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Chapter 1

Preliminaries on C -Algebras

1.1 Basic de nitions

1.1.1 Denitions C -algebra, -algebra

Denition 1.1.1. A C -algebm A is an algeba over C with involution a 7! a (*-
algebm), equipped with a norm a 7! kak, suchthat A is a Banach space, and the norm
satis es kalk 5 kakkbk and ka ak = kak? (C -property).

Immediate consequenceka k = kak. a is called adjoint of a.

A C -algebra A is called unital if it has a multiplicative unit 1, = 1. Immediate
consequencel = 1, klk = 1 (klk = k1%k = ki1k?). If A and B are C -algebras,a -
homomorphism' : A! B is alinear multiplicativ e map comnuting with the involution.
If A and B areunital, ' is calledunital if ' (15) = 15. A surjective' is always unital.

A C -algebraA is called separable|f it cortains a courtable densesubset.

1.1.2 Sub-C and sub- -algebras

A subsetB of a C -algebra A is called sub- -algebra, if it closedunder all algebraic
operations (including the involution). It is calledsub-C -algebra,if it is alsonorm-closed.
The norm closureof a sub- -algebrais a sub-C -algebra(from cortinuity of the algebraic
operations).

If F is a subsetof a C -algebraA, the sub-C -algebrageneratedby F, denoted by
C (F), isthe smallestsub-C -algebraconaining F. It coincideswith the norm closureof
the linear spanof all monomialsin elemerts of F and their adjoints. A subsetF is called
self-adjoirt, if F ;= fa ja2 Fg=F.

1.1.3 Ideals and quotien ts

An ideal in a C -algebrais a norm-closedtwo-sidedideal. Sudh an ideal is always self-
adjoint, hencea sub-C -algebra. ([D-J77, 1.8.2], [M-GJ90, 3.1.3]) If | is an ideal in a
C -algebraA, the quotient A=l = fa+ 1 ja2 Agisa -algebra,and alsoa C -algebra
with respectto the norm ka+ 1k := inffka+ xk j x 2 1 g. | is obviously the kernel of the
quotient map :A! A=l. ([M-GJ9O0, 3.1.4],[D-J77, 1.8.2])

A -homomorphism' : A! B of C -algebrasis always norm-decreasingk’' (a)k 5
kak. It isinjectiveif and only if it is isometric. ((M-GJ90, 3.1.5]). Ker' isanidealin A,

5



Im' a sub-C -algebraof B. ([M-GJ9O, 3.1.6]). ' always factorizesas' ="', , with
injective’ o : A=Ker' ! B.
A C -algebrais called simpleif its only idealsarefOg and A (trivial ideals).

1.1.4 The main examples

Example 1. Let X be a locally compact Hausdor space,and let Co(X) be the vector
spaceof complex-\alued cortinuous functions that vanish at innit y, i.e., forall > 0
exists a compact subsetK X sud that jf (x)] < for x 2 K . Equipped with the
pointwise multiplication and the complexconjugationasinvolution, Co(X) isa -algebra.
With the norm kf k := sup, fj f (X)jg, Co(X) is a (in generalnon-unital) comrmutative
C -algebra.

Theorem 1.1.2. (Gelfand-Naimark) Every commutative C -algeba is isometrically iso-
morphic to an algeba Cy(X) for somelocally compact Hausdor space X .

Idea of proof: X is the setof multiplicativ e linear functionals (characters(every char-
acter is automatically *-preserving, [D-J77, 1.4.1(i)], equivalertly, the set of maximal
ideals), with the weak- -topology (i.e., the wealest topology sud that all the functionals

7! (a), a2 A, arecortinuous.

Additions:
(i) Co(X) isunital i X is compact.
(i) Co(X) is separablei X is separable.
(i) X andY are homeomorphici Cy(X) and Cy(Y) are isomorphic.

(iv) Each proper cortinuousmap :Y ! X inducesa -homomorphism : Cy(X)!
Co(Y)( (f)=f ). Cornversely eadqr -homomorphism' : Co(X) ! Co(Y)
inducesa proper cortinuousmap :Y ! X (map a character of Cy(Y) to the
character ' of Cy(X)).

(v) Thereis a bijective correspndencebetweenopen subsetsof X and idealsin Cy(X)
(the ideal to an open subsetis the set of functions vanishing on the complemen
of the subset,to an ideal always correspndsthe set of charactersvanishing on the
ideal, its complemen in the set of all charactersis the desiredopenset). If U X
is open, then there is a short exact sequence

0 1 Co(U) ! Co(X) ! Co(XnU) ! O (1.1.1)

whereCo(U) ! Cy(X) is given by extending a function on U asO0 to all of X, and
Co(X) ! Co(X nU) is the restriction, being surjective due to Stone-Weierstras.

