72, Theorem I.23]). The idea is to show that the limit given by
pointwiseCauchy sequencesis indeedan element of C0(X ; A). The only thing not proven
in the above referencesis vanishing at in�nit y of the limit. This can be concludedfrom
the following statement: Let f 2 C(X ; A), g 2 C0(X ; A), kf � gk < �=2. Then there
is a compact K � X such that kf (x)k < � for x 2 X n K . Indeed, sinceg 2 C0(X ; A),
there is a compact K � X such that kg(x)k < �=2 for x 2 X n K . Then kf (x)k �
kf (x) � g(x)k + kg(x)k < �=2 + �=2 = � for x 2 X n K .

Exer cise 1.4.7. Let A be a unital C � -algebra,x 2 M 2(A). Show that x commutes with�
1 0
0 0

�
i� x = diag(a;b) for somea;b2 A. Then a;b are unitary i� x is unitary.

Exer cise 1.4.8. Prove the inequalities (1.3.22).
Let a(ij ) be the element of M n (A) which has aij at the intersection of the i -th row

with the j -th column and zero at all other places. Let us �rst show ka(ij )k = kaij k. In
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the identi�cation M n (A) = A 
 M n (C) we have a(ij ) = aij 
 eij , where eij 2 Mn (C) is
the ij -th matrix unit. Thus, for an injective � -homomorphism' : A ! B(H), we have
ka(ij )k = k' 
 id(a(ij )k = k' (aij ) 
 eij k = k' (aij kkeij k = kaij k. Here, we have made
use of the following facts: Every injective � -homomorphismof C � -algebrasis isometric
(Exercice 5 (ii)), the norm of a tensor product of operators is the product of the norms
of the factors (seee.g. [M-GJ90, p. 187]), and keij k = 1 (easyto verify). This is enough
to prove the right inequality: k(aij )k = k

P
i;j a(ij )k 5

P
i;j ka(ij )k =

P
i;j kaij k.

For the left inequality, we have

k(aij )k2 = sup
 2H
 Cn ;k k=1

k
X

i;j

' (aij ) 
 eij ( )k2

� sup
 =  1 
  2 ;k 1k= k 2k=1

k
X

i;j

' (aij )(  1) 
 eij ( 2)k2: (1.4.25)

Now, choose 2 = ek , ek an element of the canonicalbasisof Cn . Then eij (ek) = � j kei ,
and the above inequality can be continued:

� sup
k k=1

k
X

i

' (aik )(  ) 
 ei k2 = sup
k k=1

X

i

k' (aik )(  )k2 � max
i

k' (aik )k2 = max
i

kaik k2:

(1.4.26)
(Note that k

P
i  i 
 ei k2 =

P
i k i k2.) Sincethis is true for all k, we have the desired

inequality.

Exer cise 1.4.9. Let A be a unital C � -algebra,and let a 2 M n (A) be upper triangular,
i.e.,

a =

0

B
B
B
B
B
@

a11 a12 a13 : : : a1n

0 a22 a23 : : : a2n

0 0 a33 : : : a3n
...

...
...

. . .
...

0 0 0 : : : ann

1

C
C
C
C
C
A

: (1.4.27)

Show that a has an inversein the subalgebraof upper triangular elements of M n (A) i�
all diagonalelements akk are invertible in A.

Let all akk be invertible in A. Then a0 := diag(a11; : : : ; ann ) is invertible in M n (A)
(with inversea� 1

0 = diag(a� 1
11 ; : : : ; a� 1

nn )), and a = a0 + N with nilpotent N 2 M n (A). We
can write a = a0 + N = a0(1 + a� 1

0 N ) wherein our concretecasea� 1
0 N is againnilpotent.

Sincefor nilpotent m we have (1 + m) � 1 = 1 � m + m2 � m3 + : : : � mk for a certain
k 2 N, a is invertible.

Conversely, assumethat there exists an inverseb of a that is upper triangular. Then
ab= 1 and ba= 1 give immediately that bkk = a� 1

kk for k = 1; : : : ; n.
Note that there are invertible upper triangular matrices,whosediagonalelements are

not invertible, and whoseinverseis not upper triangular. Example: Let s be the unilateral

shift, satisfyings� s = 1. Neither s nor s� is invertible. Nevertheless,the matrix
�

s 1
0 s�

�

has the inverse
�

s� � 1
1 � ss� s

�
.

Exer cise 1.4.10. Let A bea C � -algebra,a;b2 A. Show that










�
a 0
0 b

� 






 = maxfk ak; kbkg.



Chapter 2

Pro jections and Unitaries

2.1 Homotop y for unitaries

De�nition 2.1.1. Let X be a topological space. Then x; y 2 X are homotopic in X ,
x � h y in X , if there existsa continuous map f : [0; 1] ! X with f (0) = x and f (1) = y.

The relation � h is an equivalencerelation on X (exercise).f : t 7! f (t) = f t asabove
is calledcontinuouspath from x to y. In a vector space,any two elements are homotopic:
Take the path t 7! (1 � t)x + ty.

De�nition 2.1.2. Let A be a unital C � -algebra, and let U(A) denotethe group of unitary
elementsof A. Then U0(A) := f u 2 U(A) j u � h 1A in U(A)g (connected component of
1A in U(A)).

Remark 2.1.3. If u1; u2; v1; v2 2 U(A) with ui � h vj , j = 1; 2, then u1u2 � h v1v2.
Indeed, if t 7! wj (t) are continuouspaths connectinguj with vj , then t 7! w1(t)w2(t) is a
continuous path connectingu1u2 with v1v2 (everything in U(A)). 3

Lemma 2.1.4. Let A be a unital C � -algebra.

(i) If h 2 A is self-adjoint, then exp(ih) 2 U0(A).

(ii) If u 2 U(A) and sp(u) 6= T, then u 2 U0(A).

(iii) If u; v 2 U(A) and ku � vk < 2, then u � h v.

Proof. (i) By the contiuous functional calculus,if h = h� and f is a continuousfunction
on R with valuesin T, then f (h) � = �f (h) = f � 1(h), i.e., f (h) is unitary. In particular,
exp(ih) is unitary. Now for t 2 [0; 1] de�ne f t : sp(h) ! T by f t (x) := exp(itx ). Then, by
continuity of t 7! f t , the path t 7! f t (h) in U(A) is continuous, thus exp(ih) = f 1(h) � h

f 0(h) = 1.
(ii) If sp(u) 6= T, there exists � 2 R such that exp(i� ) =2 sp(u). Note that ' (exp(it )) = t
de�nes a continuous function ' on sp(u) with valuesin the open interval ]� ; � + 2� [ � R.
We have z = exp(i' (z)) for z 2 sp(u). Then h = ' (u) is a self-adjoint element of A with
u = exp(ih), and by (i) u 2 U0(A).
(iii) From ku � vk < 2 it follows that kv� u � 1k = kv� (u � v)k < 2 (sincekv� k = 1). Thus
� 2 =2 sp(v� u � 1), i.e., � 1 =2 sp(v� u). Then, by (ii), v� u � h 1, henceu � h v (remark
beforethe lemma). �

17
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Corollary 2.1.5. U(M n (C) = U(M n (C)), i.e., the unitary group in M n (C) is connected.

Proof. Each unitary in M n (C) has�nite spectrum, thereforethe assumptionof (ii) of
Lemma 2.1.4 is satis�ed. �

Lemma 2.1.6. (Whitehead) Let A be a unital C � -algebra, and u; v 2 U(A). Then

�
u 0
0 v

�
� h

�
uv 0
0 1

�
� h

�
vu 0
0 1

�
� h

�
v 0
0 u

�
in U(M 2(A): (2.1.1)

In particular, �
u 0
0 u�

�
� h

�
1 0
0 1

�
in U(M 2(A)): (2.1.2)

Proof. First note that the spectrum of
�

0 1
1 0

�
is f 1; � 1g (direct elementary com-

putation). Thus by Lemma 2.1.4(ii)
�

0 1
1 0

�
� h

�
1 0
0 1

�
. Now write

�
u 0
0 v

�
=

�
u 0
0 1

� �
0 1
1 0

� �
v 0
0 1

� �
0 1
1 0

�
: (2.1.3)

Then, by Remark 2.1.3,

�
u 0
0 1

� �
0 1
1 0

�
� h

�
u 0
0 1

� �
1 0
0 1

�
=

�
u 0
0 1

�
; (2.1.4)

analogously �
v 0
0 1

� �
0 1
1 0

�
� h

�
v 0
0 1

�
; (2.1.5)

thus
�

u 0
0 v

�
� h

�
uv 0
0 1

�
. In particular,

�
1 0
0 v

�
� h

�
v 0
0 1

�
, thus

�
u 0
0 v

�
=

�
1 0
0 v

� �
u 0
0 1

�
� h

�
v 0
0 1

� �
u 0
0 1

�
=

�
vu 0
0 1

�
: (2.1.6)

�

Prop osition 2.1.7. Let A be a unital C � -algebra.

(i) U0(A) is a normal subgroup of U(A).

(ii) U0(A) is open and closed relative to U(A).

(iii) u 2 U0(A) i� there are �nitely many self-adjoint h1; : : : ; hn 2 A suchthat

u = exp(ih 1) � � � exp(ih n ): (2.1.7)
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Proof. (i): First note that U0(A) is closedunder multiplication by Remark 2.1.3. In
order to show that with u 2 U0(A) alsou� 1 2 U0(A) and vuv� 2 U0(A) (for any v 2 U(A)),
let t 7! wt be a continuous path from 1 to u in U(A). Then t 7! w� 1

t and t 7! vwtv� are
continuous paths from 1 to u� 1 and vuv� in U(A).
(ii) and (iii): Let G := f exp(ih 1) � � � exp(ih n ) j n 2 N; hk = h�

k 2 Ag. By (i) and Lemma
2.1.4,(i), G � U0(A). Sinceexp(ih) � 1 = exp(� ih ), for h = h� , G is a subgroupof U0(A).

G is open relative to U(A): If v 2 G and u 2 U(A) with ku � vk < 2, then k1 �
uv� k = k(u � v)k < 2, and by Lemma 2.1.4 (iii) and its proof, sp(uv� ) 6= T, and, by
the proof of Lemma 2.1.4 (ii), there exists h = h� 2 A such that uv� = exp(ih). Thus
u = exp(ih)v 2 G.

G is closedrelative to U(A): U(A) nG is a disjoint union of cosetsGu, with u 2 U(A).
Each Gu is homeomorphicto G, thereforeGu is open relative to U(A). Thus G is closed
in U(A).

By the above, G is a nonempty subsetof U0(A), it is open and closedin U(A), con-
sequently also in U0(A). The latter is connected,henceG = U0(A). This proves(ii) and
(iii). �

Lemma 2.1.8. Let A and B be unital C � -algebras, and let ' : A ! B be a surjective
(thus unital) � -homorphism.

(i) ' (U0(A)) = U0(B ).

(ii) 8u 2 U(B)9v 2 U0(M2(A)):

' 2(v) =
�

u 0
0 u�

�
(2.1.8)

with ' 2 : M2(A) ! M 2(B ) the extensionof ' .

(iii) If u 2 U(B) and there is v 2 U(A) with u � h ' (v), then u 2 ' (U(A)).

Proof. Any unital � -homomorphismis continuous and mapsunitaries into unitaries,
hence' (U0(A)) � U0(B ). Conversely, if u 2 U0(B ), then by Proposition 2.1.7 (iii) there
are self-adjoint hj 2 B such that

u = exp(ih 1) � � � exp(ih n ): (2.1.9)

By surjectivity of ' , there are aj 2 A with ' (aj ) = hj . Then kj :=
aj + a�

j

2 are self-adjoint
and satisfy ' (kj ) = hj . Put

v = exp(ik 1) � � � exp(ik n ): (2.1.10)

Then ' (v) = u and v 2 U0(A) by Proposition 2.1.7(iii). This proves(i).

(ii): By Lemma 2.1.4 we have
�

u 0
0 u�

�
2 U0(M2(A)). On the other hand, ' 2 :

M2(A) ! M 2(B ) is a surjective � -homomorphism,so (i) provesthe desiredclaim.
(iii): If u � h ' (v), then u' (v� ) 2 U0(B ), and, by (i), u' (v� ) = ' (w) with w 2 U0(A).

Henceu = ' (wv), with wv 2 U(A). �
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De�nition 2.1.9. Let A be a unital C � -algebra. The group of invertible elementsin A is
denoted by GL(A). GL0(A) := f a 2 GL(A) j a � h 1 in GL(A)g.

U(A) is a subgroupof GL(A).
If a 2 A, then there is a well-de�ned element jaj = (a� a)

1
2 , by the continuousfunctional

calculus. jaj is called absolutevalue of a.

Prop osition 2.1.10. Let A be a unital C � -algebra.

(i) If a 2 GL(A), then also jaj 2 GL(A), and ajaj � 1 2 U(A).

(ii) Let ! : GL(A) ! U(A) be de�ned by ! (a) = ajaj � 1. Then ! is continuous, ! (u) = u
for u 2 U(A), and ! (a) � h a in GL(A) for every a 2 GL(A).

(iii) If u; v 2 U(A) and if u � h v in GL(A), then u � h v in U(A).

Proof. (i): If a 2 GL(A) then alsoa� ; a� a 2 GL(A). Hencealsojaj = (a� a)
1
2 2 GL(A),

with jaj � 1 = ((a� a)� 1)
1
2 . Then ajaj � 1 is invertible and unitary: jaj � 1 is self-adjoint and

jaj � 1a� ajaj � 1 = jaj � 1jaj2jaj � 1 = 1.
(ii): Multiplication in a C � -algebra is continuous, as well as the map a 7! a� 1 in

GL(A). (see[M-GJ90, Theorem1.2.3]) Thereforeto show continuity of ! , it is su�cien t
to show that a 7! jaj is continuous. The latter is the composition of a 7! a� a and
h 7! h

1
2 (for h 2 A+ ). The �rst of these maps is continuous by continuity of � and

the multiplication. Now it is su�cien t to show the continuity of the squareroot on any
bounded
 � A+ .This follows from Lemma1.2.3,becauseeach such 
 is contained in 
 K ,
with K = [0; R], R = suph2 
 khk.

For u 2 U(A) we have juj = 1, hence! (u) = u.
For a 2 GL(A), put at := ! (a)(tjaj + (1 � t)1A ), t 2 [0; 1]. This is a continuous

path from ! (a) = a0 to a = a1. It remains to show that at 2 GL(A), t 2 [0; 1].
Since jaj is positive and invertible, there is � 2]0; 1] with jaj � � 1A . Then, for each
t 2 [0; 1], tjaj + (1 � t)1A � � 1A . (Properties of positive operators, usethe isomorphism
C(sp(a� a)) ! C � (a� a;1).) Hencetjaj + (1 � t)1A and consequently at are invertible.

(iii) If t 7! at is a continuous path in GL(A) from u to v (unitaries), then t 7! ! (at )
is such a path in U(A). �

Remark 2.1.11. (ii) of the above proposition says that U(A) is a retract of GL(A).
! : GL(A) ! U(A) is the corresponding retraction. (A subspaceX of a topologicalspace
Y is called retract of Y if there is a continuous r : Y ! X with x � h r (x) in Y 8x 2 Y
and r (x) = x 8x 2 X .) 3

Remark 2.1.12. (ii) also says that a = ! (a)jaj, with unitary ! (a), for invertible a.
This is called the (unitary) polar decomposition of a. For any a 2 A, there is a polar
decomposition a = vjaj, with a unique partial isometry v. 3

Prop osition 2.1.13. Let A be a unital C � -algebra. Let a 2 GL(A), and let b 2 A with
ka � bk < ka� 1k� 1. Then b2 GL(A),

kb� 1k� 1 � ka� 1k� 1 � ka � bk; (2.1.11)

and a � h b in GL(A).
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Proof. We have

k1 � a� 1bk = ka� 1(a � b)k 5 ka� 1kka � bk < 1; (2.1.12)

thus (a� 1b)� 1 =
P 1

k=0 (1 � a� 1b)k is absolutely convergent with norm k(a� 1b)� 1k 5P 1
k=0 k1� a� 1bkk = (1 � k1� a� 1bk)� 1. Thus b2 GL(A) with inverseb� 1 = (a� 1b)� 1a� 1,

and kb� 1k� 1 � k(a� 1b)� 1k� 1ka� 1k� 1 � (1 � k1� a� 1bk)ka� 1k� 1 � ka� 1k� 1 � ka � bk: For
the last claim, put ct = (1 � t)a + tb for t 2 [0; 1]. Then ka � ctk = tka � bk < ka� 1k� 1,
therefeorect 2 GL(A) by the �rst part of the proof. �

2.2 Equiv alence of pro jections

De�nition 2.2.1. The setof projections in a C � -algebra A is denoted by P(A). A partial
isometry is a v 2 A such that v� v 2 P(A). If v is a partial isometry, then vv� is also a
projection (exercise). v� v is called the support projection, vv� the rangeprojection of v.

If v is a partial isometry, put p = v� v and q = vv� . then

v = qv = vp = qvp: (2.2.13)

(exercise).

Lemma 2.2.2. The following are equivalence relations on P(A):

� p � q i� there exists v 2 A with p = v� v and q = vv� (Murray-von Neumann
equivalence),

� p � u q i� there existsu 2 U(A) with q = upu� (unitary equivalence).

Proof. Transitivit y of Murray-von Neumann: Let p � q and q � r , and let v; w be
partial isometriessuch that p = v� v, q = vv� = w� w, r = ww� . Put z = wv. Then
z� z = v� w� wv = v� qv = v� v = p, zz� = wvv� w� = wqw� = ww� = r , i.e., p � r . The
other claims are checked easily. �

Prop osition 2.2.3. Let p;qP(A), A unital. The following are equivalent:

(i) 9u 2 U( ~A) : q = upu� ,

(ii) 9u 2 U(A) : q = upu� ,

(iii) p � q and 1A � p � 1A � q.

Proof. Let f = 1 ~A � 1A = (� 1A ; 1). Then ~A = A + Cf and f a = af = 0 8a 2 A.
(i) =) (ii): Let q = zpz� for somez 2 U( ~A). Then z = u + � f for someu 2 A and

� 2 C. It is straightforward to show u 2 U(A) and q = upu� .
(ii) =) (iii): Let q = upu� for u 2 U(A). Put v = up and w = u(1A � p). Then

v� v = p; vv� = q; w� w = 1A � p; ww� = 1A � q: (2.2.14)

(iii) =) (i): Assumethat there are partial isometriesv; w satisfying (2.2.14). Then
(2.2.13)givesby direct calculationz := v+ w+ f 2 U( ~A), and that zpz� = vpv� = vv� = q.
�

Note that onecould prove (iii) =) (ii) using the unitary u = v + w 2 U(A).
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Lemma 2.2.4. Let A be a C � -algebra, p 2 P(A), and a = a� 2 A. Put � = kp � ak.
Then

sp(a) � [� � ; � ] [ [1 � � ; 1 + � ]: (2.2.15)

Proof. We know sp(a) 2 R and sp(p) 2 f 0; 1g. It su�ces to show that for t 2 R the
assumptiondist(t; f 0; 1g) > � implies t =2 sp(a). Such a t is not in sp(p), i.e., p � t1 is
invertible in ~A, and

k(p � t1)� 1k = max(j � tj � 1; j1 � tj � 1) = d� 1: (2.2.16)

(considerp � t1 as an element of C(sp(p)) � C2.) Consequently,

k(p � t1)� 1(a � t1) � 1k = k(p � t1)� 1(a � p)k 5 d� 1� < 1: (2.2.17)

Thus (p � t1)� 1(a � t1) is invertible, hencealsoa � t1 is invertible, i.e., t =2 sp(a). �

Prop osition 2.2.5. If p;q 2 P(A), kp � qk < 1, then p � h q.

Proof. Put at = (1 � t)p + tq, t 2 [0; 1]. Then at = a�
t , t 7! at is continuous,and

min(kat � pk; kat � qk) 5 kp � qk=2 < 1=2: (2.2.18)

Thus by Lemma 2.2.4 sp(at ) � K := [� � ; � ] [ [1 � � ; 1 + � ], with � = kp � qk=2 < 1=2,
i.e., at 2 
 K in the notation of Lemma 1.2.3. Then f : K ! C, de�ned to be zero on
[� � ; � ] and oneon [1 � � ; 1+ � ], is continuous,and f (at ) is a projection for each t 2 [0; 1]
becausef = f 2 = �f . By Lemma 1.2.3, t 7! f (at ) is continuous,and p = f (p) = f (a0) � h

f (a1) = f (q) = q. �

Prop osition 2.2.6. Let A be a unital C � -algebra, a;b2 A selfadjoint. Supposeb= zaz� 1

for someinvertible z 2 A. Then b = uau� , where u 2 U(A) is the unitary in the polar
decomposition z = ujzj of z (see Remark 2.1.12).

Proof. b= zaz� 1 is the sameasbz= za, and alsoz� b= az� . Hence

jzj2a = z� za = z� bz= az� z = ajzj2; (2.2.19)

a commutes with jzj2. Thus a commutes with all elements of C � (1; jzj2), in particular
with jzj � 1. Therefore,

uau� = zjzj � 1au� = zajzj � 1u� = bzjzj � 1u� = buu� = b: (2.2.20)

�

Prop osition 2.2.7. Let A be a C � -algebra, p;q 2 P(A). Then p � h q in P(A) i�
9u 2 U0( ~A) : q = upu� :

Proof. Assumeq = upu� for someu 2 U0( ~A), and let t 7! ut be a continuous path in
U0( ~A) connecting1(=1 ~A ) and u. Then t 7! utpu�

t is a continuous path of projections in
A (A is an ideal in ~A).

Conversely, if p � h q, then there are p = p0; p1; : : : ; pn 2 P(A) such that kpj � pj +1 k <
1=2 (the set f pt j t 2 [0; 1]g is compactin the metric spaceP(A) and thus totally bounded,
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cf. [D-J73, 3.16]). Thus it is su�cien t to consideronly the casekp� qk < 1=2. The element
z := pq+ (1 � p)(1 � q) 2 ~A satis�es

pz = pq= zq (2.2.21)

and kz � 1k = kp(q� p) + (1 � p)((1 � q) � (1 � p))k 5 2kp� qk < 1 (consider2p� 1 under
the isomorphismC(sp(p)) ! C � (p;1)), thus z is invertible and z � h 1 by Proposition
2.1.13. If z = ujzj is the unitary polar decomposition of z (Remark 2.1.12), then from
formula (2.2.21) and Proposition 2.2.6p = uqu� . Eventually, it follows from Proposition
2.1.10(ii) that u � h z � h 1 in GL( ~A), and from Proposition 2.1.10(iii) that u 2 U0( ~A).
�

Prop osition 2.2.8. Let A be a C � -algebra, p;q 2 P(A).

(i) p � h q =) p � u q.

(ii) p � u q =) p � q.

Proof. (i): Immediate from Proposition 2.2.7.
(ii): If upu� = q for u 2 U( ~A), then v = up 2 A, v� v = p, and vv� = q. �

Prop osition 2.2.9. Let A be a C � -algebra, p;q 2 P(A).

(i) p � q =)
�

p 0
0 0

�
� u

�
q 0
0 0

�
in M2(A).

(ii) p � u q =)
�

p 0
0 0

�
� h

�
q 0
0 0

�
in M2(A).

Proof. Let v 2 A such that p = v� v, q = vv� . Then (2.2.13)can be usedto show that

u =
�

v 1 � q
1 � p v�

�
; w =

�
q 1 � q

1 � q q

�
2 U(M 2( ~A)): (2.2.22)

Since

wu
�

p 0
0 0

�
u� w� = w

�
q 0
0 0

�
w� =

�
q 0
0 0

�
; (2.2.23)

on the other hand

wu =
�

v + (1 � q)(1 � p) (1 � q)v�

q(1 � p) 1 � q+ qv�

�
2 M̂2(A); (2.2.24)

(i) is proved. Note that M̂2(A) is consideredasa unital subalgebraof M 2( ~A) via the map� �
a b
c d

�
; �

�
7!

�
(a; � ) (b;0)
(c;0) (d; � )

�
, and that onehas to check that wu, being a priori

in M2( ~A), is indeedin M̂2(A).
(ii): The assumptionmeansq = upu� for someu 2 U( ~A). By Lemma 2.1.6 there is

a homotopy t 7! wt in U(M 2( ~A) connectingw0 =
�

1 0
0 1

�
with w0 =

�
u 0
0 u�

�
. Put

et = wt diag(p;0)w�
t . Then et 2 P(M 2(A)) (A is an ideal in ~A), t 7! et is continuous,

e0 = diag(p;0), and e1 = diag(q; 0). �
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Remark 2.2.10. Propositions 2.2.8and 2.2.9say that the three equivalencerelations � ,
� u and � h are equivalent if one passesto matrix algebras. Otherwise, the implications
p � q =) p � u q and p � u q =) p � h q do not hold:

Let A be a unital C � -algebracontaining a non-unitary isometry s, i.e., s� s = 1 6= ss� .
Example: one-sidedshift. Then s� s and ss� are projections, and by de�nition s� s � ss� .
On the other hand, 1 � s� s = 0 � 1 � ss� 6= 0, becausefrom v� v = 0 follows v = 0
(C � -property and thus also vv� = 0. By Proposition 2.2.3 (iii), s� s and ss� cannot be
unitarily equivalent.

Example of a unital C � -algebra containing projections p;q with p � u q and p � h

q: There exists a unital C � -algebra B such that M 2(B ) contains u 2 U(M 2(B ) not

being homotopic in U(M 2(B )) to any diag(v; 1), v 2 U(B). Then p :=
�

1 0
0 0

�
� u

u
�

1 0
0 0

�
u� in M2(B ), but p � h q. Indeed, if oneassumesp � h q, then by Proposition

2.2.7there is w 2 U(M 2(B )) such that wqw� = p. Hence(wu)p = p(wu), and (seeexercise
) wu = diag(a;b), with a;b 2 U(B). From Lemma 2.1.6 and w 2 U(M 2(B )) we obtain
u � h wu = diag(a;b) � h diag(ab;1), contradicting the original assumptionabout u. 3

2.3 Semigroups of pro jections

De�nition 2.3.1. Let A be a C � -algebra, n 2 N. Put Pn (A) = P(M n (A)) and P1 (A) =
[ 1

n=1 Pn (A) (disjoint union).

Let Mm;n (A) be the setof rectangularm� n-matriceswith entries from A. The adjoint
of such a matrix is de�ned combining the matrix adjoint with the adjoint in A.

De�nition 2.3.2. Let p 2 Pn (A), q 2 Pm (A). Then p � 0 q i� 9v 2 Mm;n (A) : p =
v� v; q = vv� .

� 0 is an equivalencerelation on P1 (A) and reducesfor m = n to the Murray-von
Neumannequivalenceon P(M n (A)).

De�nition 2.3.3. De�ne a binary operation � on P1 (A) by

p � q =
�

p 0
0 q

�
: (2.3.25)

If p 2 Pn (A), q 2 Pm (A), then p � q 2 Pn+ m (A).

Prop osition 2.3.4. Let A be a C � -algebra, p;q; r; p0; q0 2 P1 (A).

(i) 8n 2 N : p � 0 p � 0n (0n the zero of M n (A)),

(ii) if p � 0 p0 and q � 0 q0, then p � q � 0 p0 � q0,

(iii) p � q � 0 q � p,

(iv) if p;q 2 Pn (A), pq= 0, then p + q 2 Pn (A) and p + q � 0 p � q,

(v) (p � q) � r = p � (q � r ).
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Proof. (i): Let m; n 2 N, p 2 Pm (A). Put u1 =
�

p
0

�
2 Mm+ n;m (A). Then

p = u�
1u1 � 0 u1u�

1 = p � 0n .
(ii): If p � 0 p0 and q � 0 q0, then 9v; w : p = v� v; p0 = vv� ; q = w� w; q0 = ww� : Put
u2 = diag(v; w). Then p � q = u�

2u2 � 0 u2u�
2 = p0 � q0.

(iii): Let p 2 Pn (A), q 2 Pm (A), and put u3 :=
�

0n;m q
p 0m;n

�
, with 0k;l the zero of

M k;l (A). Then u3 2 Mn+ m (A), and p � q = u�
3u3 � 0 u3u�

3 = q � p.

(iv): If pq = 0 then p + q is a projection (exercise). Put u4 =
�

p
q

�
2 M2n;n (A). Then

p + q = u�
4u4 � 0 u4u�

4 = p � q.
(v): trivial. �

De�nition 2.3.5.
D(A) := P1 (A)= � 0 : (2.3.26)

[p]D 2 D(A) denotesthe equivalence classof p 2 P1 (A).

Lemma 2.3.6. The formula
[p]D + [q]D = [p � q]D (2.3.27)

de�nes a binary operation on D(A) making it an abelian semigroup.

Proof. This is immediate from Proposition 2.3.4.

2.4 Examples and Exercises

Exer cise 2.4.1. Let ' : A ! B be a surjective � -homomorphismof C � -algebras. If
' (a) = b, then a is called lift of b.

(i) Any b2 B hasa lift a 2 A with kbk = kak.

(ii) Any selfadjoint b hasa selfadjoint lift a with kbk = kak.

(iii) Any positive b hasa positive lift a with kbk = kak.

(iv) A normal element doesnot in generalhave a normal lift.

(v) A projection doesnot in generallift to a projection.

(vi) A unitary doesnot in generallift to a unitary.

(ii) For a lift x of b, alsoa0 := x+ x �

2 = a�
0 is a lift of b. Considerthe function f : R ! R

given by

f (t) =

8
<

:

�k bk t 5 kbk;
t �k bk 5 t 5 kbk;

kbk t � kbk:
(2.4.28)

Put a = f (a0). Then a = a� , sp(a) = f f (t) j t 2 sp(a0)g � [�k bk; kbk] (by de�nition of f ),
and kak = r (a) 5 r (b) = kbk. Also, a is a lift of b, ' (a) = ' (f (a0)) = f (' (a0)) = f (b) = b,
becausef (t) = t for t 2 sp(b). Finally, ' is norm-decreasing(as any � -homomorphism),
thus alsokbk = k' (a)k 5 kak, hencekbk = kak.
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(i) For b 2 B, y :=
�

0 b
b� 0

�
is a self-adjoint element of M 2(B ) with kyk = kbk

(kyk2 = ky� yk = k
�

bb� 0
0 b� b

�
k = maxfk bb� k; kb� bkg = kbk2, using Exercice 10 of

Chapter 1). By (ii), there is a self-adjoint lift x =
�

x11 x12

x21 x22

�
of y with kxk = kyk.

a = x12 is a lift of b, and by (1.3.22) kak 5 kxk = kyk = kbk. But also kbk 5 kak, thus
kak = kbk.

(iii) For a lift x of b, also a0 := (x � x)1=2 � 0 is a lift: ' (a0) = (' (x � )' (x))1=2 =
(b� b)1=2 = b. Put a = f (a0), with f from (2.4.28). Then a is normal, ' (a) = b (' (a) =
' (f (a0)) = f (' (a0)) = f (b) = b), sp(a) � [0; kbk]. Thus, a � 0, kak = kbk.

(iv) Let s be the unilateral shift. Then s� s = 1, s� s � ss� = pre0
is compact. Let

� : B (H) ! Q(H) = B(H)=K (Calkin-Algebra). Then � (s) is normal (� (pre0
) = 0),

however, � (s) hasno lift to a normal operator: There is no normal operator N such that
s � N is compact.

(v) Let A = C([0; 1]), B = C � C, ' (f ) = (f (0); f (1)). Then q = (0; 1) 2 P(C � C).
However, there are no nontrivial projections in C([0; 1]) (' (p) = q would mean p(0) =
1; p(1) = 0).

Exer cise 2.4.2. Let A be a unital C � -algebra,

a =

0

B
B
B
B
B
@

1 a12 a13 : : : a1n

0 1 a23 : : : a2n
...

...
...

. . .
...

0 0 0 : : : an� 1;n

0 0 0 : : : 1

1

C
C
C
C
C
A

2 Mn (A):

Show: a 2 GLn (A), a � h 1 in GLn (A).
The �rst claim is immediate from Exercice9 of Chapter 1. For the secondclaim, write

a = 1+ a0. Then at = 1+ ta0 is a curve connectinga and 1 in GL n (A) (again by Exercice
9 of Chapter 1).

Exer cise 2.4.3. Let A be a C � -algebra,p;q 2 P(A). Write p? q if pq= 0. The following
are equivalent:

(i) p? q,

(ii) p + q 2 P(A),

(iii) p + q 5 1.

(i) =) (ii): p + q is self-adjoint, and (p + q)2 = p2 + pq+ qp + q2 = p + q.
(ii) =) (iii): 1 � (p + q) = 1 � (p + q) � (p + q) + (p + q)2 = (1 � (p + q))2.
(iii) =) (i): Use the general implication a 5 b =) (c� ac 5 c� bc; 8c 2 A) to

concludep + q 5 1 =) p(p + q)p 5 p2 = p =) p + pqp 5 p =) pqp 5 0. On the
other hand, pqp = pqqp � 0, thus pqqp = pqp = 0, which is equivalent to pq= qp = 0.

More generally, for p1; : : : ; pn 2 P(A), the following are equivalent:

(i) pi ? pj , for all i 6= j ,

(ii) p1 + : : : + pn 2 P(A),

(iii) p1 + : : : + pn 5 1.



Chapter 3

The K 0-Group for Unital
C� -Algebras

3.1 The Grothendiec k Construction

Lemma 3.1.1. Let (S;+) be an abelian semigroup. Then the binary relation � on S � S
de�ned by

(x1; y1) � (x2; y2) , 9z 2 S : x1 + y2 + z = x2 + y1 + z (3.1.1)

is an equivalence relation.

Proof. The relation � is clearly symmetric and re
exive. Transitivit y: Let (x1; y1) �
(x2; y2) and (x2; y2) � (x3; y3), i.e., x1 + y2 + z = x2 + y1 + z; x2 + y3 + w = x3 + y2 + w for
somez; w 2 S. Then x1 + y3 + (y2 + z + w) = x2 + y1 + z + y3 + w = x3 + y1 + (y2 + z + w);
i.e., (x1; y1) � (x3; y3). �

Let G(S) := (S � S)= � , and < x; y > denotethe classof (x; y).

Lemma 3.1.2. The operation

< x1; y1 > + < x2; y2 > = < x1 + x2; y1 + y2 > (3.1.2)

is well-de�ned and yields an abelian group (G(S); +) . Inverse and zero are given by

� < x; y > = < y; x >; 0 = < x; x > : (3.1.3)

Proof. Straightforward. �

The group (G(S); +) is called the Grothendieck group of S.
For y 2 S, there is a map 
 : S ! G(S); x 7! < x + y; y > (Grothendieck map). It is

independent of y and a homomorphismof abelian semigroups(additive).

De�nition 3.1.3. An abelian semigroup (S;+) is said to havethe cancellationproperty
if from x + z = y + z follows x = y (x; y; z 2 S).

Prop osition 3.1.4. Let (S;+) be an abelian semigroup.

(i) If H is an abelian group, ' : S ! H additive, then there is a unique group homor-
phism  : G(S) ! H suchthat ' =  � 
 (universal property).

27
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(ii) If ' : S ! T is a homomorphism(additive map) of abelian semigroups, then there
is a uniquegroup homomorphismG(' ) : G(S) ! G(T) suchthat 
 T � ' = G(' ) � 
 S

(functoriality).

(iii) G(S) = f 
 S(x) � 
 S(y) j x; y 2 Sg:

(iv) For x; y 2 S, 
 S(x) = 
 S(y) i� 9z 2 S suchthat x + z = y + z.

(v) Let (H; +) be an abelian group, ; 6= S � H . If S is closed underaddition, then (S;+)
is an abelian semigroup with the cancellation property, and G(S) is isomorphic to
the subgroup H0 generated by S, with H0 = f x � y j x; y 2 Sg.

(vi) The map 
 S : S ! G(S) is injective i� S has the cancellation property.

Proof. (iii): For < x; y > 2 G(S) wehave< x; y > = < x; y > + < x+ y; x+ y > = < x+
x+ y; y+ x+ y > = < x+ y; y > + < x; x+ y > = < x+ y; y > � < x+ y; x > = 
 S(x) � 
 S(y).
(iv): If x + z = y + z, then by additivit y of 
 S 
 S(x) + 
 S(z) = 
 S(y) + 
 S(z), hence,
since G(S) is a group, 
 S(x) = 
 S(y). Conversely, let 
 S(x) = 
 S(y), in particular
< x + y; y > = < y + x; x > , i.e., 9w 2 S : (x + y) + x + w = (y + x) + y + w. Thus
x + z = y + z, with z = x + y + w.
(v): immediate from (iv).
(i): If  exists, it has to satisfy  (< x; y > ) = ' (x) � ' (y), in order to have  � 
 S = ' .
Then additivit y of  follows from additivit y of ' , and uniquenessfollows from (iii). To
seethat  exists, assume< x1; y1 > = < x2; y2 > , i.e., 9z 2 S : x1 + y2 + z = x2 + y1 + z.
Then ' (x1) + ' (y2) + ' (z) = ' (x2) + ' (y1) + ' (z) in H , by addivity of ' . SinceH is
a group, we have ' (x1) � ' (y1) = ' (x2) � ' (y2), which shows that  is well-de�ned by
 (< x; y > ) = ' (x) � ' (y).
(ii): 
 T � ' : S ! G(T) is an additive map into the group G(T), thus by (i) there is a
unique group homomorphismG(' ) : G(S) ! G(T) such that 
 T � ' = G(' ) � 
 S.
(vi): Any non-empty subsetof an abelian group that is closedunder addition is an abelian
semigroupwith cancellationproperty. The inclusion � : S ! H is additive and givesby
(i) rise to a group homomorphism : G(S) ! H such that  � 
 S = �, i.e.,  (
 S(x)) = x
for x 2 S. By (iii),  (G(S)) = f x � y j x; y 2 Sg = H0. If  (
 S(x) � 
 S(y)) = 0, then
x = y and so 
 S(x) � 
 S(y) = 0, i.e.,  is injective. �

Examples:

� (N; +) is an abelian semigroup with cancellation property, whose Grothendieck
group is isomorphic to (Z; +).

� Let (N [ f1g ; +) be the abelian semigroupwhoseaddition is de�ned by the usual
addition in N and by x + 1 = 1 = 1 + 1 . Then (N [ f1g ; +) doesnot have the
cancellation property, and the corresponding Grothendieck group is f 0g. Indeed,
from x + 1 = 1 + 1 it doesnot follow that x = 1 , and < x; y > = < x; x > for
any x; y 2 N [ f1g , becausex + x + 1 = y + x + 1 = 1 8x; y 2 N [ f1g .
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3.2 De�nition of the K 0-group of a unital C � -algebra

De�nition 3.2.1. Let A be a unital C � -algebra. The K 0(A) group is de�ned as the
Grothendieck group of the semigroup D(A):

K 0(A)
def
= G(D(A)):

We alsode�ne a map [�]0 : P1 (A) ! K 0(A) by [p]0 = 
 D(A)([p]D ) for p 2 P1 (A).

Remark 3.2.2. Formally, this de�nition could bemadefor non-unital C � -algebrasaswell,
but it would not be appropriate, sincethe resulting K 0-functor would not be half-exact.

3.2.1 Portrait of K 0 | the unital case

We de�ne a binary relation � s on P1 (A) as follows: p � s q i� there existsan r 2 P1 (A)
such that p � r � 0 q � r . The relation � s is called stableequivalence and it is easyto
verify that it is indeedan equivalencerelation. Furthermore, the relation can be de�ned
equivalently asp � s q i� p� 1n � 0 q� 1n for somepositive integern. Indeed,if p� r � 0 q� r
for r 2 Pn (A), then p � 1n � 0 p � r � (1n � r ) � 0 q � r � (1n � r ) � 0 q � 1n .

Prop osition 3.2.3. Let A be a unital C � -algebra. Then

(i) K 0(A) = f [p]0 � [q]0 : p;q 2 Pn (A); n 2 Ng,

(ii) [p]0 + [q]0 = [p� q]0 for p;q 2 P1 (A), and if p and q are orthogonal then [p]0 + [q]0 =
[p + q]0,

(iii) [0A ]0 = 0,

(iv) if p;q 2 Pn (A) and p � h q in Pn (A) then [p]0 = [q]0,

(v) [p]0 = [q]0 i� p � s q for p;q 2 P1 (A).

Proof. Straightforward. As an example,we only verify (v). If [p]0 = [q]0 then by part (iv)
of Proposition [3.1.4] there is an r 2 P1 (A) such that [p]D + [r ]D = [q]D + [r ]D . Hence
[p � r ]D = [q � r ]D . Thus p � r � 0 q � r and consequently p � s r . Conversely, if p � s q
then there is r 2 P1 (A) such that p � r � 0 q � r . Then [p]0 + [r ]0 = [q]0 + [r ]0 by part
(ii) above and hence[p]0 = [q]0 sinceK 0(A) is a group.

3.2.2 The univ ersal prop ert y of K 0

Prop osition 3.2.4. Let A be a unital C � -algebra, let G be an abelian group, and let
nu : P1 (A) ! G be a map satisfying the following conditions:

(i) � (p � q) = � (p) + � (q),

(ii) � (0A ) = 0,

(iii) if p � h q in Pn (A) then � (p) = � (q).
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Then there existsa unique homomorphismK 0(A) ! G suchthat the diagram

P1 (A)

K 0(A)

[�]0
?

- G
-

(3.2.4)

is commutative.

Proof. At �rst we observe that if p;q 2 P1 (A) and p � 0 q then � (p) = � (q). Indeed, let
p 2 Pk(A), q 2 Pl (A). Take n � maxf k; lg and put p0 = p � 0n� k and q0 = q � 0n� l .
We have p0 � 0 p � 0 q � 0 q0 and hencep0 � q0. Thus p0 � 03n � h q0 � 03n in P4n (A) by
Proposition 2.2.9. Hence

� (p) = � (p) + (4n � k)� (0) = � (p0 � 03n ) = � (q0 � 03n ) = � (q);

as required. Consequently, the map D(A) ! G, [p]D 7! � (p) is well-de�ned. Clearly,
this map is additive. The rest follows from the univesal property of the Grothendieck
construction (part (i) of Proposition 3.1.4).

3.2.3 Functorialit y

Now we observe that K 0 is a covariant functor from the category of unital C � -algebras
with (not necessarilyunital) � -homomorphismsto the categoryof abelian groups.

Let ' : A ! B be a (not necessarilyunital) � -homomorphismbetween unital C � -
algebras. For each n it extendsto a � -homomorphism' n : Mn (A) ! M n (B ), and this
yields a map ' : P1 (A) ! P1 (B ). De�ne � : P1 (A) ! K 0(B ) by � (p) = [' (p)]0.
Then � satis�es the conditions of Proposition 3.2.4. Thus, there is a homomorphsm
K 0(' ) : K 0(A) ! K 0(B ) such that K 0(' )([p]0) = [' (p)]0. That is, wehavea commutativ e
diagram

P1 (A)
' - P1 (B )

K 0(A)

[�]0
? K 0(' )- K 0(B )

[�]0
?

(3.2.5)

Prop osition 3.2.5. Let ' : A ! B ,  : B ! C be � -homomorphismsbetween unital
C � -algebras. Then

(i) K 0(idA ) = idK 0 (A ) ,

(ii) K 0( � ' ) = K 0( ) � K 0(' ).

Proof. By de�nition, (i) and (ii) hold whenapplied to [p]0, p 2 P1 (A). Then usepart (i)
of Proposition 3.2.3.
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3.2.4 Homotop y invariance

Let A; B be C � -algebras.Two � -homomorphisms';  : A ! B are homotopic' � h  if
there exist � -homomorphisms' t : A ! B for t 2 [0; 1] such that ' 0 = ' , ' 1 =  , and the
map [0; 1] 3 t 7! ' t (a) 2 B is norm contnuous for each a 2 A.

C � -algebrasA and B are homotopy equivalent if there exist � -homomorphisms' :
A ! B and  : B ! A such that  � ' � h idA and ' �  � h idB . In such a casewe write

A
'
! B

 
! A.

Prop osition 3.2.6. Let A; B be unital C � -algebras.

(i) If ';  : A ! B are homotopic� -homomorphismsthen K 0(' ) = K 0( ).

(ii) If A is homotopyequivalent via A
'
! B

 
! A then K 0(' ) : K 0(A) ! K 0( ) is an

isomorphismwith K 0(' )� 1 = K 0( ).

Proof. Part (i) follows from Proposition 3.2.3. Part (ii) follows from part (i) and functo-
rialit y of K 0 (Proposition 3.2.5).

3.3 Examples and Exercises

Example 3.3.1. K 0(C) �= Z. Indeed,D(C) �= (Z+ ; +) and the Grothendieck group of Z+

is Z.

Example 3.3.2. If H is an in�nite dimensionalHilbert spacethen K 0(B(H)) = 0. Indeed,
if H is separablethen D(B(H)) �= Z+ [ f1g with the addition in Z+ extendedby m+ 1 =
1 + m = 1 + 1 = 1 . The Grothendieck group of this semigroupis 0. The non-separable
caseis handledsimilarly.

Exer cise 3.3.3. If X is a contractible compact, Hausdor� spacethen K 0(C(X )) �= Z.
Hint: recall that X is contractible if there exists a point x0 2 X and a continuous map
� : [0; 1] � X ! X such that � (0; x) = x and � (1; x) = x0 for all x 2 X , and use
Proposition 3.2.6and Example 3.3.1.

Example 3.3.4 (Tra ces). Let A be a unital C � -algebra. A boundedlinear functional
� : A ! C is a trace if � (ab) = � (ba) for all a;b 2 A. Hence� (p) = � (q) if p;q are
Murray-von Neumann equivalent projections. A trace � is positive if � (a) � 0 for all
a � 0. It is a tracial state if it is positive of norm 1.

A trace � extends to a trace � n on M n (C) by � n ([ai;j ]) =
P n

i=1 � (ai ). Thus � gives
rise to a function � : P1 (A) ! C. By the universal property of K 0 this yields a group
homomorphismK 0(� ) : K 0(A) ! C such that K 0(� )([p]0) = � (p). If � is positive then
K 0(� ) : K 0(A) ! R and K 0([p]0) 2 R+ for p 2 P1 (A).

Exer cise 3.3.5. If n 2 Z+ then K 0(Mn (C)) �= Z, and the classof a minimal projection is
a generator. In fact, let Tr be the standard matrix trace. Then K 0(Tr) : K 0(Mn (C)) ! Z
is an isomorphism.

Exer cise 3.3.6. Let X be a connected,compactHausdor� space.Show that there exists
a surjective homomorphism

dim : K 0(C(X )) ! Z
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such that dim([p]0) = Tr(p(x)).
To this end, identify M n (C(X )) with C(X ; M n (C)). For each x 2 X the evaluation

at x is a positive trace and hence,by Example 3.3.4givesrise to a homomorphismfrom
K 0(C(X )) to R. If p 2 P1 (C(X )) then the function x 7! Tr(p(x)) 2 Z is continuous
and locally constant, henceconstant sinceX is connected.Finally, the homomorhismis
surjective sincedim([1]0) = 1.

Exer cise 3.3.7. Let X be a compactHausdor� space.

(1) By generalizingExercise3.3.6, show that there exists a surjective group homomor-
phism

dim : K 0(C(X )) ! C(X ; Z)

such that dim([p]0)(x) = Tr(p(x)).

(2) Given p 2 Pn (C(X )) and q 2 Pm (C(X )) show that dim([p]0) = dim([q]0) i� for each
x 2 X there exists vx 2 Mm;n (C(X )) such that v�

xvx = p(x) and vxv�
x = q(x). Note that

in generalonecannot choosevx so that the map x 7! vx be continuous.

(3) Show that if X is totally disconnected then the map dim is an isomorphism.
Recallthat a spaceis totally disconnectedif it hasa basisfor topologyconsistingof sets

which are simultaneouslyopen and closed.To prove the claim it su�cies (in view of part
(1)) to show that dim is injective. To this endusepart (ii) and total disconnectednessof X
to �nd a partition of X into openandclosedsubsetsX = X 1[ X 2[ : : :[ X k and rectangular
matrices v1; v2; : : : ; vk over C(X ) such that jj v�

i vi � p(x)jj < 1 and jjvi v�
i � q(x)jj < 1 for

all x 2 X i . From this deducethat p � 0 q.

Exer cise 3.3.8. Let A be a unital C � -algebraand let � : A ! C be a bounded linear
functional. Show that the following conditions are equivalent:

(i) � (ab) = � (ba) for all a;b2 A,

(ii) � (x � x) = � (xx � ) for all x 2 A,

(iii) � (uyu� ) = � (y) for all y 2 A and all unitary u 2 A.