Example 2. Let H be a complex Hilbert space,and let B(H) denote the set of all
corntinuous linear operatorson H. Then B(H) is an algebrawith respect to addition,
multiplication with scalars,and composition of operators, it isa -algebrawith the usual
operator adjoint, and it is a C -algebrawith respect to the operator norm.



Theorem 1.1.3. (Gelfand-Naimark) Every C -algebmr A is isometrically isomorphic to
a closal C -sulalgeba of someB (H).

Idea of proof: Considerthe setof positive linear functionals (" (a a) 0) onA. Every
sudh functional allows to turn the algebrainto a Hilbert spaceon which the algebrais
represeted by its left action. Take as Hilbert spacethe direct sum of all theseHilbert
spaces.Then the direct sum of theserepresetations givesthe desiredinjection.

1.1.5 Short exact sequences

A sequenceof C -algebrasand -homomorphisms

A ¥ Agr T A 1o (1.1.2)
is saidto be exact if Im' = Ker' (4, for all k. An exact sequenceof the form

O!' 1 I Al B 1O (1.1.3)
is called short exact Example: If I A is anideal, then

ort Al A=l IO (1.1.4)

is short exact( the natural enbeddingl ! A). If ashort exactsequencdl.1.3)is given,
then' (1) isanidealin A, thereis anisomorphism -:B ! A='(l), and the diagram

0 = | = A = B = 0
' id - (1.1.5)
? ? ?
o—— ' (I - A — A="(I) =0
is comnutative. If for a short exactsequencg1.1.3)exists :B ! A with = idg,
then the sequencas called split exact and is calledlift of . Diagrammatic:
o'l ' A B! O (1.1.6)
Not all short exact sequencesire split exact.
Example:
0! Co(0;1)) ' Cc(qo;ap '+ ¢ Cc 1o (1.1.7)

with  (f) = (f(0);f (1)) is an exact sequence. It does not split: Every linear map
:C C ! C(0;1)]) is determined by its valueson the basis elemenss, ((1;0)) =
f1; ((0;1)) = f,. The split condition meansf ;(0) = 1; f1(1) = Oandf,(0) = 0; f,(1) =
1. If isto be a homomorphism, becauseof (1;0)> = (1;0), we should have f2 =
((1;0)%2= ((1;0)%) = ((1;0)) = f, and analogouslyf 2 = f,. Howewer, a cortinuous
function on a connectedspaceis equalto its squareif and only if it is either the constan
function 1 or the constart function 0. Both is not the casefor f, and f»,.
Geometricinterpretation:  correspndsto the embedding of two points asend points of



the interval [0; 1]. Howewer, it is not possibleto map this interval cortinuously onto the
setf0; 1g.

The direct sumA B of two C -algebrasis the direct sum of the underlying vector
spaces,with componert-wise de ned multiplication and involution, and with the norm
k(a;bk = max(kak; kbk). It is againa C -algebra. There are natural homomorphisms
AA! A B;a7 (a0), A:A B! A; (ajb 7' a, analogously g; g. Then

P
0! APA BgB ! O (1.1.8)

is a split exact sequencewith lift 5. Not all split exact sequencegsomein this manner
from direct sums.

Example (not presered in lecture).

Let

O!' A1l E I B 1O (1.1.9)

be an exact sequence.Then there exists an isomorphism : E ! A B making the
diagram

0 =~ A E B =0
id id (12.1.10)
? ? ?
0 -A—% A B2 -0B =0
commnutativ e if and only there existsa homomorphism :E ! A sud that " = ida.
Proof: If :E! A B makesthe diagram comnutativ e, then im: is an injective map
whoseimageis A(A). = a iim: cE! Afullls "=ida. If :E! A with

this property is given,put (€)= (Ao (€); (€). isanisomorphism:

surjective: Let a2 A. Then' (a) 2 Ker , hence (' (a) = 0. But, (' (@) = a, i.e.,
(" (@) = (a;0). On the other hand, as 5 = and is surjective, for any b2 B
existsa’2 A sud that (a%b) 2 Im . Since(a%0)2 Im , also(0;b) 2 Im for any b2 B,
thus nally all (a;b) 2 Im .

injective: If (e) = Owith e6 Othene= " (a) with a6 0,and (e) = "(a)= a6 0,
thus o (€) 6 0 by injectivity of 5. Otherwise, (€) 6 0 already means (e) 6 0.