(ii) ) (iii) Suppose(ii) holds. At �rst considera � 0 and set x = ujaj1=2. Then � (uau� ) =
� (xx � ) = � (x � x) = � (a). Then use the fact that every element of a C � -algebra can be
written asa linear combination of four positive elements.

(iii) ) (i) Suppose(iii) holds. If b2 A and u is a unitary in A then � (ub) = � (u(bu)u� ) =
� (bu). Then usethe fact that every element of a unital C � -algebramay be written as a
linear combination of four untaries.

Example 3.3.9. Let � be a countable discretegroup with in�nite conjugacyclasses(an
ICC group). Let � : � ! B(`2(�)) be its left regular representation. Let W � (�) be the
closureof the linear spanof � (�) in the strong operator topology (that is, in the topology
of pointwise convergence). It can be shown that there exists a unique tracial state � on
W � (�), and that this trace has the following properties:

(i) Two projections p;q are Murray-von Neumannequivalent in W � (�) i� � (p) = � (q).

(ii) f � (p) : p 2 P(W � (�)) g = [0; 1].
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Deducethat K 0(W � (�) �= (R; +). The conslusionof this exampleremainsvalid if W � (�)
is replacedby any factor von Neumannalgebraof type I I 1.

Example 3.3.10(Ma trix st ability of K 0). Let A be a unital C � -algebraand let n
be a positive integer. Then

K 0(A) �= K 0(Mn (A)):

More speci�cally, the � -homomorphism' : A ! M n (A), a 7! diag(a;0n� 1) inducesan
isomorphismK 0(' ) : K 0(A) ! K 0(Mn (A)).

Indeed, we construct inverseto K 0(' ), as follows. For each k let 
 k : M k(Mn (A)) !
M kn (A) be the isomorphismwhich "erasesparentheses". De�ne 
 : P1 (Mn (A)) ! K 0(A)
by 
 (p) = [
 k(p)]0 for p 2 Pk(Mn (A)). The universal property of K 0 applied to 
 yields
a homomorphism� : K 0(Mn (A)) ! K 0(A) such that � ([p]0) = [
 (p)]0.We claim that
� = K 0(' )� 1. To this end it su�cies to show that

(i) ' kn(
 k(p)) � 0 p in P1 (Mn (A)) for p 2 Pk(Mn (A)), and

(i) 
 k(' k(p)) � 0 p in P(A) for p 2 Pk(A).

Proof of (i). exercise.

Proof of (ii). Let e1; : : : ; ekn be the standard basis in Ckn and let u be a permutation
unitary such that uei = en(i � 1)+1 for i = 1; 2; : : : ; k. Then p � 0 p� 0(n� 1)k = u� 
 k(' k(p))u
for all projections p in Pk(A).

Exer cise 3.3.11. Two � -homomorphisms';  : A ! B are orthogonal if ' (A) (B) =
f 0g. Show that if ' and  areorthogonalthen ' +  is a � -homomorphismandK 0(' +  ) =
K 0(' ) + K 0( ).

Exer cise 3.3.12 (Cuntz algebras). Let H be a Hilbert space,let n be a positive
integer bigger than 1, and let S1; : : : ; Sn be isometries on H whoserange projections
add up to the identit y. Let C � (S1; : : : ; Sn ) be the C � -subalgebraof B(H) generatedby
f S1; : : : ; Sng. It was proved by Cuntz in [C-J77] that this C � -algebra is independent of
the choiceof such isometries. That is, if T1; : : : ; Tn is another family of isometrieswhose
rangeprojectionsaddup to the identit y then there is a � -isomorphism' : C � (S1; : : : Sn ) !
C � (T1; : : : ; Tn ) such that ' (Sj ) = Tj for j = 1; : : : ; n. Thus de�ned C � -algebrais denoted
On and called Cuntz algebra. It is a simple, unital, separableC � -algebra. Alternativ ely,
On may be de�ned as the universal C � -algebrageneratedby elements S1; : : : ; Sn subject
to the relations:

(i) S�
i Si = I for i = 1; : : : ; n,

(ii)
P n

i=1 Si S�
i = I .

(1) Let u bea unitary in On . Thereexistsa uniqueunit preservinginjective � -homomorphism
� u : On ! On (i.e. an endomorphismof On ) such that � u(Sj ) = uSj for j = 1; : : : ; n.
Moreover, if ' is an endomorphismof On then ' = � u with u =

P n
i=1 ' (Si )S�

i .

(2) Let � be an endomorphismof On such that � (x) =
P n

i=1 si xs�
i (the shift endomor-

phism). Then K 0(� ) : K 0(On ) ! K 0(On ) is the multiplication by n, that is K 0(� )(g) = ng
for all g 2 K 0(On ). Hint: UseExercise3.3.11and the following fact. If v is an isometry
in a unital C � -algebraA then the map � : A ! A, � (x) = vxv � is a � -homomorphismand
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K 0(� ) = id. For the latter observe that � k : M k(A) ! M k(A) is given by � k(y) = vkyv�
k ,

wherevk = diag(v; : : : ; v).

(3) Let w bea unitary in On such that � = � w. Then w � h 1 in U(On ) and hence� � h id.
Consequently, K 0(� ) = idK 0(On ) . Hint: Note that w belongsto M = spanf Si Sj S�

k S�
m g,

and that M is a C � -subalgebraof On isomorphic to M n2 (C).

(4) Combining (2) and (3) we get (n � 1)K 0(On ) = 0. Thus, in particular, K 0(O2) = 0.
In fact, Cuntz showed in [C-J81] that K 0(On ) �= Zn� 1 for all n = 2; 3; : : :

Exer cise 3.3.13 (Pr operl y infinite algebras). Let A be a unital C � -algebra. A
is called properly in�nite if there exist two projections e;f in A such that ef = 0 and
1 � e � f . For example,Cuntz algebrasare properly in�nite. For the reminder of this
exerciseassumeA is properly in�nite.

(1) A contains isometriesS1; S2 whoserangeprojections are orthogonal.

(2) A contains an in�nite sequencef t j g of isometrieswith mutually orthogonal ranges.
Hint: take Sk

2S1 for k = 0; 1; 2; : : :

(3) For each natural number n let vn be an element of M 1;n (A) with entries t1; : : : ; tn .
Then v�

nvn = 1n and for p 2 Pn (A) we have p � 0 vnpv�
n , with vnpv�

n a projection in A.

(4) Let p;q be projections in A. Set

r = t1pt�1 + t2(1 � q)t �
2 + t3(1 � t1t �

1 � t2t �
2)t

�
3:

Then r is a projection in A and [r ]0 = [p]0 � [q]0.

Concludethat
K 0(A) = f [p]0 : p 2 P(A)g:

Exer cise 3.3.14. If A is a separable,unital C � -algebrathen K 0(A) is countable.

Exer cise 3.3.15. Show that condition (iii) of Proposition 3.2.4may be replacedby any
of the following three conditions:

(i) 8n8p;q 2 Pn (A) if p � u q then � (p) = � (q),

(ii) 8p;q 2 P1 (A) if p � 0 q then � (p) = � (q),

(iii) 8p;q 2 P1 (A) if p � s q then � (p) = � (q).

Exer cise 3.3.16. Let A be a unital C � -algebraand let a 2 A be such that a � 0 and
jjajj 5 1.

(1) Show that

p =
�

a
p

a � a2
p

a � a2 1 � a

�

is a projection in M 2(A).

(2) Show that p � diag(1; 0) in M 2(A). Hint: consider

v =
� p

a
p

1 � a
0 0

�
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(3) Let B be another unital C � -algebraand let ' : A ! B be a unit preserving,surjective
� -homomorphism. Let q be a projection in B. Show that there is a � 0 in A such that
jjajj 5 1 and ' (a) = q. Then usethis a to de�ne p as in (1) above and show that

' (p) =
�

q 0
0 1 � q

�

Exer cise 3.3.17 (Par tial isometries). Show that for an element S of a C � -algebra
the following conditions are equivalent:

(i) S� S is a projection,

(ii) SS� is a projection,

(iii) SS� S = S.

(i) ) (iii) Show (SS� S � S)� (SS� S � S) = 0.
An element S satisfying theseconditions is called partial isometry.

Exer cise 3.3.18. Let A be a unital C � -algebra, a;b two elements of A, and p;q two
projections in A. Show the following.

(i) abb� a� 5 jjbjj 2aa� .

(ii) p 5 q i� pq= p.

(i) Sincejjbjj 2 � bb� � 0 there is x 2 A such that jjbjj 2 � bb� = xx � . Thus

jjbjj 2aa� � abb� a� = a(jjbjj 2 � bb� )a� = axx � a� = (ax)(ax) � � 0:

(ii) If p 5 q then pqp � p = p(q � p)p � 0, and hencepqp � p. But pqp 5 jjqjjp = p (by
part (i)). Thus pqp = p. Hence

(pq� p)(pq� p) � = (pq� p)(qp � p) = pqp � pqp � pqp + p = 0

and consequently pq� p = 0.

Exer cise 3.3.19. Let A be a unital C � -algebra. Then the exact sequence

0 � ! A {� ! ~A �� ! C � ! 0

is split exact, with a splitting map � : C � ! ~A, and inducesa split exact sequence

0 � ! K 0(A)
K 0({)
� ! K 0( ~A)

K 0(� )
� ! K 0(C) � ! 0;

with a splitting map K 0(� ) : K 0(C) � ! K 0( ~A).

Hint: Let f = 1 ~A � 1A , a projection such that ~A = A � Cf (direct sum of C � -algebras).
Let � be the natural surjection from ~A onto A and let � 0 : C ! ~A bede�ned by � 0(t) = tf .
Then we have the following identities: idA = � � {, � � { = 0, � � � = idC, id ~A = {� � + � 0� � ,
and the maps { � � and � 0 � � are orthogonal to one another (seeExercise3.3.11). The
claim follows from theseidentities and functorialit y of K 0.
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Example 3.3.20(Algebraic definition of K 0). Let R be a unital ring. Recall that
e 2 R is an idempotent if e2 = e. We de�ne I (R) = f e 2 R : e2 = 2g, I n (R) = I (M n (R)),
I 1 (R) =

S 1
n=1 I n (R). We de�ne a relation � 0 in I 1 (R) as follows. If e 2 I n (R) and

f 2 I m (R) then e � 0 f i� there exist a 2 M n;m (R) and b 2 Mm;n (R) such that e = ab
and f = ba. If this is the casethen taking a0 = aba and b = babwe may assumethat
a;b satisfy aba = a and bab= b (this we always assumein what follows). Claim: � 0

is an equivalencerelation. For transitivit y, let e � 0 f , f � 0 g be idempotents and let
c;d;x; y be matrices such that e = cd, f = dc, f = xy, g = yx. Then (cx)(yd) = e and
(yd)(cx) = g, and hencee � 0 g. Set V(R) = I 1 (R)=� 0 , anddenotethe classof e by [e]V .

De�ne a binary operation � on I 1 (R) by e � f = diag(e;f ). This operation is
well-de�ned on equivalence classesof � 0 and turns V(R) into an abelian semigroup.
De�neK 0(R) as the Grothendieck group of (V(R); � ).

Now supposeA is a unital C � -algebra. We show hat the two de�nitions of K 0(A)
coincide. In fact, the two semigoupsD(A) and V(A) are isomorphic. The proof proceeds
in three steps.

(1) If e 2 I 1 (A) ten there exists a p 2 P1 (A) such that e � 0 p. Indeed, let e 2 M n (A),
and set h = 1n + (e� e� )(e� e� )� . Then h is invertible and satis�es eh = ee� e = he. Then
p = ee� h� 1 is a projection. Sinceep= p and pe= e, e � 0 p.

(2) If p;q 2 P1 (A) then p � 0 q i� p � 0 q. Indeed, suppose(after diagonalling adding
zeros,if necessary)p;q 2 M n (A) and a;b 2 M n (A) are such that p = ab, q = ba, a = aba
(hence a = paq), b = bab (hence b = qbp). Then b� b = (bab) � b = (ab) � b� b = pb� b.
It follows that b� b belongs to the corner C � -algebra pMn (A)p. Since p = (ab) � ab =
b� (a� a)b 5 jjajj 2b� b, the element b� b is invertible in pMn (A)p. Set v = bp(b� b)� 1=2. We
have p = v� v (straightforward calculation). In particular, v is a partial isometry. In fact,
b= vjbj is the polar decomposition of b in M n (A). Hencebb� = vb� bv� .

It now su�ces to show that q = vv� . First note that v = qv (directly follows from the
de�nition of v). Thus

vv� = qvv� q 5 jjvjj 2q = q = baa� b� 5 jjajj 2bb� = jjajj 2vb� bv� 5 jjajj 2jj bjj 2vv� :

That is, vv� and q are projections satisfying vv� 5 q 5 jjajj 2jj bjj 2vv� . It follows that
vv� = q.

(3) The map D(A) ! V(A) given by [p]D 7! [p]V is a semigroupisomorphism. (exercise)



Chapter 4

K 0-Group | the General Case

4.1 De�nition of the K 0-Functor

De�nition 4.1.1. Let A be a non-unital C � -algebraand let ~A be its minimal unitization.
We have a split-exact sequence

0 � ! A � ! ~A �� ! C � ! 0:

De�ne K 0(A) = Ker (K 0(� )), whereK 0(� ) : K 0( ~A) ! K 0(C) is the map induced by � .

Thus, by de�nition, K 0(A) is a subgroup of K 0( ~A) and hencean abelian group. If
p 2 P1 (A) then [p]0 2 K 0( ~A). But [p]0 2 Ker K 0(� ) and hence[p]0 2 K 0(A). Thus, just
as in the unital case,we have a map [�]0 : P1 (A) ! K 0(A).

If A is unital then we can still form direct sum (of C � -algebras) ~A = A � C. Let �
be the natural surjection from ~A onto C. As shown in Exercise3.3.19,we have K 0(A) =
Ker (K 0(� )). Thus, De�nition 4.1.1works equally well in the caseof a unital C � -algebra.

4.1.1 Functorialit y of K 0

Let ' : A ! B be a � -homomorphism.Then the diagram

A - ~A - C

B

'
?

- ~B

~'
?

- C

=
?

(4.1.1)

commutes. Functorialit y of K 0 for unital C � -algebrasyields a commutativ e diagram

K 0(A) - K 0( ~A) - K 0(C)

K 0(B ) - K 0( ~B)

K 0( ~' )
?

- K 0(C)

=
?

(4.1.2)

and there existsexactly onemap K 0(' ) : K 0(A) ! K 0(B ) which completesthe diagram.
Note that we have K 0([p]0) = [' (p)]0 for p 2 P1 (A).

37
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Prop osition 4.1.2. Let ' : A ! B ,  : B ! C be � -homomorphsmsbetween C � -algebras.
Then

(i) K 0(idA ) = idK 0(A ) ,

(ii) K 0( � ' ) = K 0( ) � K 0(' ).

Proof. Exercise| usefunctorialit y of K 0 for unital C � -algebras.

Moreover, it is immediate from the de�nitions that K 0 of the zeroalgebrais 0 and K 0

of the zerohomomorphismis the zeromap.

4.1.2 Homotop y invariance of K 0

Prop osition 4.1.3. Let A; B be C � -algebras.

(i) If ';  : A ! B are homotopic� -homomorphismsthen K 0(' ) = K 0( ).

(ii) If A
'

� ! B
 

� ! A is a homotopy then K 0(' ) and K 0( ) are isomorphismsand
inversesof one another.

Proof. (i) Since ' and  are homotopic so are they unital extensions ~' and ~ to ~A,
whenceK 0( ~' ) = K 0( ~ ) by Proposition 3.2.6. Then K 0(' ) = K 0( ) being the restrictions
of thesemapsto K 0(A). Part (ii) follows from part (i) and functorialit y of K 0.

4.2 Further Prop erties

4.2.1 Portrait of K 0

Let A be a C� -algebraand considerthe split-exact sequence

0 � ! A {� ! ~A �� ! C � ! 0;

with the splitting map � : C ! ~A. De�ne the scalar map s = � � � : ~A ! ~A, so that
s(a + t1) = t1. Let sn : Mn ( ~A) ! M n ( ~A) be the natural extensionsof s. The imageof
sn is isomorphicto M n (C), and its elements are calledscalar matrices. The scalarmap is
natural in the sensethat for any � -homomorphism' : A ! B the diagram

~A
s - ~A

~B

~'
? s - ~B;

~'
?

(4.2.3)

commutes.

Prop osition 4.2.1. Let A be a C � -algebra.

(i) K 0(A) = f [p]0 � [s(p)]0 : p 2 P1 ( ~A)g.

(ii) If p;q 2 P1 ( ~A) then the following are equivalent:
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(a) [p]0 � [s(p)]0 = [q]0 � [s(q)]0,

(b) there are k; l such that p � 1k � 0 q � 1l in P1 ( ~A),

(c) there arescalarprojectionsr 1; r2 such that p� r 1 � 0 q � 0 r2 such that p� r 1 � 0

q � r2.

(iii) If p 2 P1 ( ~A) and [p]0 � [s(p)]0 = 0 then there is m such that p � 1m � s(p) � 1m .

(iv) If ' : A ! B is a � -homomorphismthen K 0(' )([p]0 � [s(p)]0) = [ ~' (p)]0 � [s( ~' (p))]0

for each p 2 P1 ( ~A).

Proof. (i) It is clear that [p]0 � [s(p)]0 2 Ker (K 0(� )) = K 0(A). Conversely, let g 2 K 0(A),
and let e;f be projections in M n ( ~A) such that g = [e]0 � [f ]0. Put

p =
�

e 0
0 1n � f

�
; q =

�
0 0
0 1n

�
:

Wehave [p]0 � [q]0 = [e]0+ [1n � f ]0 � [1n ]0 = [e]0 � [f ]0 = g. As q = s(q) and K 0(� )(g) = 0,
we alsohave [s(p)]0 � [q]0 = [s(p)]0 � [s(q)]0 = K 0(s)(g) = (K 0(� ) � K 0(� ))( g) = 0. Hence
g = [p]0 � [s(p)]0.

(ii) (a)) (c) If [p]0 � [s(p)]0 = [q]0 � [s(q)]0 then [p � s(q)]0 = [q � s(p)]0 and hence
p � s(q) � s q � s(p) in P1 ( ~A). Thus there is n such that p � s(q) � 1n � 0 q � s(p) � 1n ,
and it su�ces to take r 1 = s(q) � 1n and r2 = s(p) � 1n .

(c)) (b) If r 1; r2 arescalarprojectionsin P1 ( ~A) of rank k and l, respectively, then r 1 � 0 1k

and r2 � 0 1l . Thus p � 1k � 0 q � 1l .

(b)) (a) We have [p � 1k ]0 � [s(p � 1k)]0 = [p]0 + [1k ]0 � [s(p)]0 � [1k ]0 = [p]0 � [s(p)]0

and likewise[q � 1l ]0 � [s(q � 1l )]0 = [q]0 � [s(q)]0. Thus it su�ces to show that [p]0 �
[s(p)]0 = [q]0 � [s(q)]0 whenever p � 0 q. So let p = v� v and q = vv� . Then s(v) is a
scalar rectangular matrix and s(p) = s(v) � s(v), s(q) = s(v)s(v) � . Thus s(p) � 0 s(q).
Consequently [p]0 = [q]0 and [s(p)]0 = [s(q)]0.

(iii) If [p]0 � [s(p)]0 = 0 then p � s s(p) and hencethere is m such that p� 1m � s(p) � 1m .

(iv) K 0(' )([p]0� [s(p)]0) = K 0( ~' )([p]0� [s(p)]0) = [ ~' (p)]0� [ ~' (s(p))]0 = [ ~' (p)]0� [s( ~' (p))]0.

4.2.2 (Half )exactness of K 0

In this sectionwe proof that the K 0 functor is half exact | a property of crucial impor-
tence. To this end, we �rst proof the following technical lemma. Another lemmawe need
is given in Exercise4.4.5.

Lemma 4.2.2. Let  : A ! B be a � -homomorphismbetweentwo C � -algebras,and let
g 2 Ker (K 0( )).

(i) There is n, a projection p 2 Pn ( ~A), and a unitary u 2 M n ( ~B) such that

g = [p]0 � [s(p)]0 and u ~ (p)u� = s( ~ (p)):

(ii) If  is surjective then there is a projection p 2 P1 ( ~A) such that

g = [p]0 � [s(p)]0 and ~ (p) = s( ~ (p)):
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Proof. (i) By virtue of Proposition 4.2.1, there is a projection p1 2 Pk( ~A) such that
g = [p1]0� [s(p1)]0, andwehave[ ~ (p1)]0� [s( ~ (p1))]0 = 0. Thus ~ (p1)� 1m � s( ~ (p1)) � 1m

for somem, again by Proposition 4.2.1. Put p2 = p1 � 1m . Then g = [p2]0 � [s(p2)]0 and
~ (p2) = ~ (p1) � 1m � s( ~ (p1)) � 1m = s( ~ (p2)). Put n = 2(k + m) and p = p2 � 0k+ m 2
Pn ( ~A). Clearly, [p]0 � [s(p)]0 = g. By Proposition 2.2.9, there is a unitary u in M n ( ~A)
such that u ~ (p)u� = s( ~ (p)).

(ii) By virtue of part (i), there is n, a projection p1 2 Pn ( ~A), and a unitary u 2 M n ( ~A)
such that g = [p]0 � [s(p)]0 and u ~ (p1)u� = s( ~ (p1)). By Lemma 2.1.8, there exists a
unitary v 2 M 2n ( ~A) such that ~ (v) = diag(u; u� ). Put p = v diag(p1; 0n)v� . Then

~ (p) =
�

u 0
0 u�

� � ~ (p1) 0
0 0

� �
u� 0
0 u

�
=

�
s( ~ (p1)) 0

0 0

�

is a scalarmatrix. Thus s( ~ (p)) = ~ (p). Finally, g = [p]0 � [s(p)]0 sincep � 0 p1.

Theorem 4.2.3. A short exact sequenceof C � -algebras

0 � ! J
'

� ! A
 

� ! B � ! 0 (4.2.4)

inducesan exact sequence

K 0(J )
K 0(' )
� ! K 0(A)

K 0( )
� ! K 0(B ):

If the sequence(4.2.4) splits with a splitting map � : B ! A, then there is a split-exact
sequence

0 � ! K 0(J )
K 0(' )
� ! K 0(A)

K 0( )
� ! K 0(B ) � ! 0 (4.2.5)

with a splitting map K 0(� ) : K 0(B ) ! K 0(A).

Proof. Since the sequence(4.2.4) is exact, functorialit y of K 0 yields K 0( ) � K 0(' ) =
K 0( � ' ) = K 0(0) = 0. Thus the image of K 0(' ) is contained in the kernel of K 0( ).
Conversely, let g 2 Ker (K 0( )). Then there is a projection p in P1 ( ~A) such that g =
[p]0 � [s(p)]0 and ~ (p) = s( ~ (p)) by part (ii) of Lemma 4.2.2. By part (ii) of Exercise
4.4.5, there is an element e in M 1 ( ~J ) such that ~' (e) = p. Since ~' is injective (by
part (i) of Exercise4.4.5), e must be a projection. Henceg = [ ~' (e)]0 � [s( ~' (e))]0 =
K 0(' )([e]0 � [s(e)]0) belongsto the imageof K 0(' ).

Now supposethe sequence(4.2.4) is split-exact. The sequence(4.2.5) is exact at K 0(A)
by part (i) above. Functorialit y of K 0 yields idK 0(B ) = K 0(idB ) = K 0( ) � K 0(� ) and
hencethe sequenceis exact at K 0(B ). It remainsto show that K 0(' ) is injective. Let g 2
Ker (K 0(' )). By part (i) of Lemma4.2.2there is n, a projection p 2 Pn ( ~J ), and a unitary
u 2 Mn ( ~A) such that g = [p]0 � [s(p)]0 and u ~' (p)u� = s( ~' (p)). Put v = (~� � ~ )(u� )u, a
unitary in M n ( ~A) such that ~ (v) = 1n . By Exercise4.4.5,there is an element w 2 M n ( ~J )
such that ~' (w) = v. Since ~' is injective w must be unitary. We have

~' (wpw� ) = v ~' (p)v� = (~� � ~ )(u� )s( ~' (p))( ~� � ~ )(u) = (~� � ~ )(u� s( ~' (p))u)

= (~� � ~ )( ~' (p)) = s( ~' (p)) = ~' (s(p)):

Since ~' is injective, we concludethat wpw� = s(p). Thus p � u s(p) in M n ( ~J ) and hence
g = 0.
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4.3 Inductiv e Limits. Con tin uit y and Stabilit y of K 0

4.3.1 Increasing limits of C � -algebras

Let f A i g1
i=1 be a sequenceof C � -algebrassuch that A i � A i +1 . Then A1 =

S 1
i=1 An is a

normed� -algebrasatisfyingall the axiomsof a C � -algebraexceptperhapsof completeness.
Let A be the completion of A1 . Then A is a C � -algebra, called the increasing limit of
An .

4.3.2 Direct limits of � -algebras

Let A i be an in�nite sequenceof � -algebras. Supposethat for each pair j 5 i there is
givena � -homomorphism� ij : A j ! A i , and that the following coherencecondition holds:
� ij = � ik � � kj whenever j 5 k 5 i , and � ii = id. Let

Q
i A i be the product � -algebra,

with coordinate-wiseoperations inherited from A i 's. Let
P

i A i be the � -ideal of
Q

i A i

consisting of sequenceswhoseall but �nitely many terms are 0, and let � :
Q

i A i !Q
i A i =

P
i A i be the canonicalsurjection. Set

A1 = �

 

f (ai ) 2
Y

i

A i : 9i08i : i � i0 ) ai = � ii 0 (ai 0 )g

!

: (4.3.6)

A1 is called direct limit of the directed systemf A i ; � ij g and denoted lim
� !

f A i ; � ij g. By

de�nition, A1 is a � -algebra, and there exist canonicalmorphisms � i : A i ! A1 such
that A1 =

S
i � i (A i ) and for all j 5 i the following diagram commutes:

A j
� j - A1

A i

� ij

?
� i

-

(4.3.7)

Indeed, for x 2 A j de�ne � j (x) = � ((ai )), whereai = 0 if i < j and ai = � ij (x) if i � j .
The direct limit A1 = lim

� !
f A i ; � ij g has the following universal property. If B is a

� -algebraand for each i there is a � -homomorphism	 i : A i ! B such that 	 i � � ij = 	 j

for every j 5 i , then there exists a unique � -homomorphism� : A1 ! B such that the
diagram

A j
� j - A1

A i

� ij

?

	 i

-

-

B

�
?-

(4.3.8)

commutes.
Everything from this section may be generalizedto the caseof directed systemsof

� -algebrasover directed setsrather than merely sequences.Furthermore, the samecon-
struction works for abelian groups (or even monoids) and their homomorphismsrather
than � -algebrasand � -homomorphisms.
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4.3.3 C � -algebraic inductiv e limits

Now supposethat each A i is a C � -algebrarater than just a � algebra. By de�nition, the
product

Q
i A i consistsof sequences(ai ) for which jj (ai )jj = supfjj ai jjg is �nite. With

this norm
Q

i A i is a C � -alebra. Let
P

i A i be the closureof the ideal of sequenceswhose
all but �nitely many terms are 0, and let � :

Q
i A i !

Q
i A i =

P
i A i be the canonical

surjection. We de�ne

lim
� !

f A i ; � ij g = the closureof �

 

f (ai ) 2
Y

i

A i : 9i08i : i � i0 ) ai = � ii 0 (ai 0 )g

!

:

(4.3.9)
This de�nition is correctsince� -homomorphismsbetweenC � -algebrasarenorm-decreasing.
As before,there exist � -homomorphisms� i : A i ! A1 satis�ng (4.3.7), and the universal
property (4.3.8) holds.

4.3.4 Con tin uit y of K 0

Theorem 4.3.1. Let f A i ; � ij g be an inductive sequence of C � -algebras and let A =
lim
� !

f A i ; � ij g. Then f K 0(A i ); K 0(� ij )g is a direct sequence of abelian groupsand

K 0(A) = K 0(lim
� !

f A i ; � ij g) �= lim
� !

f K 0(A i ); K 0(� ij )g:

Proof. W denote by � i : A i ! A = lim A i the canonical maps. Functorialit y of K 0

implies that f K 0(A i ); K 0(� ij )g is a direct sequenceof abelian groups. Let ' i : K 0(A i ) !
lim K 0(A i ) be the canonicalmaps. Sincefor j 5 i we have K 0(� j ) = K 0(� i ) � K 0(� ij ) by
functorialit y of K 0, the universal property of lim K 0(A i ) yields a unique homomorphism
' : lim K 0(A i ) ! K 0(A) such that ' i = ' � ' j for all j 5 i .

K 0(A j )
' j - lim K 0(A i )

K 0(A i )

K 0(� ij )
?

K 0(� i )
-

-

K 0(lim A i )

'
?-

(4.3.10)

We must show that ' is injective and surjective.

Injectivity of ' . Sincelim K 0(A i ) =
S

i ' i (K 0(A i )), it su�ces to show that ' j ' j (K 0(A j )) is
injective for all j . That is we must show that if g 2 K 0(A j ) and K 0(� j )(g) = (' � ' j )(g) =
0 in K 0(A) then ' j (g) = 0 in lim K 0(A i ). So let g = [p]0 � [s(p)]0 for somep 2 Pn ( ~A j ).
Then 0 = K 0(� j )(g) = [~� j (p)]0 � [s( ~� j (p))]0 in K 0(A). Hencethere is m and a partial
isometry w 2 M n+ m ( ~A) such that

ww� = ~� j (p) � 1m and w� w = s( ~� j (p)) � 1m :

By Exercise4.4.12,there is i � j and x i 2 Mn+ m ( ~A i ) with ~� i (x i ) closeenoughto w to
ensurethat

jj ~� i (x i ) ~� i (x i )� � ~� j (p) � 1m jj < 1=2 and jj ~� i (x i )� ~� i (x i ) � s( ~� j (p)) � 1m jj < 1=2:
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Since� j = � i � � ij , Exercise4.4.17implies that there is k � i such that

jj xkx �
k � ~� kj (p) � 1m jj < 1=2 and jjx �

kxk � s( ~� kj (p)) � 1m jj < 1=2;

wherexk = ~� ki (x i ). By part (ii) of Exercise4.4.18,~� kj (p) � 1m is equivalent to s( ~� j (p)) �
1m in Mn+ m ( ~Am ). Thus

K 0(� kj )(g) = [~� kj (p) � 1m ]0 � [s( ~� j (p)) � 1m ]0 = 0

in K 0(Ak). Consequently, ' j (g) = (' k � K 0(� kj ))( g) = 0, as required.

Surjectivity of ' . Consideran element [p]0 � [s(p)]0 of K 0(A), for somep 2 Pk( ~A). Take
a small � > 0. By Exercise4.4.12,there is n and bn 2 M k( ~An ) such that jj ~� n (bn ) � pjj <
� . Put an = (bn + b�

n )=2 and am = ~� mn (an ) for m � n. Each am is self-adjoint and
jj ~� m (am ) � pjj < � . We have jj ~� n (an � a2

n )jj < � (3+ � ) < 1=4 for su�cien tly small � . Thus,
by Exercise4.4.17,jjam � a2

m jj < 1=4 for su�cien tly large m. By Exercise4.4.18,there is
a projection q in M k( ~Am ) such that jjam � qjj < 1=2. We have jj ~� m (q) � pjj < 1=2+ � < 1
and hence~� m (q) and p are equivalent. Thus

[p]0 � [s(p)]0 = [~� m (q)]0 � [s( ~� m (q))]0 = K 0(� m )([q]0 � [s(q)]0):

SinceK 0(� m ) = ' � ' m , surjectivity of ' follows.

4.3.5 Stabilit y of K 0

Prop osition 4.3.2. Let A be a C � -algebra, and let p be minimal projection in K. The
map ' : A ! A 
 K such that ' (a) = a 
 p induces an isomorphismK 0(' ) : K 0(A) !
K 0(A 
 K).

Proof. For n � m let � nm : Mm (A) ! M n (A) be the imbedding � nm (a) = diag(a;0n� m ).
By Exercise4.4.16,A
K is isomorphicwith the limit of the inductivesequencef M n (A); � nm g.
We have � n1 = � nm � � m1 and hence K 0(� n1) = K 0(� nm ) � K 0(� m1). Moreover,
all the mapsare isomorphism on K 0, by Exercise 4.4.7. Let  n = K 0(� n1)� 1. Then
 m =  n � K 0(� nm ) for all n � m. Thus the universal property of direct limits yields a
unique homomorphism� : lim

� !
f M n (A); � nm g �= K 0(A 
 K) ! K 0(A) which �ts into the

commutativ e diagram

K 0(Mm (A))
K 0(� m )- K 0(A 
 K)

K 0(Mn (A))

K 0(� nm )
?

 n

-

-

K 0(A)

�
?-

(4.3.11)

where� n : Mn (A) ! A 
 K are the canonicalmaps. It follows that � is an isomorphism.
Furthermore, � � 1 = K 0(' ), as required.
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4.4 Examples and Exercises

Example 4.4.1. Considerthe exact sequence

0 � ! C0((0; 1)) � ! C([0; 1])
 

� ! C � C � ! 0:

We have K 0(C � C) �= Z2 and K 0(C([0; 1])) �= Z (since[0; 1] is contractible). Thus K 0( )
cannot be surjective.

Example 4.4.2. Let H be a separableHilbert space,andlet K be the ideal of compact
operators on H. There is an exact sequence

0 � ! K {� ! B(H) � ! B(H)=K � ! 0:

We already know that K 0(B(H)) = 0 and we will seelater that K 0(K) �= Z. Thus K 0({)
cannot be injective.

Exer cise 4.4.3. Let Q = B(H)=K be the Calkin algebra(corresponding to a separable
Hilbert spaceH), and let � : B(H) ! Q be the natural surjection. Show the following.

(i) If p 6= 0 is a projection in Q then there is a projection ~p in B(H) with in�nite
dimensionalrangesuch that � (~p) = p.

(ii) Any two non-zeroprojections in Q are Murray-von Neumannequivalent.

(iii) For each positive integer n we have B(H) �= Mn (B(H)), K �= Mn (K), and Q �=
Mn (Q).

(iv) The semigroupD(Q) is isomorphic to f 0; 1g , with 1 + 1 = 1 .

(v) K 0(Q) = 0.

(i) Hint: If p is a projection in Q then there exists x = x � in B(H) such that � (x) = p.
Thusx2 � x is compact. Let x2 � x =

P
n � nen be the spectral decomposition (0 6= � n 2 R,

� n ! 0, f eng mutually orthogonalprojections of �nite rank, commuting with x). Correct
each xen .

Example 4.4.4. In this examplewe arguewhy De�nition 3.2.1would not be appropriate
for non-unital C � -algebras. Nameley, let A be a C � -alebra (unital or not) and de�ne
K 00(A) as the Grothendieck group of D(A). Thus, if A is unital the K 00(A) = K 0(A),
but in the non-unital casethesetwo groupsmay be di�erent. It can be shown that such
de�ned K 00 is a covariant functor. However, this functor hasa seriousdefectof not being
half-exact. Indeed,consideran exact sequence

0 � ! C0(R2) � ! C(S2) � ! C � ! 0:

We have K 0(C) �= Z, and it can be shown that K 0(S2) �= Z2 and K 00(R2) = 0 (for the
latter seeExercise4.3.4below). Thus K 00 cannot be half-exact.

Exer cise 4.4.5. If 0 � ! J
'

� ! A
 

� ! B � ! 0 is an exact sequenceof C � -algebrasthen:

(i) ~' n : Mn ( ~J ) ! M n ( ~A) is injective,
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(ii) a 2 M n ( ~A) is in the imageof ~' n i� ~ n (a) = sn ( ~ n (a)).

Exer cise 4.4.6. Let X bea connected,locally compactbut not compactHausdor� space.
Then K 00(C0(X )) = 0. To this end show that P1 (C0(X )) = f 0g, as follows. Identify
Mn (C0(X )) with C0(X ; Mn (C)), and let p be a projection in Pn (C0(X )). As usual, let
Tr be the standard trace on M n (C). The function x 7! Tr(p(x)) belongsto C0(X ; Z) and
henceit is the zero function, sinceX is connectedand non-compact.

Exer cise 4.4.7 (Ma trix st ability of K 0). Let A be a C � -algebra and let n be a
positive integer. Then K 0(A) �= K 0(Mn (A)). More speci�cally, the map ' A : A ! M n (A),
a 7! diag(a;0n� 1) inducesan isomorphismK 0(' A ) ! K 0(Mn (A)). Indeed, the diagram

0 - A - ~A - C - 0

0 - Mn (A)

' A

?
- Mn ( ~A)

' ~A
?

- Mn (C)

' C

?
- 0

(4.4.12)

commutes and hassplit-exact rows. Thus the diagram

0 - K 0(A) - K 0( ~A) - K 0(C) - 0

0 - K 0(Mn (A))

K 0(' A )
?

- K 0(Mn ( ~A))

K 0(' ~A )
?

- K 0(Mn (C))

K 0(' C)
?

- 0

(4.4.13)

commutes and hassplit-exact rows. Hencethe Five Lemma(or an easydiagram chasing)
implies that K 0(' A ) is an isomorphismif both K 0(' ~A ) and K 0(' C) are. This reducesthe
proof to the unital case(seeExercise3.3.10).

Exer cise 4.4.8. Let A bea C � -algebra,anddenoteby Aut( A) the groupof � -automorphisms
of A. If � 2 Aut( A) then K 0(� ) is an automorphismof K 0(A).

(i) If u is a unitary in ~A then Ad(u) : A ! A, a 7! uau� , is an automorphism of A.
Moreover, the map U( ~A) ! Aut( A), u 7! Ad(u) is a group homomorphism,and
Inn(A) = f Ad(u) : u 2 U( ~A)g is a normal subgroupof Aut( A).

(ii) If � 2 Inn(A) then K 0(� ) = id.

(iii) An � 2 Aut( A) is approximately inner i� for any �nite subsetF of A and any � > 0
there is � 2 Inn(A) such that jj � (x) � � (x)jj < � for all x 2 F . The collection of all
approximately inner automorphismsof A is denotedInn(A).

Show that if A is separablethen � is approximately inner i� there is a sequence
� n 2 Inn(A) such that � n (a) ! � (a) for each a 2 A.

(iv) Inn(A) is a normal subgroupof Aut (A), and K 0(� ) = id for each � 2 Inn(A).

(v) Give examplesof automorphismsof C � -algebraswhich induce non-trivial automor-
phismson K 0.
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Example 4.4.9. Let A be a C � -algebra. We de�ne the cone CA and the suspensionSA
as follows:

CA = f f : [0; 1] ! A : f continuousand f (0) = 0g;

SA = f f : [0; 1] ! A : f continuousand f (0) = f (1) = 0g:

There is a short exact sequence

0 � ! SA � ! CA �� ! A � ! 0;

with � (f ) = f (1). Furthermore, CA is homotopy equivalent to f 0g. Indeed,with t 2 [0; 1]
set ' t : CA ! CA as ' t (f )(s) = f (st). Then for each f 2 CA the map t 7! ' t (f ) is
continuous,and ' 0 = 0, ' 1 = id. We concludethat

K 0(CA) = 0:

Example 4.4.10(Direct sums). For any two C � -algebrasA; B we have

K 0(A � B) �= K 0(A) � K 0(B ):

More speci�cally, if iA and iB are the inclusionsof A and B, respectively, into A � B , then
K 0(iA ) � K 0(B ) : K 0(A) � K 0(B ) ! K 0(A � B) is an isomorphism. Indeed, let � A and
� B be the surjectionsfrom A � B onto A and B, respectively. The following diagram has
exact rows (the bottom one by split-exactnessof K 0) and commutes (since � B � iA = 0
and � B � iB = idB ):

0 - K 0(A)
� - K 0(A) � K 0(B )

� - K 0(B ) - 0

0 - K 0(A)

=
?

K 0(iA )
- K 0(A � B)

K 0(iA ) � K 0(iB )
?

K 0(� B )
- K 0(B )

=
?

- 0

(4.4.14)

An easydiagram chasing(or the Five Lemma) implies that K 0(iA ) � K 0(iB ) is an isomor-
phism.

Exer cise 4.4.11. Let f A i g be a sequenceof C � -algebras,and let a = (ai ) 2
Q

i A i . Then

jj � (a)jj = limjjai jj :

In particular, a belongsto
P

i A i i� lim
i !1

jj ai jj = 0.

Exer cise 4.4.12. Let A = lim
� !

f A i ; � ij g. To each x 2 A and � > 0 there is an arbitrarily

large index i and x i 2 A i such that

jj x � � i (x i )jj < �:

Example 4.4.13(UH F algebras). Let f png1
n=1 be a sequenceof integerspn � 2. For

1 5 j de�ne � j +1 ;j :
N j

n=1 Mpn (C) !
N j +1

n=1 Mpn (C) by � j +1 ;j (x) = x 
 I . These are
unital, injectve � -homomorphisms. Then for 1 5 j 5 i de�ne � ij :

N j
n=1 Mpn (C) !N i

n=1 Mpn (C) by � ij = � i;i � 1 � : : : � � j +1 ;j . The inductive limit lim
� !

f A i ; � ij g is called the

UH F algebra corresponding to the supernatural number (p1p2 � � � ). These are simple,
unital C � -algebras,equipped with a unique tracial state. To learn much more about
UH F algebrassee[G-J60].
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Example 4.4.14 (AF -algebras). For n = 1; 2; : : : let An be a �nite dimensionalC � -
algebra. Thus, An is isomorphic to a direct sum of matrix algebras

An
�= M kn

1
(C) � : : : � M k r ( n )

n
(C):

For 1 5 j let � j +1 ;j : A j ! A j +1 bea � -homomorphism,andde�ne � ij = � i;i � 1� : : :� � j +1 ;j .
The corresponding inductive limit lim

� !
f A i ; � ij g is called an AF -algebra. To learn much

more about AF -algebrasand about Bratteli diagramswhich describe them see[B-O72].

Exer cise 4.4.15(The compacts). Let H be a separable(in�nite dimensional)Hilbert
space.Denote by F the collection of all �nite rank operators in B(H), and let K be the
norm closureof F (the C � -algebraof compact operators). Show the following.

(i) F is a two-sided� -ideal of B(H), but F is not norm closedin B(H).

(ii) K is a norm closed,two-sided� -ideal of B(H), and K 6= B(H).

(iii) Let f � ng1
n=0 bean orthonoral basisof H . For all i; j let E ij bean operator de�ned by

E ij (v) = hv; � j i � i . Then each E ij is a rank oneopeator with domain C� j and range
C� i . In particular, f E ii g aremutually orthogonalprojectionsof rank onewhosesum
of the rangesdenselyspansthe entire spaceH. Furthermore, for each i we have
E ii KE ii = CE ii (a projection in a C � -algebrawith this property is called minimal).
The following identities hold:

E ij Ekn = � j kE in ; E �
ij = E j i : (4.4.15)

(A collection of elements of a C � -algebra satisfying (4.4.15) is called a systemof
matrix units.) Prove that the closedspanof f E ij : i; j = 0; 1; : : :g coincideswith K.

(iv) Let H 0 be another Hilbert spaceand let � : K ! H 0 be a nondegeneraterepresen-
tation (i.e. a � -homomorphismsuch that � (K)H 0 is densein H 0). Show that there
existsa Hilbert spaceH 0 and a unitary operator U : H 0 ! H 
 H 0 such that for all
x 2 K we have

U� (x)U� = x 
 I H 0 :

The dimensionof H 0 is called the multiplicity of � . Show that � is irreducible i�
the multiplicit y of � is one. Thus, in particular, the compactsadmit preciselyone
(up to unitary equivalence)irreducible representation.

(v) K is the universalC � -algebrafor the relations (4.4.15).

(vi) K is a simple C � -algebra,in the sensethat the only closed,two-sided� -idealsof K
are f 0g and K. (In fact, it can be shown that every norm closedtwo-sidedideal of
a C � -algebrais automatically closedunder � ).

(vii) For each j = 1; 2; : : : let � j +1 ;j : M j (C) ! M j +1 (C) be an imbedding into the
upper-left corner, i.e. � j +1 ;j (x) = diag(x; 0). As usual, let � ij = � i;i � 1 � : : : � � j +1 ;j

for j 5 i . Show that
K �= lim

� !
f M n (C); � ij g:
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Exer cise 4.4.16. Let A be a C � -algebra. For n � m let � nm : Mm (A) ! M n (A) be the
diagonalimbedding� nm (a) = diag(a;0n� m ). Show that the inductive limit of the drected
sequencef M n (A); � nm g is isomorphicwith A 
 K.

Exer cise 4.4.17. Let f A i ; � ij g be an inductive sequenceof C � -algebrasand let � i : A i !
lim
� !

A i be the canonicalmaps. Then for all n and a 2 An we have

jj � n (a)jj = lim
m!1

jj � mn (a)jj :

Exer cise 4.4.18. Let A be a C � -algebra.

(i) If a = a� in A and jja� a2jj < 1=4 then there is a projection p 2 A with jja� pjj < 1=2.

(ii) Let p be a projection in A, and let a be a self-adjoint eleent in A. Put � = jja � pjj .
Then

sp(a) � [� � ; � ] [ [1 � � ; 1 + � ]:

(iii) If p;q areprojections in A such that there existsan element x 2 A with jj x � x � pjj <
1=2 and jjxx � � qjj < 1=2 then p � q.

(i) UseGelfand Theorem.

(ii) Recall that the spectrum of a self-adjoint element consistsof real numbers, and that
the spectrum of a non-trivial projection is f 0; 1g. Let t be a real number whosedistanced
to the set f 0; 1g is greater than � . It su�ces to show that t � a is invertible in ~A. Indeed,
for such a t the element t � p is invertible in ~A and

jj (t � p) � 1jj = maxf
1

j � tj
;

1
j1 � tj

g =
1
d

:

Consequently,

jj (t � p) � 1(t � a) � 1jj = jj (t � p) � 1(p � a)jj 5
1
d

� < 1:

Thus (t � p) � 1(t � a) is invertible, and so is t � a.

(iii) Let 
 = sp(x � x) [ sp(xx � ). In view of part (ii) of this exercise,
 is a compact
subset of [0; 1=2) [ (1=2; 3=2). Let f : 
 ! R be a continuous function which is 0 on

 \ [0; 1=2) and 1 on 
 \ (1=2; 3=2). Then both f (x � x) and f (xx � ) are projections.
We have jj f (x � x) � pjj 5 jj f (x � x) � x � xjj + jj x � x � pjj < 1=2 + 1=2 = 1 and, likewise,
jj f (xx � ) � qjj < 1. Thus f (x � x) � p and f (xx � ) � q by Proposition 2.2.5. So it su�ces
to show that f (x � x) � f (xx � ). To this end, �rst note that xh(x � x) = h(xx � )x for every
h 2 C(
). Indeed, this is obviously true for polynomials, and the generalcasefollows
from the Stone-WeierstrassTheorem. Let g 2 C(
), g � 0 be such that tg(t)2 = f (t) for
all t 2 
. Set w = xg(x � x). Then

w� w = g(x � x)x � xg(x � x) = f (x � x);

ww� = xg(x � x)2x � = g(xx � )2xx � = f (xx � );

and the claim follows.
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Example 4.4.19. Let A be a unital Banach algebra,and let a;b2 A. Then

sp(ab) [ f 0g = sp(ba) [ f 0g:

Indeed, let 0 6= � 62sp(ab) and let u = (� � ab) � 1. Then 1 � �u + uab = 0. Put
w = (1=� )(1 + bua). We have

w(� � ba) =
1
�

(1 + bua)( � � ba) = 1�
1
�

ba+ bua�
1
�

buaba= 1�
1
�

b(1 � �u + uab)a = 1:

Similarly (� � ba)w = 1 and hencew = (� � ba) � 1. Thus � 62sp(ba).

Exer cise 4.4.20. In the categoryof abelian groups, considera direct sequenceA i = Z
with connectingmaps � j +1 ;j (1) = j . Show that the corresponding limit is isomorphic to
the additive group of Q.

Exer cise 4.4.21 (Irra tional r ot ation algebras). For an irrational number � 2
[0; 1) de�ne A � asthe universalC � -algebrageneratedby two elements u; v, subject to the
relations

vu = e2� i� uv; uu� = u� u = 1 = vv� = v� v: (4.4.16)

A � is called the irr ational rotation algebra corresponding to the angle� . Show the follow-
ing.