If this condition is satis ed, the upper sequencas isomorphicto the lower one, and
thus also split. Cournterexample (where the condition is not ful lled)?

1.1.6 Adjoining a unit

Denition 1.1.4. Let A bea -algeba. Put A= A C (direct sum of vector spaces)
and

(@ )b; ):=(ab+ a+ b; ); (a ) :=(a; ): (1.1.11)

Dene :A! Aand :A! Chy (& =(a0); (a )= (.e., = Ao, = cin
the direct sum terminology usel alove).

Prop osition 1.1.5. With the operations just introduced, A is a unital -algeba with unit
1, = (0;1). is aninjective, a surjective -homomorphism.



Proof. Straightforward.

Sometimes is suppressedand we write alsoA' = fa+ 1lja2 A; 2 Cg.
Let now A bea C -algebra,and let k:ky be the norm on A.

Note that the direct sum norm k(a; )k = max(kak;j j) doesin generalnot have
the C -property (becauseA C doesnot have the direct sum product). Example: A
unital, put = 1, a = 1, thenk(a; )(a; )k = max(kaa + a + ak;j j?) = 3,
k(a; )k?= max(kak?;j j?) = 1.

Recallthat the algebraB (E) of linear operators on a Banadt spaceE is a Banadt space
(algebra)with norm kbk = sup,,s ; Kb(X)k (see[RS72,Theoremll11.2], [D-J73, 5.7]). Note

that (a; ) 7! Lo+ ida, whereL,(b) = abfor a;b2 A, de nes a homomorphism' of A
onto the subspaceof all cortinuouslinear operators of the form L, + id in B(A). This
homomorphismis injectivei A is not unital. (exercise)Indeed,let A be not unital, and
assumelL,(b)+ b = Oforallb2 A. If would be6& 0then 2 would be a left unit for
A, thus alsoa right unit, hencea unit, cortradicting the assumednon-unitality. Thus we
have = 0,i.e. ab= 0for all b2 A. In particular, aa = 0, henceka k? = kaa k = 0,
i.e., kak = ka k = 0, i.e., a = 0. On the other hand, if A is unital, (1»; 1) isin the
kernelof ' .

We have kak = kL k for a2 A: kL k 5 kak is clear by the de nition of the operator
norm (KL oK = SUpgs 1 kalk 5 supgys ; kakkbk = kak), and kak? = kaa k = kL,(a )k 5
KL ;kka k, hencealsokak 5 kL k. Thusit makessenseto de ne for non-unital A a norm
on A by transporting the norm of B(A), i.e., we put k(a; )k := kLa+ idak. For unital
A, we note that A is asa -algebraisomorphicto A C (direct sum of C -algebras).
The isomorphismis givenby (a; ) 7! (a+ 1a; ) (easyexercise).As before,we de ne
the norm on A by transport with the isomorphism. Note that ( 1;1) is a projector in
A C.

Prop osition 1.1.6. A is a unital C -algeba with norm k:k.. (A) is a closel ideal in
A.

Proof. The additive and multiplicativ e triangle inequality comefrom theseproperties
for the normin B(A) and A C. SincefL,ja2 Agis closedand thus completein B(A),
and fL,ja 2 Ag hascodimensionl in ' (A), the latter is also completein the nonunital
case,and it is obviously completein the unital case.Also, it is obvious in the unital case
that the norm hasthe C -property. To prove the latter for the nonunital case,we de ne
the involution on' (A) by transport with ' , i.e.,

(La+ ida) = La + ida: (1.1.12)

Hence,by this de nition ' (A) is a completenormed -algebra. It remainsto shawv that
the C -property is satised. Let > Oandletx = Lo+ ida 2 ' (A). By the de nition
of the operator norm, there existsb2 A with kbk 5 1 sud that

kxk? = kLa+ idak?®5 k(La+ ida)(Dk%+ : (1.1.13)



The right hand side can be cortinued as follows:

= kab+ bk*+

k(ab+ b) (ab+ bk+
k(ba + b)(ab+ bk+

kb (La + ida)(La+ ida)(bk+

5 Kkbkk(Ly + ida)(La+ ida)(bDk+
5 Kkbkk((Ly + ida)(La+ ida)kkbk+
5 kx xk+ :

Thus we have kxk? 5 kx xk+ for any , hencekxk?® 5 kx xk. Howewer, alsokx xk 5
kx kkxk (B(A) is a normed algebra). Exchanging the rolesof x and x , we also obtain
kx k? 5 kxkkx k, togetherkxk = kx k. Going bad to the inequalities, this alsogivesthe
C -property.