(i) Let L 2(T) be the Hilbert spaceof square integrable functions on the circle group
(with respect to the probability Haar measuredz). Set H = L 2(T) 
 L 2(T), and
de�ne two operators U;V 2 B(H) by

(U� )(z1; z2) = z1� (z1; z2); (V � )(z1; z2) = z2� (e2� i� z1; z2):

Then U;V satisfy (4.4.16). Thus, there existsa representation � : A � ! B(H) such
that � (u) = U and � (v) = V.

(ii) Let A � be the dense� -subalgebraof A � generatedby u; v. Then each element of A �

has the form X

n;m 2 Z

� n;m unvm ; � n;m 2 C:

(iii) Let � 0 be the unit vector in H such that � 0(z1; z2) = 1, and de�ne � (a) = h� (a)� 0; � 0i ,
a 2 A � . Then � (

P
n;m 2 Z � n;m unvm ) = � 0;0 and hence� (aa� ) = � (a� a) for all a 2 A � .

Concludethat � is a tracial state on A � .

(iv) For f ; g : T ! R let
p = f (u)v� + g(u) + vf (u)

be a self-adjoint element of A � . Use an approximation of f and g by Laurent
polynomials to show that

� (p) =
Z

T
g(z)dz:

(v) Let ' : T ! T be given by ' (z) = e2� i� z. Then vh(u) = (h � ' )(u)v for all h 2 C(T).
Show that p = p2 if and only if

(f � ' )f = 0; (g + g � ' � 1)f = f ; g = g2 + f 2 + (f � ' )2: (4.4.17)
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(vi) Let � be such that 0 < � 5 � < � + � 5 1, and set

g(e2� it ) =

8
>>><

>>>:

� � 1t; 0 5 t 5 �;

1; � < t 5 � ;

� � 1(� + � � t); � < t 5 � + �;

0; � + � < t 5 1;

for t 2 [0; 1]. For such g one an �nd f such that (4.4.17) holds, and hencep is a
projection. Then � (p) = � . Thus, the homomorphismK 0(� ) : K 0(A � ) ! R contains
Z [ � Z in its image.

In fact, it can be shown that K 0(� ) is an isomorphismof K 0(A � ) onto Z [ � Z �= Z2.
The de�nition of A � makessensefor rational � as well. However, the structure of the

rational rotation algebras is completely di�erent from the irrational ones.Namely, it can
be shown that for an irrational � the C � -algebraA � is simple, while for a rational � the
C � -algebraA � contains many non-trivial ideals. In the case� = 0 we have A0

�= C(T2).
Thus the rotation agebrasA � are considerednoncommutativ e analoguesof the torus.



Chapter 5

K 1-Functor and the Index Map

5.1 The K 1 Functor

5.1.1 De�nition of the K 1-group

Let A be a unital C � -algebra. We denote

U(A) = the group of unitary elements of A;

Un (A) = U(M n (A));

U1 (A) =
1[

n=1

Un (A):

We de�ne a relation � 1 in U1 (A) as follows. For u 2 Un (A) and v 2 Um (A) we have
u � 1 v i� there existsk � maxf n; mg such that diag(u; 1k� n) � h diag(v; 1k� m). Then � 1

is an equivalencerelation in U1 (A) (exercise).We denoteby [u]1 the equivalenceclassof
the unitary u 2 U1 (A).

Lemma 5.1.1. Let A b a unital C � -algebra. Then

(i) [u]1[v]1 = [diag(u; v)]1 is a well-de�ned associative binary operation on U1 (A)=� 1 ,

(ii) [u]1[v]1 = [v]1[u]1 for all u; v 2 U1 (A),

(iii) [u]1[1n ]1 = [1n ]1[u]1 = [u]1 for all n and all u 2 U1 (A),

(iv) if u; v 2 Um (A) then [u]1[v]1 = [uv]1.

Proof. Exercise| useLemma 2.1.6.

By the abovelemma,U1 (A)=� 1 equippedwith the multiplication [u]1[v]1 = [diag(u; v)]1

is an abelian group, with [u]� 1
1 = [u� ]1.

De�nition 5.1.2. If A is a C � -algebra then we de�ne

K 1(A) = U1 ( ~A)=� 1 ;

an abelian group with multiplication [u]1[v]1 = [diag(u; v)]1.

51
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When A is unital then K 1(A) may be de�ned simply asU1 (A)=� 1 (seeExercise5.3.1.
Also, instead of using equivalenceclassesof unitaries one could de�ne K 1 with help of
equivalenceclassesof invertibles (seeExercise5.3.6). In particular, the polar decomposi-
tion w = ujwj yields a well-de�ned map

[�]1 : GL1 (A) ! K 1(A)

by [w]1 = [u]1 = [wjwj � 1]1.

Prop osition 5.1.3 (Univ ersal prop ert y of K 1). Let A be a C � -algebra,G an abelian
group, and � : U1 ( ~A) ! G a map such that:

(i) � (diag(u; v)) = � (u) + � (v),

(ii) � (1) = 0,

(iii) if u; v 2 Un ( ~A) and u � h v then � (u) = � (v).

Then there exists a unique homomorphismK 1(A) ! G making the diagram

U1 ( ~A)

K 1(A)

[�]1
?

- G

�

-
(5.1.1)

commutativ e.

Proof. Exercise.

5.1.2 Prop erties of the K 1-functor

Let A; B be C � -algebrasand let ' : A ! B be a � -homomorphism. Then ' extendsto
unital � -homomorphisms ~' n : Mn ( ~A) ! M n ( ~B) and thus yields a map ~' : U1 ( ~A) !
U1 ( ~B). We de�ne � : U1 ( ~A) ! K 1(B ) by � (u) = [ ~' (u)]1 and usethe univesalproperty
of K 1 to concludethat there exists a unique homomorphismK 1(' ) : K 1(A) ! K 1(B )
such that K 1([u]1) = [ ~' (u)]1 for u 2 U1 ( ~A).

Prop osition 5.1.4 (Functorialit y of K 1). Let A; B ; C be C � -algebrasand let ' : A ! B
and  : B ! C be � -homomorphisms.Then

(i) K 1(idA ) = idK 1(A ) ,

(ii) K 1( � ' ) = K 1( ) � K 1(' ).

Thus K 1 is a covariant functor.

Proof. Exercise.

It is also clear from the de�nitions that K 1 of the zero algebraand the zeromap are
zero.

Prop osition 5.1.5 (Homotop y invariance of K 1). Let A; B be C � -algebras.
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(i) If ';  : A ! B are homotopic� -homomorphismsthen K 1(' ) = K 1( ).

(ii) If A and B are homotopy equivalent then K 1(A) �= K 1(B ). More speci�c ally, if

A
'

� ! B
 

� ! A is a homotopythenK 1(' ) andK 1( ) are isomorphismsand inverses
of one another.

Proof. Exercise.

Theorem 5.1.6 ((Half )exactness of K 1). If

0 � ! J
'

� ! A �� ! B � ! 0 (5.1.2)

is an exact sequence of C � -algebras then the sequence

K 1(J )
K 1(' )
� ! K 1(A)

K 1(� )
� ! K 1(B ) (5.1.3)

is exact. If the sequence (5.1.2) is split-exact with a splitting map � : B � ! A, then the
sequence

0 � ! K 1(J )
K 1(' )
� ! K 1(A)

K 1(� )
� ! K 1(B ) � ! 0 (5.1.4)

is split-exact with a splitting map K 1(� ) : K 1(B ) � ! K 1(A).

Proof. K 1(� ) � K 1(' ) = K 1(� � ' ) = K 1(0) = 0 by functorialit y of K 1, and hence
Im(K 1(' )) � Ker (K 1(� )). For the reverseinclusion, let u 2 Un ( ~A) andK 1(� )([u]1) = [1]1.
Then there is m such that diag(~� (u); 1n) � h 1n+ m . By Lemma2.1.8,there is w 2 Un+ m ( ~A)
such that w � h 1n+ m and ~� (w) = diag(~� (u); 1m). Thus [u]1 = [diag(u; 1n)w� ]1 and
~� (diag(u; 1n)w� ) = 1n+ m . By Exercise4.4.5, there is v 2 Un+ m ( ~J ) such that ~' (v) =
diag(u; 1n)w� . Thus [u]1 2 Im(K 1(' )) and consequently Ker (K 1(� )) � Im(K 1(' )). This
shows that the sequence(5.1.3) is exact.

Now supposethat the sequence(5.1.2) is split-exact. Then the sequence(5.1.4) is exact
at K 1(A) by the precedingargument. By functorialit y of K 1 we have K 1(� ) � K 1(� ) =
idK 1(B ) , and hence(5.1.4) is exact at K 1(B ) (and K 1(� ) is a splitting map). It remainsto
show that K 1(' ) is injective. Solet u 2 Un ( ~J ) besuch that K 1(' )([u]1) = [1]1. Then there
is m such that diag( ~' (u); 1m ) � h 1n+ m . Let t 7! wt be a continuous path in Un+ m ( ~A)
connectingdiag( ~' (u); 1m) and 1n+ m . We would like to apply ~' � 1 to wt to concludethat
diag(u; 1m ) is homotopic to the identit y. In general,this is impossiblesincesomeof wt

may lie outside the range of ~' . However, in the presenceof a splitting map � we can
correct the path wt by setting vt = wt (~� � ~� )(w�

t ). Then vt is a continuouspath in Un+ m ( ~A)
connectingdiag( ~' (u); 1m)(~� � ~� )(diag( ~' (u� ); 1m )) and 1n+ m . Since ~� (vt ) = 1n+ m for all
t, Exercise4.4.5 implies that each vt is in the imageof ~' . Thus ~' � 1(vt ) is a continuous
path in Un+ m ( ~J ) connecting diag(u; 1m ) ~' � 1((~� � ~� )(diag( ~' (u� ); 1m ))) and 1n+ m . Since
~' � 1((~� � ~� )(diag( ~' (u� ); 1m ))) is a scalarmatrix, it is homotopic to the identit y. Thus

[u]1 = [diag(u; 1m )]1 = [diag(u; 1m) ~' � 1((~� � ~� )(diag( ~' (u� ); 1m )))] 1 = [1]1;

and the map K 1(' ) is injective.

Prop osition 5.1.7 (Con tin uit y of K 1). Let A = lim
� !

f A i ; � ij g be the inductive limit

of a sequence of C � -algebras, and let � i : A i ! A be the canonical maps. Let G =
lim
� !

f K 1(A i ); K 1(� ij )g be the inductive limit of thecorrespondingsequenceof abelian groups,
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and let ' i : K 1(A i ) ! G be the canonical maps. Then there exists an isomorphism
� : G ! K 1(A) suchthat for all i � j the diagram

K 1(A j )
' j - G

K 1(A i )

K 1(� ij )
?

K 1(� i )
-

-

K 1(A)

�
?-

(5.1.5)

is commutative.

Proof. The universal property of the direct limit G of the sequencef K 1(A i ); K 1(� ij )g
yields a uniquehomomorphism� : G ! K 1(A) making the diagram (5.1.5) commutativ e.
We must show that � is surjective and injective.

Surjectivity. Let u 2 Un ( ~A). By part (ii) of Exercise(5.3.10), there is i and w 2 Un ( ~A i )
such that jju � ~� i (w)jj < 2. Thus u and ~� i (w) are homotopic in Un ( ~A) by Lemma 2.1.4.
Hence

[u]1 = [~� i (w)]1 = K 1(� i )([w]1) = (� � ' i )([w]1);

and � is surjective.

Injectivity. It su�ces to show that for each j the restriction of � to the image of ' j is
injective. So let u 2 Un ( ~A j ) be such that (� � ' j )([u]1) = K 1(� j )([u]1) = [~� j (u)]1 =
[1]1 in K 1(A). We must show that ' j ([u]1) = 0 in G. Indeed, there is m such that
diag( ~� j (u); 1m ) � h 1n+ m in Un+ m ( ~A). By part (iii) of Exercise(5.3.10),there is i � j such
that diag( ~� ij (u); 1m ) is homotopic to 1n+ m . Thus [~� ij (u)]1 = [diag( ~� ij (u); 1m )]1 = [1]1.
Consequently, ' j ([u]1) = (' i � K 1( ~� ij ))([ u]1) = 0, and � is injective.

Prop osition 5.1.8 (Stabilit y of K 1). Let A be a C � -algebra.

(i) For each n 2 N we have
K 1(A) �= K 1(Mn (A)):

More speci�c ally, let  : A ! M n (A) be such that  (a) = diag(a;0n� 1). Then
K 1( ) : K 1(A) ! K 1(Mn (A)) is an isomorphism.

(ii) Let K be the C � -algebra of compact operators. Then

K 1(A) �= K 1(A 
 K):

More spec�c ally, let p be a minimal projection in K and let ' : A ! A 
 K be the
map suchthat ' (a) = a
 p. Then K 1(' ) : K 1(A) ! K 1(A 
 K) is an isomorphism.

Proof. (i) Exercise.

(ii) Since
A 
 K �= A 
 (lim M n (C)) �= lim Mn (A);

the claim follows from part (i) and continuity of K 1.
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5.2 The Index Map

5.2.1 Fredholm index

Let H be a separable,in�nite dimensionalHilbert space.We denot by F the algebraof
�nite rank operatorson H (a two-sided� -ideal in B(H)), by K the C � -algebraof compact
operators on H (the norm closureof F and the only non-trivial, norm closed,two-sided
ideal of B(H)), by Q = B(H)=K the Calkin algebra,and by � : B(H) ! Q the natural
surjection.

Theorem 5.2.1 (A tkinson). If F 2 B(H) then the following conditions are equivalent.

(i) Both Ker (F ) and Coker(F ) are �nite dimensional.

(ii) There existsan operator G 2 B(H) suchthat both F G � 1 and GF � 1 are compact.

(iii) The image� (F ) of F in the Calkin algebra Q is invertible.

Furthermore, if F satis�es the aboveconditions then the rangeof F is closed in H .

Proof. Obviously, conditions (ii) and (iii) are equivalent.

(i) ) (ii) We �rst observe that the imageof F is a closedsubspaceof H . Indeed, let H 0

be a subspaceof H of smallest possibledimension such that Im(F ) + H 0 = H. Then
n = dim(H 0) is �nite, sincethe cokernel of F is �nite dimensional. Then the restriction
of F to the orthogonal complement of its kernel is a bijection from Ker (F )? onto Im(F ),
and it extendsto a linear bijection ~F : Ker (F )? � Cn � ! Im(F )+ H 0 = H. By the Inverse
Mapping Theorem, the inverseof ~F is continuous. It follows that Im(F ) = ~F (Ker (F )? )
is closedin H .

By the precedingargument, F yields a continuouslinear bijection from Ker (F )? onto
Im(F ) | a closedsubspaceof H . Thus, by the Inverse Mapping Theorem, it has a
continuous inverseG : Im(F ) ! Ker (F )? . Extend G to a boundedlinear operator on H
(still denotedG) by setting G� = 0 for � 2 Im(F )? . Then both F G � 1 and GF � 1 are
�nite dimensionaland (ii) holds.

(ii) ) (i) Let K bea compactoperator such that GF = 1+ K . Then Ker (F ) � Ker (GF ) =
Ker (1+ K ), and Ker (1+ K ) is the eigenspaceof K corresponding to eigenvalue � 1. Since
K is compactthis eigenspaceis �nite dimensionaland sois the kernel of F . We alsohave
Im(F ) � Im(F G) = Im(1 + K ). Since1+ K can be written asan invertible plus a �nite
rank operator, its rangehas �nite codimenson.Thus Coker(F ) is �nite dimensional.

A bounded operator satisfying the conditions of Theorem 5.2.1 is called Fredholm.
In particular, any invertible operator in B(H) is Fredholm. It follows immediately from
Theorem 5.2.1 that if F; T are Fredholm and K is compact then the operators F � , F T
and F + K are Fredholm.

If F; G are Fredholm operators satisfying condition (ii) of Theorem 5.2.1, then G is
called parametrix of F .

De�nition 5.2.2 (Fredholm index). Let F be a Fredholm operaor. Then its Fredholm
index is an integer de�ned as

Index(F ) = dim(Ker (F )) � dim(Coker(F )):
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Since dim(Coker(F )) = dim(Ker (F � )), we have Index(F ) = � Index(F � ). If F is
Fredholm and V is invertible then clearly Index(F V) = Index(VF ) = Index(F ) and
Index(V) = 0.

Let f � n : n = 0; 1; : : :g be an orthonormal basisof H . The operator S 2 B(H) such
that S(� n ) = � n+1 is calledunilateral shift. It is a Fredholmoperator with index � 1. Thus
for any positive integer k we have Index(Sk) = � k and Index((S� )k) = k.

In a �nite dimensionalHilbert spaceall operators are compact and henceall opera-
tors are Fredholm. The rank-nullit y theorem of elementary linear algebra may then be
interpreted as saying that every Fredholm operator on a �nite dimensionalHilbert space
has index 0.

Theorem 5.2.3 (Riesz). If F is Fredholm and K is compact then

Index(F + K ) = Index(F ):

Proof. We �rst observe that if R is of �nite rank then Index(1 + R) = 0. Indeed, let
H 0 = Im(R) + Ker (R)? . Then H 0 is �nite dimensional, and the restriction of both R
and R� to H ?

0 is zero. Thus the index of 1 + R coincideswith the index of its restriction
to H 0 and henceis 0.

Now let K be compact. Find R of �nite rank such that jjK � Rjj < 1. Then V =
1 + (K � R) is invertible. Hence

Index(1 + K ) = Index(V + R) = Index(V(1 + V � 1R)) = 0:

Let F be a Fredholm operator of index 0. Then there is a �nite rank operator R such
that R mapsbijectively Ker (F ) onto Im(F )? = Ker (F � ). Let V = F + R. Then V is a
continuous linear bijection of H onto itself and henceit is an invertible operator. Thus if
K is compact then

Index(F + K ) = Index(V + (K � R)) = Index(V(1 + V � 1(K � R))) = 0:

Finally, let F be an arbitrary Fredholm operator and let K be compact. Then
Index(F � F � ) = 0 and henceIndex((F + K ) � F � ) = 0. Consequenty, Index(F + K ) =
� Index(F � ) = Index(F ).

Weshowed in the courseof the proof of Theorem5.2.3that if F is a Fredholmoperator
with index 0 then there exists a �nite rank operator R such that F + R is invertible.

Corollary 5.2.4. If F; T are Fredholm operators then

Index(F T) = Index(F ) + Index(G):

Proof. Suppose�rst that Index(F ) = 0, and let R be an operator of �nite rank such that
F + R is invertible. Then

Index(F T) = Index(F T + RT) = Index((F + R)T) = Index(T):

Now suppose that Index(F ) = k > 0, and let S be a unilateral shift on H. Then
Index(F � Sk) = 0 and hence

Index(F T � Sk) = Index((F � Sk)(T � 1)) = Index(T � 1) = Index(T):

Consequently, we have

Index(F T) = � Index(Sk) + Index(T) = Index(F ) + Index(T);

as required.
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In particular, if G is a parametrix of F then Index(G) = � Index(F ).

Prop osition 5.2.5. The index map is locally constant and continuous in norm.

Proof. Let F be a Fredholm operator and let G be its parametrix. Let K be compact
such that F G = 1 + K . It su�ces to show that if T is a Fredholm operator with
jjT � F jj < 1=jjGjj then Index(F ) = Index(T). Indeed, the operator (T � F )G + 1 is
invertible, sinceits distancefrom the identit y is lessthan 1. Thus

Index(T)+Index (G) = Index(TG) = Index((T� F + F )G) = Index((T� F )G+1)+ K ) = 0:

Thus Index(T) = � Index(G) = Index(F ).

If F; T are two Fredholm operatorsthen we say that they are homotopicif there exists
a norm continuos path from F to T consistingof Fredholm operators.

Prop osition 5.2.6. Two Fredholmoperators are homotopici� they havethe sameindex.

Proof. Let F and T be Fredholm operators.
Supposethat F and T arehomotopic,and let t 7! Vt bea continuouspath of Fredholm

operators from F to T. Then the map t 7! Index(Vt ) is continuousand henceconstant.
To show the conversewe�rst observe that every Fredholmoperator V with Index(V) =

0 is homotopic to 1. Indeed, there is a �nite rank operator such that V + R is invertible.
Then t 7! V + tR is a path connectingV to an invertible element, and in B(H) the group
of invertibles is path-connected.

Now supposethat Index(F ) = Index(T). Then both F T � and T � T have index 0 and
thus are homotopic to 1. Consequently, the operators F , F (T � T) = (F T � )T and T are
homotopic.

Let u be a unitary in M n (Q) and let U 2 M n (B (H)) be such that ~� (U) = u. Then
U is a Fredholm operator on � nH. De�ne a map � : U1 (Q) ! Z by � (u) = Index(U).
It follows from the properties of Fredholm operators that � satis�es conditions (i){(iii) of
the universal property of K 1. Thus, there exists a homomorphismIndex : K 1(Q) ! Z
such that Index([u]1) = � (U) = Index(U). It is not di�cult to seethat Index is an
somorphism.Thus K 1(Q) �= Z.

SinceQ is properly in�nite, there is no needto go to matrices over Q and we have
K 1(Q) = f [u]1 : u 2 U(Q)g (seeExercise5.3.8). Furthermore, every unitary u in Q
lifts to a partial isometry U in B(H) (Exercise 5.3.11). Thus dim(Ker (U)) equals the
rank of 1 � U� U and can be identi�ed with the element [1 � U � U]0 in K 0(K). Likewise,
dim(Coker(U)) equalsthe rank of 1 � UU � and can be identi�ed with the element [1 �
UU� ]0 in K 0(K). Consequently, we can view the index map asan isomorphism

Index : K 1(Q) ! K 0(K);

such that if U is a partial isometry lift of u then

Index([u]1) = [1 � UU� ]0 � [1 � UU� ]0:
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5.2.2 De�nition of the index map

Let
0 � ! J

'
� ! A

 
� ! B � ! 0 (5.2.6)

be an exact sequenceof C � -algebras. Let u 2 Un ( ~B). Then there exists a unitary V in
U2n ( ~A) such that

~ (V) = diag(u; u� ): (5.2.7)

Then ~ (V diag(1n ; 0)V � ) = diag(1n ; 0). Thus there exists a projection P in P2n ( ~J ) such
that

~' (P) = V diag(1n ; 0)V � : (5.2.8)

Since( ~ � ~' )(P) = diag(1n ; 0), it follows that s(P) = diag(1n ; 0), where s is the scalar
map. Then there is a well-de�ned map

� : U1 ( ~B) ! K 0(J ) such that � (u) = [P]0 � [s(P)]0:

Indeed,supposethat W 2 U2n ( ~A) and Q 2 P2n ( ~J ) are such that ~ (W) = diag(u; u� ) and
~' (Q) = W diag(1n ; 0)W � . We must show that [P]0 � [s(P)]0 = [Q]0 � [s(Q)]0 in K 0(J ).
Indeedsince ~ (VW � ) = 12n there is Y 2 U2n ( ~J ) such that ~' (Y ) = VW � . Since

~' (P) = VW � ~' (Q)(VW � )� = ~' (YQY � );

we have P = YQY � and the claim follows. That is, � : U1 ( ~B ) ! K 0(J ) is well-de�ned.
This map � satis�es conditions (i){(iii) of Proposition 5.1.3. We only verify (iii),

leaving (i) and (ii) as exercise. So let u � h w 2 Un ( ~B), U;W 2 U2n ( ~A), P; Q 2 P2n ( ~J )
be such that ~ (U) = diag(u; u� ), ~ (W) = diag(w; w� ), ~' (P) = U diag(1n ; 0)U� and
~' (Q) = W diag(1n ; 0)W � (that is, f u; U;Pg and f w; W; Qg satisfy conditions (5.2.7) and
(5.2.8), respectively). Then u� w � h 1n � h uw� and thus there exist X ; Y 2 Un ( ~A) such
that ~ (X ) = u� w and ~ (Y) = uw� . Put Z = U diag(X ; Y), a unitary in U2n ( ~A). We
have ~ (Z ) = diag(w; w� ) and ~' (P) = Z diag(1n ; 0)Z � . Thus, by the de�nition of � , we
have � (w) = [P]0 � [s(P)]0 = � (u). The universal property of K 1 now implies that there
exists a homomorphism

@1 : K 1(B ) � ! K 0(J );

called the index map, such that

@1([u]1) = [P]0 � [s(P)]0:

5.2.3 The exact sequence

Theorem 5.2.7. Let
0 � ! J

'
� ! A

 
� ! B � ! 0

be an exact sequence of C � -algebras. Then the sequence

K 0(J )
K 0(' )- K 0(A)

K 0( )- K 0(B )

K 1(B )

@1

6

�
K 1( )

K 1(A) �
K 1(' )

K 1(J )

(5.2.9)

is exacteverywhere.



5.2. THE INDEX MAP 59

Proof. By virtue of half-exactnessof K 0 and K 1, it su�ces to prove that Im(K 1( )) =
Ker (@1) and Im(@1) = Ker (K 0(' )).

1. We show Im(K 1( )) � Ker (@1). Indeed, if U 2 Un ( ~A) then diag( ~ (U); ~ (U)� ) lifts
to a diagonal unitary V = diag(U;U � ) and ~' (1n ) = V diag(1n ; 0)V � = diag(1n ; 0). Thus
@1(K 1( )([U]1)) = @1([ ~ (U)]1) = [1n ]0 � [s(1n )]0 = 0.

2. We show Im(K 1( )) � Ker (@1). To simplify notation, we identify J with its imagein
A and thus put ' = id. Let u 2 Un ( ~B) be such that [u]1 2 Ker (@1). By Exercise5.3.15,
there is a partial isometry U 2 M 2n ( ~A) such that

~ (U) =
�

u 0
0 0

�

and
0 = @1([u]1) = [12n � U� U]0 � [12n � UU� ]0 in K 0(J ):

Thus there is k and w 2 M 2n+ k( ~J ) such that

w� w = (12n � U� U) � 1k and ww� = (12n � UU� ) � 1k :

Hence
~ (w� w) = ~ (ww� ) =

�
0 0
0 1n+ k

�

and ~ (w) is a scalarmatrix, sincew 2 M 2n+ k( ~J ). Consequently,

~ (w) =
�

0 0
0 z

�
;

with z a scalar unitary matrix in M n+ k( ~B). In particular, z is homotopic to 1n+ k in
Un+ k( ~B). Set

V = w +
�

U 0
0 0k

�
;

an element of M 2n+ k( ~A). By Exercise5.3.18,V is unitary. We have

~ (V) =
�

u 0
0 0

�
+

�
0 0
0 z

�
� h

�
u 0
0 1n+ k

�
:

Thus [u]1 � [ ~ (V )]1 = K 1( )([V ]1).

3. We show Im(@1) � Ker (K 0(' )). Indeed, let u 2 Un ( ~B) and let V 2 U2n ( ~A), P 2
P2n ( ~J ) be such that (5.2.7) and (5.2.8) hold. Then we have

K 0(' )([P]0 � [s(P)]0) = [ ~' (P)]0 � [1n ]0 = [V diag(1n ; 0)V � ]0 � [1n ]0 = 0:

4. We show Im(@1) � Ker (K 0(' )). Let g 2 Ker (K 0(' )). By Lemma 4.2.2, there is n, a
projection p 2 Pn ( ~J ) and a unitary w 2 Un ( ~A) such that

g = [p]0 � [s(p)]0 and w ~' (p)w� = s(p):
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Set u0 = ~ (w(1n � ~' (p))), a partial isometry in M n ( ~B). We have

u�
0u0 = 1n � ~ ( ~' (p)) ;

u0u�
0 = 1n � ~ (s(p)) = u�

0u0:

Thus u = u0 + (1n � u0u�
0) is unitary in M n ( ~B). We want to show that g = @1([u]1). To

this end, we frst �nd a lift of diag(u; 0n) to a suitable partial isometry in M 2n ( ~A). Take

V0 =
�

w(1n � ~' (p)) 0
0 s(p)

�
;

a partial isometry in M 2n ( ~A) such that

~ (V0) =
�

u0 0
0 s(p)

�
:

Set

Z =
�

1n � s(p) s(p)
s(p) 1n � s(p)

�
;

a self-adjoint, unitary scalarmatrix, and put V = ZV0Z � . Then we have

~ (V) = Z ~ (V0)Z � = Z
�

u0 0
0 s(p)

�
Z � =

�
u 0
0 0

�
:

Hence,by Exercise5.3.15,

@1([u]1) = [ ~' � 1(12n � V � V)]0� [ ~' � 1(12n � VV � )]0 = [ ~' � 1(12n � V �
0 V0)]0� [ ~' � 1(12n � V0V �

0 )]0 =
�
�
�
�

�
p 0
0 1n � s(p)

��

0

�

�
�
�
�

�
s(p) 0

0 1n � s(p)

� �

0

= [p]0 � [s(p)]0 = g:

That is, g = @1([u]1), as required.

5.3 Examples and Exercises

Exer cise 5.3.1. Let A be a unital C � -algebra. We have ~A = A � Cf , wheref = 1 ~A � 1A .
De�ne a unital � -homomorphism� : ~A ! A by � (a + �f ) = a. As usual, for each n
extend � to a unital � -homomorphismM n ( ~A) ! M n (A) (still denoted� ). This yields a
map � : U1 ( ~A) ! U1 (A). Show that there exists an isomorphismK 1(A) ! U1 (A)=� 1

making the diagram

U1 ( ~A)
� - U1 (A)

K 1(A)

[�]1
?

- U1 (A)=� 1

?

(5.3.10)

commutativ e. To this end, show the following:

(i) � (diag(u; v)) = diag(� (u); � (v)),
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(ii) if u; v 2 Un ( ~A) then � (u) � h � (v) i� u � h v,

(iii) if u; v 2 U1 ( ~A) then � (u) � 1 � (v) i� u � 1 v.

(ii) Let � (u) � h � (v). By the de�nition of � , there exist unitary u0; v0 2 Un (Cf ) such
that u = � (u)+ u0 and v = � (v)+ v0. Sincethe unitary group of M n (C) is path-connected
we have u0 � h v0 in Un (Cf ). It follows that u � h v in Un ( ~A).

Exer cise 5.3.2. Show the following.

(i) K 1(C) = 0.

(ii) For any two C � -algebrasA; B we have K 1(A � B) �= K 1(A) � K 1(B ).

(iii) If A is an AF -algebra(seeExample 4.4.14)then K 1(A) = 0.

Example 5.3.3. If H is an in�nite dimensionalHilbert spacethen K 1(B(H)) = 0. Indeed,
sinceUn (B(H)) �= U(B(� nH)), it su�ces to show that every unitary in B(H) is homotopic
to the identit y. But this follows from the fact that for every unitary u in B(H) there is
a self-adjoint a 2 B(H) such that u = exp(ia). Indeed, one may take a = ' (u), where
' : T ! [0; 2� ) is a boundedBorel function such that ' (ei� ) = � .

Exer cise 5.3.4. Let X be a compactHausdor� space.

(i) For each n identify M n (C(X )) with C(X ; M n (C)) and de�ne the determinant function
det : M n (C(X )) ! C(X ). Show that det mapsU1 (C(X )) into U(C(X )).

(ii) Let hvi denotethe classof v 2 U(C(X )) in U(C(X ))=U0(C(X )). Apply the universal
property of K 1 to the map U1 (C(X )) 3 u 7! hdet(u)i to show that there exists a
homomorphismD : K 1(A) ! U(C(X ))=U0(C(X )) such that D([u]1) = hdet(u)i .

(iii) Show that the sequence

0 � ! Ker (D) � ! K 1(C(X )) D� ! U(C(X ))=U0(C(X )) � ! 0

is split-exact, with a splitting map ! : U(C(X ))=U0(C(X )) ! K 1(C(X )) given by
! (hui ) = [u]1.

(iv) Let X = T. Recall that ' : R ! T, ' (x) = e2� ix , is a covering map. Thus,
if u 2 U(C(T)) then there exists a continuous function f : [0; 1] ! R such that
u(e2� it ) = e2� if (t ) . If f ; g are two such functions then f � g is a constant integer.
Thus, there is a well-de�ned map � : U(C(T)) ! Z givenby � (u) = f (1) � f (0) (the
winding number of u). Show that � inducesan isomorphismof U(C(T))=U0(C(T))
and Z such that hui 7! � (u).

(v) Concludethat there exists a surjective homomorphismfrom K 1(C(T)) onto Z. In
fact, we will seelater that K 1(C(T)) �= Z.

Exer cise 5.3.5. If A is a separableC � -algebrathen K 1(A) is countable.

Exer cise 5.3.6. Let A bea unital C � -algebra. Replacingunitaries U1 (A) with invertibles
GL1 (A) onecan repeat the constructionsfrom Section5.1.1and de�ne an abelian group
GL1 (A)=� 1 . Show that this group is isomorphic to K 1(A) = U1 (A)=� 1 (seeExercise
5.3.1). Hint: For w 2 GL1 (A) let w = ujwj be the polar decomposition. De�ne a map
[�]1 : GL1 (A) ! K 1(A) by [w]1 = [u]1 = [wjwj � 1]1 and useProposition 2.1.10.
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Exer cise 5.3.7. Let A be a non-unital C � -algebra,and let s : ~A ! ~A be the scalarmap
s(a + t1) = t1. De�ne

U+ (A) = f u 2 U( ~A) : s(u) = 1g;

U+
n (A) = f u 2 U(M n ( ~A)) : sn (u) = 1ng;

U+
1 (A) =

1[

n=1

U+
n (A):

Proceedingas in Section 5.1.1, one can de�ne an abelian group U+
1 (A)=� 1 . Show that

this group is isomorphic to K 1(A).

Exer cise 5.3.8. Let A be a unital C � -algebra.

(i) Let u be unitary and let s be an isometry in A. Then sus� + (1 � ss� ) is unitary and
we have

�
s 1 � ss�

0 s�

� �
u 0
0 1

� �
s 1 � ss�

0 s�

� �

=
�

sus� + (1 � ss� ) 0
0 1

�
:

Thus [sus� + (1 � ss� )]1 = [u]1.

(ii) Let u1; : : : ; un be unitary elements of A and let s1; : : : ; sn be isometriesin A with
mutually orthogonal rangeprojections. Then

u = s1u1s�
1 + : : : + snuns�

n + (1 � s1s�
1 � : : : � sns�

n )

is unitary. Use(i) to show that [u]1 = [u1]1[u2]1 : : : [un ]1.

(iii) et s1; : : : ; sn be isometresas in (ii). Put

V =

0

B
B
B
@

s1 s2 � � � sn

0 0 � � � 0
...

...
. . .

...
0 0 � � � 0

1

C
C
C
A

:

hen V is an isometry in M n (A). Show that for any unitary u 2 Un (A) there is a
unitary w in A such that

VuV � + (1n � VV � ) = diag(w; 1n� 1)

(iv) Let A be properly in�nite (seeExercise3.3.13). Show that

K 1(A) = f [u]1 : u 2 U(A)g:

Example 5.3.9. The K 1-functor is not exact. Indeed, for a separableHilbert spaceH
the sequence

0 � ! B(H) �� ! B(H)=K � ! 0

of C � -algebrasis exact. But K 1(B(H)) = 0 and we will seelater that K 1(B(H)=K) �= Z.
Thus K 1(� ) cannot be surjective. Likewise,there is an exact sequence

0 � ! C0((0; 1))
'

� ! C([0; 1]):

But K 1(C([0; 1])) = 0 and we will seelater that K 1(C0((0; 1))) �= Z. Thus K 1(' ) cannot
be injective.
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Exer cise 5.3.10. Let A = lim
� !

f A i ; � ij g bethe inductive limit of a sequenceof C � -algebras,

and let � i : A i ! A be the canonicalmaps.

(i) For any invertible y 2 ~A and any � > 0 there is arbitrarily large i and invertible
z 2 ~A i such that jj y � ~� i (z)jj < � .

(ii) For any unitary u 2 ~A and any � > 0 there is arbitrarily large i and unitary w 2 ~A i

such that jju � ~� i (w)jj < � .

(iii) If u is unitary in ~A j such that ~� j (u) � h 1 in ~A, then there is arbitrarily large i such
that ~� ij (u) � h 1 in ~A i .

(iv) Parts (i){(iii) remain valid with ~A and ~A i replacedby M n ( ~A) and M n ( ~A), respec-
tively.

(i) First �nd k and x; x0 2 ~Ak so that both jj ~� k(x) � yjj and jj ~� k(x0) � y� 1jj are small.
Thus both jj ~� k(xx0� 1)jj and jj ~� k(x0x � 1)jj are small. Then, usingExercise4.4.17,take i
large enoughso that both jj ~� ik (xx0� 1)jj and jj ~� ik (x0x � 1)jj are small. Then z = ~� ik (x)
is both left and right invertible, henceinvertible, and ~� i (z) approximates y.

(ii) This follows from part (i) and continuity of the polar decomposition (seeProposition
2.1.10).

(iii) Let wt , t 2 [0; 1], be a continuous path of unitaries in ~A connecting w0 = ~� j (u)
and w1 = 1. By compactness,there are 0 = t0 < t1 < : : : < tk+1 = 1 such that
jjwt r +1 � wt r jj < 2 for all r . Applying repeatedlypart (ii), �nd m � j and unitary elements
v1; : : : ; vk in ~A i socloseto wt1 ; : : : ; wtk , respectively, that all the norms: jj ~� j (u) � ~� m (v1)jj ,
jj ~� m (vk) � 1jj , and ~� m (vr +1 ) � ~� m (vr )jj for r = 1; : : : ; k � 1 are lessthan 2. Then by
Exercise4.4.17,there is arbitrarily largei � m such that all the normsjj ~� ij (u) � ~� im (v1)jj ,
jj ~� im (vk) � 1jj , and ~� im (vr +1 ) � ~� im (vr )jj for r = 1; : : : ; k � 1 are lessthan 2. Now the
claim follows from Lemma 2.1.4.

(iv) Exercise.

Exer cise 5.3.11. Show that every unitary in the Calkin algebra Q lifts to a partial
isometry in B(H). In fact, it can be lifted to an isometry or a coisometry.

Exer cise 5.3.12. Let  : A ! B be a surjective � -homomorphismof C � -alebras. Show
the following.

(i) For each b= b� 2 B there is a = a� 2 A such that jjajj = jjbjj and  (a) = b.

(i) For each b2 B there is a 2 A such that jjajj = jjbjj and  (a) = b.

(i) Take any t 2 A with  (t) = b and set x = 1=2(t + t � ). Then x = x � and  (x) = b.
Let f : R ! R be a continuous function such that f (r ) = r if jr j 5 jjbjj and jf (r )j = jjbjj
if jr j � jj bjj . Put a = f (x). Then  (a) =  (f (x)) = f ( (x)) = f (b) = b, and jjajj 5 jjbjj .
But jjbjj = jj  (a)jj 5 jjajj sincejj  jj = 1. Thus jjajj = jjbjj .

(ii) Consider 2 : M2(A) ! M 2(B ), and put

y =
�

0 b
b� 0

�
:
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Sincey = y� , there is x = x � 2 M2(A) such that  2(x) = y and jjxjj = jj yjj = jjbjj , by
part (i). Let

x =
�

x11 x12

x21 x22

�
;

and set a = x12. Then  (a) = b and jjajj 5 jj xjj = jjbjj . But jjbjj = jj  (a)jj 5 jjajj since
jj  jj = 1. Thus jjajj = jjbjj .

Exer cise 5.3.13. Consideran exact sequenceof C � -algebras

0 � ! J � ! A
 

� ! B � ! 0;

in which we identify J with its imagein A. Let u be a unitary in Un ( ~B). By part (ii) of
Exercse5.3.12,there is a 2 Un ( ~A) such that ~ (a) = u and jjajj = jjujj = 1. Then for any
continuous function f : R ! C we have af (a� a) = f (aa� )a. Usethis to show that

V =
�

a (1n � aa� )1=2

� (1n � a� a)1=2 a�

�

is a unitary in U2n ( ~A). Then show that

~ (V) =
�

u 0
0 u�

�

and

V
�

1n 0
0 0

�
V � =

�
aa� � a(1n � a� a)1=2

� (1n � a� a)1=2a� 1n � a� a

�
:

Then write explicitly @1([u]1).

Exer cise 5.3.14. Consideran exact sequenceof C � -algebras

0 � ! J � ! A
 

� ! B � ! 0;

in which we identify J with its image in A. Supposethat u 2 Un ( ~B) is such that there
exists a partial isometry U 2 M n ( ~A) with ~ (U) = u. Show the following.

(i) The element

V =
�

U 1n � UU�

1n � U� U U�

�

is unitary in U2n ( ~A) and ~ (V) = diag(u; u� ).

(ii) Both 1n � U� U and 1n � UU� are projections in M n (J ), and

@1([u]1) = [1n � U� U]0 � [1n � UU� ]0:

Exer cise 5.3.15. Consideran exact sequenceof C � -algebras

0 � ! J � ! A
 

� ! B � ! 0;
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in which we identify J with its image in A. Let u 2 Un ( ~B ), and let a 2 M n ( ~A) be such
that ~ (a) = u and jjajj = jjujj = 1. Put

U =
�

a 0
(1n � a� a)1=2 0

�
:

Show that U� U = diag(1n ; 0), which entails that U is a partial isometry. Then show that

~ (U) =
�

u 0
0 0

�
:

Finally, show that
@1([u]1) = [12n � U� U]0 � [12n � UU� ]0:

Exer cise 5.3.16. Consideran exact sequence

0 � ! C0(R2) � ! C(D) � ! C(S1) � ! 0;

with the mapC(D) ! C(S1) givenby the restriction. In the correspondingexactsequence

K 0(C0(R2)) - K 0(C(D)) - K 0(C(S1))

K 1(C(S1))

@1

6

� K 1(C(D)) � K 1(C0(R2))

(5.3.11)

we have K 1(C(D)) = 0, sinceC(D) and C are homotopy equivalent. Show that the map
K 0(C(D)) ! K 0(C(S1)) is injective, and concludethat @1 : K 1(C(S1)) � ! K 0(C0(R2))
is an isomorphism. Then calculate@1([z]1) and thus �nd a generatorof K 0(C0(R2)).

Exer cise 5.3.17 (Na turality of the index map). Show that every commutativ e
diagram of C � -algebras,with exact rows,

0 - J1
- A1

- B1
- 0

0 - J2

?
- A2

?
- B2

?
- 0

inducesa commutativ e diagram of abelian groups,with exact rows:

K 1(J1) - K 1(A1) - K 1(B1)
@1- K 0(J1) - K 0(A1) - K 0(B1)

K 1(J2)
?

- K 1(A2)
?

- K 1(B2)
?

@1

- K 0(J2)
?

- K 0(A2)
?

- K 0(B2)
?

Exer cise 5.3.18. Show that if partial isometriesv1; : : : ; vn in a unital C � -algebrasatisfy

v1v�
1 + : : : + vnv�

n = 1 = v�
1v1 + : : : + v�

nvn

then u = v1 + : : : + vn is unitary. Hint: useExercise2.4.3.



66 CHAPTER 5. K 1-FUNCTOR AND THE INDEX MAP



Chapter 6

Bott Perio dicit y and the Exact
Sequence of K -Theory

6.1 Higher K -Groups

6.1.1 The suspension functor

Recall that the suspensionSA of a C � -algebraA is de�ned as

SA = f f 2 C([0; 1]; A) : f (0) = f (1) = 0g;

and is isomorphic to C0((0; 1); A) �= C0(R) 
 A (cf. Lemma 1.3.1). If ' : A ! B is a
� -homomorphismbetweentwo C � -algebras,then S' : SA ! SB, given by (S' (f ))( t) =
' (f (t)) is a � -homomorphismbetween their suspensions. It is not di�cult to verif that
this yields a covariant functor from the categoryof C � -algebrasinto itself.

Prop osition 6.1.1. The suspension functor S is exact. That is, if

0 � ! J
'

� ! A
 

� ! B � ! 0

is an exact sequence of C � -algebras then the sequence

0 � ! SJ
S'

� ! SA
S 

� ! SB � ! 0

is exact.

Proof. Exercise.

6.1.2 Isomorphism of K 1(A) and K 0(SA)

Let A be a C � -algebra. We de�ne a map

� A : K 1(A) � ! K 0(SA);

asfollows. By Exercise6.4.1,each element of K 1(A) is represented by a unitary u 2 Un ( ~A)
(for some n) such that s(u) = 1n . For such a u we can �nd a continuous function

67
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v : [0; 1] ! U2n ( ~A) such that v(0) = 12n , v(1) = diag(u; u� ) and s(v(t)) = 12n for all
t 2 [0; 1]. We put

p = v
�

1n 0
0 0n

�
v� ;

a projection in P2n ( fSA) with s(p) = diag(1n ; 0n). We set

� A ([u]1) = [p]0 � [s(p)]0:

Theorem 6.1.2. For any C � -algebra A, the map

� A : K 1(A) � ! K 0(SA)

is an isomorphism. Furthermore, if B is a C � -algebra and ' : A ! B is a � -homomorphism
then the diagram

K 1(A)
K 1(' ) - K 1(B )

K 0(SA)

� A

?

K 0(S' )
- K 0(SB)

� B

?

(6.1.1)

is commutative.

Proof. Recall from Example 4.4.9 the exact sequence

0 � ! SA � ! CA �� ! A � ! 0; (6.1.2)

whereCA is the coneover A. SinceCA is homotopy equivalent to f 0g we have K 0(CA) =
K 1(CA) = 0. Let @1 : K 1(A) ! K 0(SA) be the index map associated with the extension
(6.1.2). It follows from Theorem 5.2.7 that @1 is an isomorphism. Thus, it su�ces to
identify @1 with � A (exercise).

6.1.3 The long exact sequence of K -theory

For each natural number n � 2 wede�ne inductively a covariant functor from the category
of C � -algebrast the category of abelian groups as follows. K n (A) = K n� 1(SA), and if
' : A ! B is a � -homomorphismthen K n (' ) = K n� 1(S' ). It is clear that such de�ned
functor is half-exact.

Now supposethat

0 � ! J
'

� ! A
 

� ! B � ! 0 (6.1.3)

is an exact sequenceof C � -algebras. Then @1 : K 1(B ) ! K 0(J ) is the index map. We
de�ne higher index maps

@n : K n (B ) ! K n� 1(J );

as follows. Applying n � 1 times the suspension functor to sequence(6.1.3), we get an
exact sequence

0 � ! Sn� 1J
Sn � 1 '
� ! Sn� 1A

Sn � 1  
� ! Sn� 1B � ! 0: (6.1.4)
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Let @1 : K 1(Sn� 1B) ! K 0(Sn� 1J ) be the index map associated with (6.1.4). By the
de�nition of higherK -functors, wehaveK n (B ) = K 1(Sn� 1B) and K n� 1(J ) = K 1(Sn� 2J ).
By Theorem6.1.2,there is an isomorphism� Sn � 2J : K 1(Sn� 2J ) ! K 0(Sn� 1J ). We de�ne

@n = � � 1
Sn � 2J � @1:

Such de�ned higher index mapshave naturalit y analogousto the one enjoyed by the
usual index (cf. Exercise5.3.17).

Prop osition 6.1.3. Every short exactsequence

0 � ! J
'

� ! A
 

� ! B � ! 0

of C � -algebras inducesa long exact sequence on K -theory:

: : :
@n +1� ! K n (J )

K n (' )
� ! K n (A)

K n ( )
� ! K n (B ) @n� ! : : : @1� ! K 0(J )

K 0(' )
� ! K 0(A)

K 0( )
� ! K 0(B ):

Proof. Exercise.

This Proposition servesonly asan intermediate step towards the fundamental 6-term
exact sequenceof K -theory. The point is that K n+2

�= K n (as we will seein the next
section), and the apparently in�nite sequencefrom Proposition 6.1.3 shrinks to a much
more useful �nite one,which contains only K 0 and K 1.

6.2 Bott Perio dicit y

In this section, we prove the fundamental result of Bott that K 0(A) �= K 1(SA) for any
C � -algebra A. Combined with Theorem 6.1.2, it says K n+2 (A) �= K n (A) | the Bott
periodicity.

6.2.1 De�nition of the Bott map

We begin by de�ning a Bott map

� A : K 0(A) � ! K 1(SA)

for unital C � -algebrasA, and then reducethe generalcaseto the unital one. So let A be
a unital C � -algebra. We usethe obvious identi�cation

SA = f f : T ! A : f continuous, f (1) = 0g:

Thus, elements of M n (SA) may be identi�ed with continuous loops f : T ! M n (A)
such that f (1) = 0. It follows that M n ( fSA) may be identi�ed with continuous functions
f : T ! M n (A) such that f (1) 2 M n (C1A ).

For any natural n and any projection p 2 Pn (A) we de�ne a projection loop f p : T !
Un (A) by

f p(z) = zp + (1n � p); z 2 T:

Clearly, we have f p 2 Un ( fSA). By the universal property of K 0 we get a homomorphism
� A : K 0(A) � ! K 1(SA) such that

� A ([p]0) = [f p]1;
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called the Bott map.
Now if ' : A ! B is a unital � -homomorphism,then fS' (f p)(z) = ' (f p(z)) = f ' (p)(z)

for all z 2 T. Hencethe diagram

K 0(A)
K 0(' ) - K 0(B )

K 1(SA)

� A

?

K 1(S' )
- K 1(SB)

� B

?

(6.2.5)

is commutativ e. This is the naturality of the Bott map.
Finally, supposethat A doesnot have a unit. Then we have a commutativ e diagram

0 - K 0(A) - K 0( ~A) - K 0(C) - 0

0 - K 1(SA) - K 1(S ~A)

� ~A
?

- K 1(C)

� C

?
- 0

(6.2.6)

with split-exact rows. It follows that there is exactly one map � A : K 0(A) ! K 1(SA)
which completesthe diagram. By Exercise6.4.2,we have

� A ([p]0 � [s(p)]0) = [f pf �
s(p) ]1:

6.2.2 The perio dicit y theorem

The following teorem is considereda central result of K -theory.

Theorem 6.2.1. For any C � -algebra A, the Bott map

� A : K 0(A) � ! K 1(SA)

is an isomorphism.

Proof. It su�ces to prove the theorem for unital C � -algebras. Indeed, the general
casefollows from the unital one and (6.2.6) through a diagram chase. Thus assumeA
is unital. It will be convenient for us to usethe description of K 1(SA) as the collection
of suitable equivalenceclassesin GL 1 ( fSA) (seeExercise5.3.6). We must show that the
Bott map � A : K 0(A) � ! K 1(SA) is both surjective and injective.

Surjectivit y. We considerthe following subsetsof GL 1 ( fSA):

GLn = f f : T ! GLn (A) : f continuous and f (1) 2 M n (C1A )g;

LL n
m = f f 2 GLn : f a Laurent polynomial in z with coe�cien ts in

Mn (A) and deg(f ) 5 mg;

PLn
m = f f 2 LL n

m : f a polynomialg;

PRLn = f f p : p 2 Pn (A)g:
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Elements of GLn , LL n
m , PLn

m and PLn
1 are called invertible loops, Laurent loops, polyno-

mial loopsand linear loops, respectively. We have

PRLn � PLn
1 �

[

m

PLn
m �

[

m

LL n
m � GLn

and K 1(SA) = f [f ]1 : f 2 GLn ; n 2 Ng.

Step 1.
S

m LL n
m is densein GLn . Indeed, spanf zk : k 2 Zg is densein C(T) by the

Stone-Weierstrasstheorem. Hencespanf zk : k 2 Zg 
 A is densein C(T) 
 A, and this
easily implies that Laurent loopsare a densesubsetof invertible loops.

Step 2. By virtue of Step 1, it su�ces to show that the range of � A contains the
equivalence classesof all Laurent loops. But each Laurent loop is a quotient of two
polynomal loops. Thus, it su�ces to show that the rangeof � A contains the classesof all
polynomial loops. To this end, we show that for each n; m 2 N there is a continuousmap

� n
m : PLn

m � ! PLmn + n
1

such that � n
m (f ) � h diag(f ; 1mn ) within PLmn + n

k for all f 2 PLn
k , k 5 m. Indeed, let

f (z) =
mX

j =0

aj zj , with aj 2 Mn (A) for all j = 0; : : : ; m. For each z, we de�ne

~� n
m (f )(z) =

0

B
B
B
B
B
@

a0 a1 a2 : : : am� 1 am

� z 1 0 : : : 0 0
0 � z 1 : : : 0 0
...

...
...

...
...

0 0 0 : : : � z 1

1

C
C
C
C
C
A

;

an element of Mm+1 (Mn (A)). (In the above matrix we wrote 1 for 1n and z for z1n .)
Cleary, ~� n

m (f )(z) = T0 + T1z for someT0; T1 2 Mmn + n (A), and the map f 7! ~� n
m (f ) is

continuous. We claim the following:

(i) ~� n
m (f )(z) is invertible for all z,

(ii) ~� n
m (f )(1) � h 1mn + n ,

(iii) ~� n
m (f ) � h diag(f ; 1mn ).

Once the properties (i){(iii) are established,we obtain the desired map � n
m by setting

� n
m (f ) = (~� n

m (f )(1)) � 1~� n
m (f ).

In order to prove properties (i){(iii), we considermatrices

Am =

0

B
B
B
@

1 0 0 : : : � am

0 1 0 : : : 0
...

...
...

...
0 0 0 : : : 1

1

C
C
C
A

; Am� 1 =

0

B
B
B
@

1 0 : : : � (am� 1 + am z) 0
0 1 : : : 0 0
...

...
...

...
0 0 : : : 0 1

1

C
C
C
A

; : : : ;

A1 =

0

B
B
B
@

1 � (a1 + a2z + : : : + am zm� 1) 0 : : : 0
0 1 0 : : : 0
...

...
...

...
0 0 0 : : : 1

1

C
C
C
A

;
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and matrices Bk having 1's on the main diagonal, z in the entry in column k and row
k + 1, and 0's elsewhere.Then we have

A1A2 � � � Am ~� n
m (f )(z) =

0

B
B
B
@

f (z) 0 : : : 0 0
� z 1 : : : 0 0
...

...
...

...
0 0 : : : � z 1

1

C
C
C
A

and
A1A2 � � � Am ~� n

m (f )(z)Bm Bm� 1 � � � B1 = diag(f (z); 1mn ): (6.2.7)

Sincef (z) and all of the matrices A1; : : : ; Am ; B1; : : : ; Bm are invertible for all z, (6.2.7)
implies (i). Furthermore, each of the A j and B j matrices may be continuously deformed
to the identit y within the set polynomial loopsby multiplying the soleo�-diagonal entry
with a parameter t 2 [0; 1]. Thus (6.2.7) implies (ii) and (iii).

Step 3. By virtue of Step 2, it su�ces to show that the range of � A contains the
equivalenceclassesof all linear loops. This will follow if we show that there exists a
continuous retraction

� : PLn
1 � ! PRLn

such that � (f ) � h f within PLn
1 for all f 2 PLn

1 . Indeed, let f (z) = a0 + a1z. Then
f (1) = a0 + a1 is an invertible element of M n (C1A ), and we can put g = f (1)� 1f . Then

g(z) = 1n + b(z � 1);

with b = (a0 + a1)� 1a1. When z 6= 1 we can write

g(z) = (1 � z)
�

1
1 � z

1n � b
�

;

and sinceg(z) is invertible for all z 2 T we seethat 1=(1 � z) 62sp(b) if z 2 T nf 1g. Since
the function z 7! 1=(1 � z) mapsT n f 1g onto the line f � 2 C : < (� ) = 1=2g, we seethat

sp(b) � C n f � 2 C : < (� ) = 1=2g:

For t 2 [0; 1] considera function

gt (z) =
�

tz if < (z) < 1=2;
tz + (1 � t) if < (z) > 1=2:

Each function gt is holomorphicon an openneighbourhood of sp(b) and thus the holomor-
phic function calculus(seeExercise6.4.3) yields elements gt (b) 2 M n (A), which depend
continuously on the parameter t. Since the image of gt (z) does not intersect the line
f � 2 C : < (� ) = 1=2g, the elements

ht (z) = 1n + gt (b)(z � 1) = (1 � z)
�

1
1 � z

1n � gt (b)
�

are invertible. We have g1(z) = z and thus g1(b) = b. On the other hand, g0(z)2 = g0(z)
and thus e = g0(b) is an idempotent. Consequently, t 7! ht is a homotopy within PL n

1

betweeng and the idempotent loop 1n + e(z � 1). Now we can deform the idempotent e
to a projection, as follows (cf. Exercise3.3.20).
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Lemma 6.2.2. Let B be a unital C � -algebra. Recall that I (B ) denotesthe set of idem-
potents in B and P(B) denotesthe set of projections (i.e. self-adjoint idempotents) in B .
Then we havethe following.

(i) For every idempotent e 2 B the element

� (e) = ee� (1 + (e � e� )(e� � e)) � 1

is a projection.

(ii) The map � : I (B ) ! P(B), de�ned in (i), is a continuous retraction. In particular,
� (e) � h e in I (B) for every idempotent e.

(iii) If p;q 2 P(B) and p � h q in I (B), then p � h q in P(B).

Proof. (i) Put w = 1+( e� e� )(e� � e). Then w is positiveand invertible, thus� (e) = ee� w� 1

is well-de�ned. A straightforward calculation yields ew = ee� e = we and e� w = e� ee� =
we� . Thus ee� w = (ee� )2 = wee� and ee� w� 1 = w� 1ee� . This implies that ee� w� 1 is
self-adjoint and that

� (e)2 = ee� w� 1ee� w� 1 = (ee� )2w� 2 = ee� w� 1 = � (e):

Whence� (e) is a projection.

(ii) Clearly, � is a continuousmap and � (p) = p if p is a projection.
To seethat � (e) � h e in I (B), set ut = 1 � t(e � � (e)) for t 2 [0; 1]. Since� (e)e = e

an e� (e) = � (e), we have (e � � (e)) 2 = 0. Therefore ut is invertible with the inverse
u� 1

t = 1 + t(e � � (e)). Thus u� 1
t eut is an idempotent for all t 2 [0; 1], and we have

e = u� 1
0 eu0 � h u� 1

1 eu1 = (1 + (e � � (e))) e(1 � (e � � (e))) = � (e):

(iii) If t 7! et is a continuous path in I (B) from e0 = p to e1 = q, then t 7! � (et ) is a
continuous path in P(B) from � (e0) = p to � (e1) = q.

Let � : I n (A) ! Pn (A) be the map de�ned in Lemma6.2.2(with B = M n (A)). Then
� (f ) = 1n + � (e)(z � 1) yields the desiredmap � : PL n

1 � ! PRLn .

Injectivit y. Let p;q 2 Pn (A) and assumethat � A ([p]0 � [q]0) = [f pf �
q ]1 = [1]1 in K 1(SA).

Then, after increasingn if necessary, we have f p � h f q in GLn . It su�ces to show that
there exists m 2 N such that diag(p;1m ) � h diag(q; 1m ) in Pn+ m (A).

As a �rst step, we observe that there existsa polygonal (i.e. piece-wiselinear) homo-
topy t 7! ht from f p to f q such that all ht areLaurent loopswith a uniform bound on both
positive and negativedegrees.(This follows from the density of Laurent loopsin invertible
loopsvia a routine compactnessargument | exercise.)Thus there arem; k 2 N such that
zm ht 2 PLn

k for all k. Sincezm f p � h f diag(p;1m ) in PLm+ n
m (exercise),we seethat f diag(p;1m )

and f diag(q;1m ) are homotopic in PLm+ n
m+ k . Let t 7! et be such a homotopy. Then applying

the maps� m+ n
m+ k and � , constructedin steps2 and 3, respectively, of the proof of surjectiv-

it y, we get a homotopy t 7! � (� m+ n
m+ k (et )) = f pt from f diag(p;1m ) to f diag(q;1m ) in projection

loops. Sincethe map f pt 7! pt is continuous(exercise),we �nally seethat diag(p;1m ) and
diag(g; 1m ) are homotopic via a path of projections. Consequently, [p]0 = [q]0 in K 0(A),
as required. �

Combining Theorems6.1.2and 6.2.1we get

K j (SA) �= K 1� j (A)
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for any C � -algebraA and j = 0; 1. Thus, for any natural n we have

K n+2 (A) �= K n (A):

Furthermore, naturalit y of the maps� � and � � easily implies that the functors K n+2 and
K n are isomorphic.

6.3 The 6-Term Exact Sequence

6.3.1 The 6-term exact sequence of K -theory

With the Bott periodicity theoremat hand, we are now ready to present the 6-term exact
sequenceof K -theory | a tool of paramount importance in applications. Let

0 � ! J
'

� ! A
 

� ! B � ! 0

be an exact sequenceof C � -algebras. Applying the suspension functor, we obtain the
exact sequence

0 � ! SJ
S'

� ! SA
S 

� ! SB � ! 0:

Denote by @: K 1(SB) ! K 0(SJ ) the corresponding index map. Let � J : K 1(J ) !
K 0(SJ ) and � B : K 0(B ) ! K 1(SB) be the isomorphismsfrom Therems6.1.2and 6.2.1,
respectively. Then the exponential map

@0 : K 0(B ) � ! K 1(J )

is de�ned as the unique homomorphismmaking the diagram

K 0(B )
@0- K 1(J )

K 1(SB)

� B

?

@
- K 0(SJ )

� J

?

(6.3.8)

commutativ e.

Theorem 6.3.1. Let
0 � ! J

'
� ! A

 
� ! B � ! 0

be an exact sequence of C � -algebras. Then the sequence

K 0(J )
K 0(' )- K 0(A)

K 0( )- K 0(B )

K 1(B )

@1

6

�
K 1( )

K 1(A) �
K 1(' )

K 1(J )

@0

?

(6.3.9)

is exacteverywhere.
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Proof. By virtue of Theorem5.2.7, it su�ces to show exactnessat K 0(B ) and K 1(J ). It
turns out that at this stagethis requiresnothing more but a diagram chase.

To prove exactnessof (6.3.9) at K 0(B ), considerthe commutativ e (due to naturalit y
of the Bott map) diagram

K 0(A)
K 0( )- K 0(B )

@0- K 1(J )

K 1(SA)

� A

?

K 0(S )
- K 1(SB)

� B

?

@
- K 0(SJ )

� J

?

(6.3.10)

All the vertical arrows are isomorphisms,and the bottom row is exact by Theorem5.2.7.
Thus the top row is exact.

To prove exactnessof (6.3.9) at K 1(J ), considerthe commutativ e (due to naturalit y
of the � � map) diagram

K 0(B )
@0- K 1(J )

K 1(' ) - K 1(A)

K 1(SB)

� B

?

@
- K 0(SJ )

� J

?

K 0(S' )
- K 0(SA)

� A

?

(6.3.11)

All the vertical arrows are isomorphisms,and the bottom row is exact by Theorem5.2.7.
Thus the top row is exact.

6.3.2 The exp onential map

6.3.3 An explicit form of the exp onential map

Prop osition 6.3.2. Let 0 ! J
'
! A

 
! B ! 0 be exact and let @0 : K 0(B ) ! K 1(J ) be

the associated exponential map. Then

(i) If p 2 Pn ( ~B) and x = x � 2 Mn ( ~A) such that ~ (x) = p then 9!u 2 Un ( ~J ) such that
~' (u) = exp(2� ix ), and we have

@0([p]0 � [s(p)]0) = � [u]1: (6.3.12)

(ii) Supposethat A is unital. If p 2 Pn (B ) and x = x � 2 Mn (A) such that  (x) = p,
then 9!u 2 Un ( ~J ) suchthat ~' (u) = exp(2� ix ), and we have

@0([p]0) = � [u]1: (6.3.13)

Proof. Part (i) follows from (ii) by a diagram chase.Sowe prove (ii). For simplicity,
assumeJ � A and ' = id. SupposeA unital then and let p 2 Pn (B ). There is x = x � 2
Mn (A) such that  (x) = p. Then  (exp(2� ix )) = exp(2� i (x)) = exp(2� ip) = 1n , hence
exp(2� ix ) 2 Un ( ~J ). We must show that

� J ([exp(� 2� ix )]1) = (@1 � � B )([p]0); (6.3.14)
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where @1 : K 1(SB) ! K 0(SJ ) is the index map corresponding to 0 ! SJ ! SA !
SB ! 0: We identify SB with f f 2 C([0; 1]; B )jf (0) = f (1) = 0g. Thus M k(gSB) = f f 2
C([0; 1]; M k(B )) jf (0) = f (1) 2 M k(C1B )g, and f p 2 U(gSB) is f p(t) = e2� it p+ 1n � p; t 2

[0; 1]. Let v 2 U2n ( fSA) be such that fS (v) =
�

f p 0
0 f �

p

�
: Then v : [0; 1] ! U2n (A) is

a continuous map such that v(0) = v(1) 2 M 2n(C1A ), and  (v(t)) =
�

f p(t) 0
0 f �

p (t)

�
.

As f p(0) = f p(1) = 1, we have v(0) = v(1) = 12n . With x = x � 2 Mn (A) a lift of p,
put z(t) = exp(2� itx ) for t 2 [0; 1]. t 7! z(t) 2 Un (A) is continuous and  (z(t)) = f 0(t).
Hence

 
�

v(t)
�

z(t)� 0
0 z(t)

��
= 12n ; s

�
v(t)

�
z(t)� 0

0 z(t)

��
= 12n : (6.3.15)

Thus w(t) = v(t)
�

z(t)� 0
0 z(t)

�
is a unitary element in U2n ( ~J ). We have w(0) = 12n

and w(1) =
�

exp(� 2� ix ) 0
0 exp(2� ix )

�
. Thus, by the de�nition of � J , we have

� J ([exp(� 2� ix )]1) =
�
w

�
1n 0
0 0

�
w�

�

0

�
��

1n 0
0 0

��

0

: (6.3.16)

We alsohave

w(t)
�

1n 0
0 0

�
w(t)� = v(t)

�
1n 0
0 0

�
v(t)� ; (6.3.17)

and the unitary v was chosenso that

fS (v) =
�

f p 0
0 f �

p

�
: (6.3.18)

So,by the de�nition of the index map, we get

@1([f p]1) = � J ([exp(� 2� ix ]1): (6.3.19)

�

6.4 Examples and Exercises

Exer cise 6.4.1. Let A be a C � -algebra. Show that every class in K 1(A) contains a
unitary u 2 Un ( ~A) normalizedso that s(u) = 1n , wheres is the scalarmap.

Exer cise 6.4.2. Show that if A is a non-unital C � -algebra then for any p 2 Pn ( ~A) we
have

� A ([p]0 � [s(p)]0) = [f pf �
s(p) ]1:

Exer cise 6.4.3 (Holomorphic function calculus). Let 
 1; : : : ; 
 n be a �nite col-
lection of continuous and piece-wisecontinuously di�erentialble paths 
 k : [ak ; bk ] ! C.
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We assumethat each 
 k is closed, i.e. 
 k(ak) = 
 k(bk). A contour is a �nite collec-
tion � = f 
 1; : : : ; 
 ng. If f is a piece-wisecontinuous, complex function de�ned on
Im(�) =

S
k 
 k([ak ; bk ]), then there is a well-de�ned integral

Z

�
f (z)dz =

Z


 1

f (z)dz + : : : +
Z


 n

f (z)dz:

If z0 62Im(�) then the index of z0 with respect to � is the integer de�ned as

Ind� (z0) =
1

2� i

Z

�

dz
z � z0

:

Let K be a compactsubsetof an open set 
 � C. Then we say that � surroundsK in 

if Im(�) � 
 n K and

Ind � (z) =
�

1; z 2 K ;
0; z 2 C n 
 :

Let A bea unital C � -algebra. If a 2 A and � is a contour surroundingsp(a) in an open
set 
, then for every holomorphic function f : 
 ! C there is a well-de�ned Riemann
integral

f (a) =
1

2� i

Z

�
f (z)(z1A � a) � 1dz:

This integral yields a unique element f (a) of A such that for every continuousfunctional
' : A ! C we have

' (f (a)) =
1

2� i

Z

�
f (z)' ((z1A � a) � 1)dz:

The mapping f 7! f (a) is called the holomorphic function calculus for a. It has the
following properties (see[T-M79, M-GJ90, P-GK79]).

(i) The map f 7! f (a) is a unital algebrahomomorphism.

(ii) If g is a holomorphic function on f (
) then (g � f )(a) = g(f (a)).

(iii) sp(f (a)) = f (sp(a)).

(iv) If f n is a sequenceof holomorphic functions on 
 converging almost uniformly to a
function g, then g is holomorphic on 
 and

jj f n (a) � g(a)jj � ! 0:

Note that the holomorphic function calculus applies to an arbitrary element a of a C � -
algebra, not just a self-adjoint one. If a is self-adjoint then the holomorphic function
calculusis compatible with the continuous function calculusvia the Gelfand transform.

Exer cise 6.4.4. By virtue of Theorems6.1.2and 6.2.1,we have

K 0(C0(R2n )) �= K 1(C0(R2n+1 )) �= K 0(C) �= Z;

K 1(C0(R2n )) �= K 0(C0(R2n+1 )) �= K 1(C) = 0;

for all n 2 N.
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Exer cise 6.4.5. For each natural number n � 1, �nd a split-exact sequence

0 � ! C0(Rn ) � ! C(Sn) � ! C � ! 0:

Then useExercise6.4.4 and split-exactnessof K � to determine the K -groups of C(Sn )
for all spheresSn .

Exer cise 6.4.6. By Exercise 6.4.5, we have K 0(C(T)) �= K 1(C(T)) �= Z. Use the
isomorphismC(Tn+1 ) �= C(T) 
 C(Tn ) to �nd a split-exact sequence

0 � ! SC(Tn ) � ! C(Tn+1 ) � ! C(Tn ) � ! 0:

Then usesplit-exactnessof K � to determinethe K -groupsof C(Tn ) for all tori Tn .

Exer cise 6.4.7. Let
0 � ! J

'
� ! A

 
� ! B � ! 0

be an exact sequenceof C � -algebras. Show that if every projection in P1 ( ~B) lifts to a
projection in P1 ( ~A) then @0 : K 0(B ) ! K 1(J ) is the zeromap.

Exer cise 6.4.8 (Toeplitz algebra). Let H be a separableHilbert spacewith an
orthonormal basis f � n : n = 0; 1; 2; : : :g. Let S 2 B(H), S(� n ) = � n+1 be the unilateral
shift. We de�ne the Toeplitz algebra T asthe C � -algebrageneratedby S. It canbe shown
[C-L67] that T is the universal C � -algebra for the relation S� S = 1, and that if T is a
proper isometryon a Hilbert spacethen thereexistsa � -isomorphismT = C � (S) ! C � (T)
such that T 7! S.

(i) Show that the closedtwo-sidedideal of T generatedby 1 � SS� coincideswith the
algebraK(H).

(ii) Let � : T ! T =K be the natural surjection. Show that T =K is isomorphicto C(S1)
and � (S) may be identi�ed with the generatorz. There is an exact sequence

0 � ! K � ! T �� ! C(S1) � ! 0:

(iii) By Exercise6.4.5,K 0(C(S1)) �= Z (with a generator[1]0) and K 1(C(S1)) �= Z (with
a generator[z]1, the classof the identit y map z 7! z). Calculate @1([z]1) and show
that the index map

@1 : Z �= K 1(C(S1)) � ! K 0(K) �= Z

is an isomorphism.

(iv) Use(iii) and the exact sequencefrom Theorem6.3.1to show that

K 0(T ) �= Z; K 1(T ) = 0:

Find the generatorof K 0(T ).

Exer cise 6.4.9. Let H bea separableHilbert space,K = K(H) be the compactoperators
on H, and let Sn 2 B(H) be an isometry with cokernel of dimensionn, for somenatural
number n. Let C � (Sn ; K) be the C � -subalgebraof B(H) generatedby Sn and K. Show
that there exists an exact sequence

0 � ! K � ! C � (Sn ; K) � ! C(S1) � ! 0

and determinethe K -theory of C � (Sn ; K).
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Exer cise 6.4.10. Let RP 2 be the real projective plane. Find an exact sequence

0 � ! C0(R2) � ! C(RP2) � ! C(S1) � ! 0

and determinethe K -theory of C(RP 2).

Exer cise 6.4.11. Find an exact sequence

0 � ! C(S1) 
 C0(R2) � ! C(S3) � ! C(S1) � ! 0:

Then apply to it the 6-term exactsequenceof K -theory and thuscalculatein an alternative
way the K -groupsof the 3-sphere(cf. Exercise6.4.5).

Exer cise 6.4.12. Let H be a separableHilbert space. Consider two operators T; U 2
B(H) such that T is a proper isometry (i.e. T � T = 1 6= TT � ) and U is a partial unitary
on 1 � TT � with full spectrum (i.e. U� U = UU� = 1 � TT � and sp(U) = S1 [ f 0g). Let
A be a C � -subalgebraof B(H) generatedby T and S.

(i) Let J be the closedtwo-sidedideal of A generatedby U. Show that J is isomorphic
to C(S1) 
 K, with K the C � -algebraof compactoperators.

(ii) Let � : A ! A=J be the natural surjection. Show that A=J is generated(as a
C � -algebra) by the unitary element � (T). Show that sp(� (T)) contains the entire
unit circle, and thus A=J is isomorphic to C(S1).

(iii) By (i) and (ii) above, there is an exact sequence

0 � ! C(S1) 
 K � ! A � ! C(S1) � ! 0:

Apply the 6-term exact sequenceand calculate the K -theory of A.

Example 6.4.13. (Mirror-disc-t ype quantum two-spheres)
Consider,for p 2]0; 1[, the � -algebra

O(Dp) := Chx; x � i =J; (6.4.20)

where J is the � -ideal generatedby x � x � pxx� � (1 � p). This is called � -algebra of
the quantum disc (see[KL93], where a two-parameter family of such quantum discs is
considered). It is not hard to seethat k� (x)k = 1 in any bounded representation � ,
so that one can form the C � -closure C(Dp) of O(Dp). Moreover O(Dp) is faithfully
imbeddedin C(Dp). (There is exactly onefaithful irreducible representation, up to unitary
equivalence.) It is known that C(Dp) is isomorphic to the Toeplitz algebraT , so all the
C � -algebrasC(Dp) are isomorphic. There is a � -homomorphism' : C(Dp) ! C(S1),
sendingthe generatorx to the unitary generatoru of C(S1). Considerfor any q 2]0; 1[ a
secondcopy O(Dq), with generatory.

De�nition 6.4.14. Let � : O(S1) ! O(S1) denote the � -automorphism de�ned by
u 7! u� . De�ne

O(S2
pq) := f (f ; g) 2 O(Dp) � O(Dq) j ' (f ) = � � ' (g)g: (6.4.21)

This is called the � -algebra of the mirr or-disc-type quantumtwo-sphere.
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Prop osition 6.4.15.
O(S2

pq) �= ChC; C � ; D ; D � ; E ; E � i =J; (6.4.22)

where the � -ideal J is generated by the relations

C � C = 1 � pD � E;

CC � = 1 � D � qE;

DC = pCD;

EC = q� 1CE;

DE = 0;

D = D � ;

E = E � :

The isomorphismis given by (x; y� ) 7! C, (1 � xx � ; 0) 7! D, (0; 1 � yy� ) 7! E.

Prop osition 6.4.16. The following is a complete list (up to unitary equivalence) of
irr educible� -representationsof O(S2

pq) in someHilbert space:

(i) � + , acting on a separableHilbert space H with orthonormal basise0; e1; : : : according
to

� + (C)ek =
p

1 � pk+1 ek+1 ;

� + (D)ek = pkek ;

� + (E) = 0:

(ii) � � , acting on H by

� � (C)ek =
p

1 � qkek� 1;

� � (D)ek = 0;

� � (E)ek = qkek :

(iii) An S1-family � � , acting on C by

� � (C) = �;

� � (D) = 0;

� � (E) = 0:

One can again show that there is a uniform bound on the norm of the generatorsfor
all bounded� -representations, so that onecan form a C � -closureC(S2

pq) of O(S2
pq) using

bounded � -representations. � + � � � is a faithful representation of O(S2
pq) as well as of

C(S2
pq), so that O(S2

pq) is faithfully imbeddedin C(S2
pq). Moreover, the closedidealsJD ,

JE generatedby D, E are isomorphic to K (� + (JD ) = K = � � (JE )), they have zero
intersection,and (� + � � � )(JD + JE ) = K � K. Finally, there is an exact sequence

0 ! K � K ! C(S2
pq)

 
! C(S1) ! 0; (6.4.23)

where  is de�ned by C 7! u, D 7! 0, E 7! 0. This exact sequencecan be used to
compute the K -theory of C(S2

pq):
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Prop osition 6.4.17. K 0(C(S2
pq) �= Z � Z, K 1(C(S2

pq)) = 0.

Proof. With K 0(C(S1)) �= Z �= K 1(C(S1)), K 0(K) �= Z, K 1(K) = 0, we obtain from
the standard six-term exact sequencecorresponding to (6.4.23)

0 ! K 1(C(S2
pq) ! Z @! Z � Z ! K 0(C(S2

pq))
K 0( )
! Z ! 0: (6.4.24)

Let us compute the index map @. It is determined by its value on the generator [u]1 2
K 1(C(S1)),

@([u]1) = [1 � b� b]0 � [1 � bb� ]0; (6.4.25)

where b 2 C(S2
pq) is any partial isometry with  (b) = u. Identify C(S2

pq) �= (� + �
� � )(C(S2

pq). Then b = (s;s� ), s the one-sidedshift, is a continuous function of (� + �
� � )(C) such that b� (� + � � � )(C) 2 K � K: b= (� + (C)j� + (C)j � 1; � � (C)j� � (C)j � ) with

j� � (C)j � ek :=

(
0 k = 0

1p
1� qk

ek k > 0: Then b� b = (s� s;ss� ) = 1 � p2, bb� = (ss� ; s� s) =

1 � p1, wherep2 = (pe0 ; 0), p1 = (0; pe0 ) can be consideredas the generators(0; 1), (1; 0)
of Z � Z �= K 0(K � K). Then @([u]1) = [p2]0 � [p1]0 = (0; 1) � (1; 0), so that @is injective,
and we can concludethat K 1(C(S2

pq)) = 0. We are left with the exact sequence

0 ! Z @! Z � Z
K 0(j )
! K 0(C(S2

pq)
K 0( )
! Z ! 0: (6.4.26)

As Z is a free module over itself, this sequencesplits, and K 0(C(S2
pq)) �= ImK 0(j ) � Z.

There remainsthe exact sequence

0 ! Z @! Z � Z
K 0 (j )
! ImK 0(j ) ! 0: (6.4.27)

Here, K 0(j ) is determined by its values on (1; 0) and (0; 1), however, (1; 0) � (0; 1) 2
Ker K 0(j ) = Im@, i.e., K 0(j )(1; 0) = K 0(j )(0; 1), consequently ImK 0(j ) = f nK 0(j )(1; 0)jn 2
Zg �= Z. It follows that K 0(C(S2

pq)) �= Z � Z. �
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Chapter 7

Tools for the computation of
K -groups

7.1 Crossed pro ducts, the Thom-Connes isomorphism
and the Pimsner-V oiculescu sequence

7.1.1 Crossed pro ducts

Let G be a locally compact abelian group. Then Cc(G) = f f 2 C(G)jsupp(f ) compactg
is a � -algebrawith respect to

(f � g)(s) =
Z

G
f (t)g(t � s)dt; (7.1.1)

f � (s) = f (s� 1); (7.1.2)

wherethe integration is with respect to the Haar measure.The universalnorm on Cc(G),

kf k = supfk � (f )kj� : Cc(G) ! B(H) a � -representationg; (7.1.3)

is well-de�ned since(one can show that)

kf k � kf k1 =
Z

G
jf (t)jdt: (7.1.4)

The completion of Cc(G) with respect to k:k is the group C � -algebra C � (G) of G. By
Gelfand's theorem, sinceC � (G) is abelian, there is a locally compact Hausdor� space

such that C � (G) �= C0(
). 
 may be identi�ed with Ĝ = f � : G ! Tj� continuous ; � (s+
t) = � (s)� (t)g, the dual group of G. Ĝ is equipped with the topology of almost uniform
convergence.Every � 2 Ĝ yields a multiplicativ e functional of C � (G) by

! � (f ) =
Z

G
� (t)f (t)dt: (7.1.5)

Thus we have C � (G) �= C0(Ĝ) via the Gelfand transform. Now suppose that A is a
C � -algebra and � : G ! Aut (A) is a homomorphismsuch that G 3 t 7! � t (x) 2 A is

83
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continuous 8x 2 A. Then (A; G; � ) is called a C � -dynmaical system. The vector space
f f 2 C(G; A)jsupp(f ) compactg becomesa � -algebrawith

(f � g)(s) =
Z

G
f (t)� t (g(s � t))dt; (7.1.6)

f � (s) = � s(f (s� 1)� ): (7.1.7)

Note that even if both G and A are abelian, this algebramay be noncommutativ e if the
action � is nontrivial. The universalnorm k:k on this � -algebrais de�ned asthe supremum
over the norms in all � -representations. A o � G is by de�nition the C � -algebraicclosure
of A 
 Cc(G) with respect to k:k. If � : G ! Aut (A) is trivial, i.e., � t (x) = x, 8x, then we
have A o � G �= A 
 C � (G) �= A 
 C0(Ĝ) (C � -algebraisomorphisms).For a given action
� : G ! Aut (A) there exists a canonicaldual action �̂ : Ĝ ! Aut (A o � G) such that

�̂ � (f )( t) = h�; ti f (t) (7.1.8)

for f 2 C(G; A) with compactsupport.

Theorem 7.1.1. (Takesaki-Takai duality)

(A o � G) o �̂ Ĝ �= A 
 K; (7.1.9)

if G is in�nite.

The dual acion is functorial in the follwoing sense:If � : G ! Aut (A) and � : G !
Aut (B) are actionsand � : A ! B is a G-equivariant � -homomorphism,then there exists
a � -homomorphism�̂ : A o � G ! B o � G such that

(�̂f )(s) = � (f (s)) (7.1.10)

for f : G ! A, and � is equivariant with respect to �̂ and �̂ .

7.1.2 Crossed pro ducts by R and by Z

Theorem 7.1.2. (Connes) For any action � : R ! Aut (A), we have

K j (A) �= K 1� j (A o � R): (7.1.11)

In the special caseof a trivial action, we have K j (A) �= K 1� j (A 
 C0(R)) (Bott
periodicity). Intuitiv ely, the Connes-Thomisomorphism can be explained as follows:
\An y action of R may be continuously deformedto a trivial one. Then the result follows
from the Bott periodicity sinceK -theory is insensitive to continuousdeformations". This
can be madeprecisewith the help of K K -equivalence.

Theorem 7.1.3. (Pimsner-Voiculescu)If � 2 Aut (A), then there is an exactsequence

K 0(A)
id � K 0(� � 1)- K 0(A)

i0 - K 0(Ao � )

K 1(Ao � )

6

�
i1

K 1(A) �
id � K 1(� � 1)

K 1(A)
?

(7.1.12)

where i 0; i1 are the natural imbeddings.
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Proof. (idea, Connes)De�ne M � = f f 2 C(R; M )jf (1) = � (f (0)g (mapping torus of
� ). R acts on M � by (� t f )(s) = f (s � t). By a result of Green,

A o � Z ' Morita M � o � R: (7.1.13)

Hence,by the Connes-Thomisomorphism,

K j (A o � Z) �= K j (M � o � R) �= K 1� j (M � ): (7.1.14)

Now, there is an exact sequence

0 ! SA ! M � ! A ! 0; (7.1.15)

and the 6-term exact sequenceyields

K 1(A) �= K 0(SA) - K 1(A o � Z) �= K 0(M � ) - K 0(A)

K 1(A)

@0

6

� K 0(A o � Z) �= K 1(M � ) � K 1(sA) �= K 0(A):

@1

?

(7.1.16)

One can calculate the connectingmapsas

@� = id � K � (� � 1): (7.1.17)

7.1.3 Irrational rotation algebras

Let us recall that, for � 2 R, the rotation algebra A � is de�ned to be the universal
C � -algebraC � (u; v) generatedby two unitaries u; v such that

vu = e2� i� uv: (7.1.18)

We have seenthat there is a trace � : A � ! R, and that the image of K 0(� ) contains
Z [ � Z. Notice that C � (v) �= C(S1) and that � � := Adv is an automorphism of C(S1)
such that

� � v = e2� i� v: (7.1.19)

It can be shown that
A �

�= C(S1) o � � Z: (7.1.20)

The Pimsner-Voiculescusequenceis

K 0(C(S1))
id � K 0(� � 1

� )
- K 0(C(S1)) - K 0(A � )

K 1(A � )

6

� K 1(C(S1)) �
id � K 1(� �

� 1)
K 1(C(S1)) :

?
(7.1.21)

K 0(C(S1)) is generatedby [1]0, henceid � K 0(� � 1
� ) is the zeromap. Likewise,e2� i� u � h u,

henceid � K 1(� � 1
� ) is also the zeromap. Consequently, sinceK j (C(S1)) �= Z, we get

K 0(A � ) �= Z2 �= K 1(A � ): (7.1.22)

Furthermore, [u]1; [v]1 are generatorsof K 1(A � ) and K 0(� ) : K 0(A � ) �= Z2 ! Z [ � Z is an
isomorphism.
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7.2 The Ma yer-Vietoris sequence

The Mayer-Vietoris sequencein the classicalcaseof topological spacesconcernsrelat-
ing the (co)homologiesof a spacethat is glued from two (or more) subspacesto the
(co)homologiesof the subspacesand the way they are glued together. In the context of
di�erential forms and De Rham cohomologies,it is natural (due to di�erentiabilit y) to
consideropen subspaces.In the purely topological setting and in the realm of Gelfand
theory for compact spaces,it seemsto be more natural (also easier) to considerclosed
subsets.Thuswe aretrying to generalizethe following situation to a noncommutativ e set-
ting: There is a compactHausdor� spaceX that is the union of two compactsubspaces,
which have a certain intersection. Diagrammatically:

X � X 1

X 2

6

� X 1 \ X 2;

6
(7.2.23)

wherethe mapsare injections of sets.

Dually, by Gelfand theory there is the following diagram:

C(X ) - C(X 1)

C(X 2)
?

- C(X 1 \ X 2);
?

(7.2.24)

where the maps are the natural restriction maps. In fact, it is almost obvious that
C(X ) �= f (f 1; f 2) 2 C(X 1) � C(X 2) j f 1jX 1 \ X 2 = f 2jX 1 \ X 2g. Thus we are led to
considerthe following commutativ e diagram of unital C � -algebras:

A
pr1 - B1

B2

pr2

?

� 2

- D;

� 1

?

(7.2.25)

whereA = f (b1; b2) 2 B1 � B2 j � 1(b1) = � 2(b2)g, with � 1; � 2 surjective � -homomorphisms,
pr1 and pr2 the restrictions of the natural projections B1 � B2 ! B1 and B1 � B2 ! B2

to the subspaceA � B1 � B2. A is called the pullback of B1 and B2 (over D), or the �b er
product of B1 and B2 (over D), and the diagram (7.2.25) is called a pull-back diagram.
We have



7.2. THE MAYER-VIETORIS SEQUENCE 87

Theorem 7.2.1. Corresponding to (7.2.25), there is a six-term exactsequence

K 0(A)
(K 0(pr1); K 0(pr2))- K 0(B1) � K 0(B2)

K 0(� 2) � K 0(� 1) - K 0(D)

K 1(D)

6

�
K 1(� 2) � K 1(� 1)

K 1(B1) � K 1(B2) �
(K 1(pr1); K 1(pr2))

K 1(A)):
?

(7.2.26)

Proof. (partial, basedon [BHMS], which is in turn basedon ideas of Atiyah and
Hirzebruch, see[?]) De�ne Â � B1 � B2 � C([0; 1]; D) by

Â = f (b1; b2; ! j b1 2 B1; b2 2 B2; ! (0) = � 1(b1); ! (1) = � 2(b2)g (7.2.27)

Put
C0(]0; 1[; D) = f ! 2 C((0; 1); D j ! (0) = ! (1) = 0g: (7.2.28)

Then the sequence
0 ! C0(]0; 1[; D) ! Â ! B1 � B2 ! 0 (7.2.29)

is exact, where the map C0(]0; 1[; D) ! Â is ! 7! (0; 0; ! ), and the map Â ! B1 � B2

is (b1; b2; ! ) 7! (b1; b2). Exactnessof this sequenceat C0(]0; 1[; D) and Â is obvious, at
B1 � B2 it is due to the fact that ! 2 C([0; 1]; D) can have any independent values
! (0); ! (1) 2 D (any two elements in a vector spaceare homotopic). As C0(]0; 1[; D) is
just the suspensionof D, we have

K j (C0(]0; 1[; D) �= K 1� j (D); j = 0; 1: (7.2.30)

We will show that
K j (Â) �= K j (A); j = 0; 1: (7.2.31)

Then (7.2.30) and (7.2.31) together allow to conclude that the 6-term exact sequence
corresponding to the exact sequence(7.2.29)has the form

K 1(D) - K 0(A) - K 0(B1 � B2))

K 1(B1 � B2)

6

� K 1(A) � K 0(D):
?

(7.2.32)

which after a counter-clockwiserotation about oneposition givesjust the claim of the the-
orem. It remainsto prove (7.2.31). Our goal is to show that the map i : A ! Â, (b1; b2) 7!
(b1; b2; � 1(b1)), where� 1(b1) is the constant path at � 1(b1), is a K -isomorphism. Consider
the ideal I 1 := Ker (pr1 : A ! B1) = f (0; b2) 2 Ag = f (0; b2) 2 B1 � B2 j � 2(b2) = 0g� A,
being also isomorphic to Ker � 2 (I 1 3 (0; b2) 7! b2 2 Ker � 2 being the isomorphism). The
imageof I 1 under i in A is Î 1 = f (0; b2; 0) j � 2(b2) = 0g. Î 1 is isomorphicto I 1, and is also
an ideal in Â. Thus we have a commutativ e diagram

0 - I 1
- A - A=I 1

- 0

0 - Î 1

j 1
?

- Â

j
?

- Â=Î 1

k
?

- 0:

(7.2.33)
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Here, j 1 is an isomorphism, and both j and k are injective. Let us show that k is a
homotopy equivalence:First let us note that

Â=Î 1 = f (b1; b2; ! ) j ! = � 1(b1); ! (1) = � 2(b2)g=f (0; b2; 0) j � 2(b2) = 0g
�= f (b1; ! ) j b1 2 B1; ! (0) = � 1(b1)g =: B̂1:

The isomorphismis given by factorizing the map (b1; b2; ! ) 7! (b1; ! ); Â ! B̂1, whose
kernel is f (0; b2; 0) j � 2(b2) = 0g, and which is obviously surjective. De�ne

' : B̂1 ! B1
�= A=I 1;  : b1 ! B̂1; (7.2.34)

by
' (b1; ! ) = b1; ' (b1) = (b1; � 1(b1)): (7.2.35)

Then ' �  = idB 1 ,  � ' (b1; ! ) = (b1; � 1(b1)), and the homomorphisms' t : B̂1 = Â=Î 1 !

B̂1 de�ned by ' t (b1; ! ) = (b1; (1 � t)! + t� 1(b1)) satis�es ' 0 = id, ' 1 =  � ' . This proves

that A=I 1 and Â=Î 1 are homotopy equivalent and that K j (k) are isomorphisms. Thus
from the above commutativ e diagram (7.2.33) we obtain another commutativ e diagram
by combining two 6-term exact sequences:

K 0(I 1) - K 0(A) - K 0(A=I 1)

K 0(Î 1) -

K
0 (j1 )

-

K 0(Â)

K 0(j )
?

- K 0(Â=Î 1)
�

K 0(
k)

K 1(Â=Î 1)

6

� K 1(Â) � K 1(Î 1)
?

K 1(A=I 1)

6

�
K 1(

k)
-

K 1(A)

K 1(j )
6

� K 1(I 1):
?

�

K
1 (j1 )

(7.2.36)

The diagram has two exact circles, and since K i (j 1) and K i (k) are isomorphisms,we
obtain from the Five Lemmathat alsoK i (j ) are isomorphisms.Thus we have proved the
desiredisomorphy K i (A) �= K i (Â). �

Let us describe the connectingmorphisms. For the morphism K 0(D) ! K 1(A), let
P 2 M n (D) be an idempotent. Choose P1 2 Mn (B1) and P2 2 Mn (B2) such that
� 1(P1) = P = � 2(P2). (Here, � 1 and � 2 are the obvious extensionsto matrices, which
are also surjective.) Then (e2� iP 1 ; e2� iP 2 ) 2 B1 � B2 is in fact in B1 � D B2, because
e2� iP 1 7! e2� iP = I n + (1 � e2� i )P = I n , e� 2� iP 2 7! e� 2� iP = I n + (1 � e� 2� i )P = I n . Thus
we have constructedthe invertible element (e2� iP 1 ; e� 2� iP 2 ) 2 M n (A). The so-constructed
map P 7! (e2� iP 1 ; e� 2� iP 2 ) de�nes the desiredmorphismK 0(D) ! K 1(A). If P is assumed
to be selfadjoint, then P1 and P2 can be chosento be selfadjoint (by Exercice2.4.1 (ii)).
Then the construction givesa unitary in M n (A). Note that without the minus signon one
sidethe resulting element (e2� iP 1 ; e2� iP 2 ) = e2� i (P1 ;P2) 2 Mn (A) is homotopicto the identit y
(by the homotopy [0; 1] 3 t 7! e2� i (tP1 ;tP 2)) and leadsto a trivial map K 0(D) ! K 1(A).
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In order to construct the connectingmorphism K 1(D) ! K 0(A), let � be an invert-
ible in M n (D). Think of � as acting on the right on D � D : : : � D . Consider the set
M � := f ((v1; : : : ; vn ); (w1; : : : ; wn )) 2 B1 � � � � � B1 � B2 � � � � � B2 j (� 1(v1); : : : ; � 1(v1)) � =
(� 2(w1); : : : ; � 2(wn ))g. M � is a �nitely generatedprojective module over A. The connect-
ing morphism we are looking for is now [� ] 7! [M � ] � [n] : K 1(D) ! K 0(A), where [n]
denotesthe classof the freemodule of rank n over A. (Wemakeuseof the correspondence
betweenidempotents and �nitely generatedprojective modules.)

Example 7.2.2. Consider the circle S1 as a union of two closedintervals, S1 = I [ I .
Then we have a pull-back diagram

C(S1) - C(I )

C(I )
?

- C � C;
?

(7.2.37)

and a corresponding Mayer-Vietoris six-term exact sequence

K 0(C(S1)) - K 0(C(I )) � K 0(C(I )) - K 0(C � C))

K 1(C � C)

6

� K 1(C(I ) � C(I )) � K 1(C(S1)) :
?

(7.2.38)

Let us take for granted that K 0(C) = Z = K 0(C(I )) and K 1(C) = 0 = K 1(C(I )). Then
the above diagram is reducedto

0 ! K 0(C(S1)) ! Z � Z ! Z � Z ! K 1(C(S1)) ! 0: (7.2.39)

We have to determine K 0(� 2) � K 0(� 1) : Z � Z ! Z � Z. � 1 = � 2 : C(I ) ! C � C
is the map f 7! (f (0); f (1)). The generator of K 0(C(I )) is [1]0, so K 0(� 1) is deter-
mined by K 0(� 1)([1]0) = ([1]0; [1]0) (where the 1 on the right is 1 2 C). It follows that
K 0(� 2) � K 0(� 1) hason the generators([1]0; 0) and (0; [1]0) of K 0(C(I ) � C(I )) the values
� ([1]0; [1]0) and ([1]0; [1]0). Thus Im(K 0(� 2) � K 0(� 1)) is the diagonal � � Z � Z, and
K 1(C(S1)) �= Z � Z=� �= Z. On the other hand, alsoKer (K 0(� 2) � K 0(� 1)) = �, because
([1]0; [1]0) 7! � ([1]0; [1]0) + ([1]0; [1]0) = 0 and (n[1]0; m[1]0) 7! (m � n)([1]0; [1]0) 6= 0 for
m 6= n. So � is the imageof the injective map K 0(C(S1)) ! Z � Z, i.e., K 0(C(S1)) �=
� �= Z.

7.3 The K •unneth form ula

In classicalcohomologytheory, say for di�erential forms, the K•unneth formula states
that the cohomologyof a product of two manifolds is the (graded) tensor product of the
cohomologiesof the two factors,

H � (M � N ) �= H � (M )
̂ H � (N ): (7.3.40)

For C � -algebras,the product of noncommutativ e spacescorrespondsto the tensorproduct
of the algebras,and the following theoremgeneralizesthe classicalK•unneth formula:
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Theorem 7.3.1. Let A; B be C � -algebras, and assumethat K � (B ) is torsion-free and
that A is separableand type I. Then

K � (A 
 B) �= K � (A)
̂ K � (B ): (7.3.41)

Note that the formula (7.3.41) explicitly means

K 0(A 
 B) �= (K 0(A) 
 K 0(B )) � (K 1(A) 
 K 1(B ));

K 1(A 
 B) �= (K 0(A) 
 K 1(B )) � (K 1(A) 
 K 0(B )):

Note alsothat there is no questionabout the kind of tensorproduct A 
 B , becauseevery
separabletype I C � -algebra is nuclear. Also, there are more generalstatements without
assumptionsabout torsion, but still assumingnuclearity of at leastoneof the factors (see
[B-B98] and [S-C6]).
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