For both the unital and nonunital case,we have A= (A) = C, and the sequence

0! Al A C ! 0 (1.1.14)

with  : A! Cthequotient mapand :C! Agivenby 7! (0; ), issplit exact. Note
alsothat adjoining a unit is functorial: If ' : A! B is a homomorphismof C -algebras,
there is a unique homorphism'~: A’ B making the diagram

A

0 - A - A A - C -0

id (1.1.15)
? ? ?

0 - B B - B B - ¢ -0

commutative. It is givenby '(a; ) = (' (a); ). '~ is unit-preserving, '<(0;1) = (0;1).
If A is a sub-C -algebraof a unital C -algebraB whoseunit 1z is not in A, then A is
isomorphicto the sub-C -algebraA + Clg of B (exercise).

1.2 Spectral theory

1.2.1 Spectrum

Let A be a unital C -algebra. Then the spectrum (with respectto A) ofa2 A is de ned
as
sp@(= spa(a)) :=f 2Cja 1, isnotinvertible in Ag: (1.2.16)

Elemertary statemeris about the spectrum, true already for a unital algebra,are:
(i) If A= f0gthensp0)=;.

@ii) sp( 1n)=f gfor 2 C.

(i) a2 Aisinvertiblei 02 sp(@).



(iv) If P 2 C[X] (polynomial in onevariable with complexcoe cien ts), then sp(P (a)) =
P (sp(a)).

(v) If a2 A is nilpotent, then sp(a) = fOg (if A 6 f0g).
(vi) If" Al B isamorphismof unital algebrasover C, then sp;(* (a)) sp,(a).

(vii) If (a;b 2 A B (direct sum of algebras),then sp, z((a;b) = spa(a) [ sps (D).
(Can be generalizedto direct products.)

If A is the algebraof cortinuous complex-\alued functions on a topological space,then
the spectrum of any elemen is the set of values of the function. If A is the algebra
of endomorphismsof a nite dimensionalvector spaceover C then the spectrum of an
elemen is the set of eigervalues.

For a Banad algebra, the spectrum of an elemen is always a compact subsetof C
cortained in the ball of radius kak,

r(a)=supfj jj 2 sp(a)g5 kak: (1.2.17)

Idea of proof: If j j > kak, then k !ak < 1, hencel ta is invertible (This uses:if
kak < 1then 1 aisinvertible, with (1 a) '= 1+ a+ a?+ ::: { Neumannseries.)
Thus 2 sp(@). The spectrum is closedbecausethe set of invertible elemens is open
(use againthe fact stated in parertheses).

The number r(a) is called spectral radius of a. Using complex analysis, one can
show that the spectrum is non-empty. The sequencdka"k™") is corvergen, and r(a) =
lim,1 ka"k¥™". If A is not unital, the spectrum of an elemen a 2 A is de ned asthe
spectrum of (a) 2 A. In this casealways 02 sp(@) ((a;0)(b; ) = (ab+ a;0)6 (0;1) =
1)

De nition 1.2.1. An elementa of a C -algeba A is called
normal if aa = a a,
self-adjointif a= a ,
positive if it is normal andsp(a) R.(= [0;1 |),
unitary if A is unital andaa = aa= 1a.
a projector if a= a = a2

The set of positive elementsis denotal by A*.

The spectrum of a self-adjoirt elemen is cortained in R, that of a unitary elemen is
cortained in T* = S (the unit circle, consideredas a subsetof C), that of a projector is
contained in f0; 1g (exercises).An elemen a of a C -algebraA is positive if and only if
it is of the form a= x x, for somex 2 A. For normal elemerts, the above formula for the
spectral radius reducesto r(a) = kak. This allows to conclude

Prop osition 1.2.2. The C -norm of a C -algeba is unique.



Proof. kak® = ka ak®= r(a a) = ka ak = kak®.

Let usalsonotethat every elemen is a linear conmbination of two self-adjoirt elemerts,
a= 3(a+a)+iz(a a) (this is the unique decommsition a = h; + ih,, with h; and
h, self-adjoirt), and alsoa linear combination of four unitary elemets.

The spectrum a priori dependson the ambient C -algebra. However, if B is a unital
C -subalgebraof a unital C -algebraA, whoseunit coincideswith the unit of A, then the
spectrum of an elemen of B with respect to B coincideswith its spectrum with respect
to A (exercise,use that the inverse of an elemen belongsto the smallest C -algebra
containing that elemen, i.e., the C -subalgebrageneratedby that elememn). If A is not
unital, or if the unit of A doesnot belongto B, then sp, (b)[ fOg = sps (b)[ fOg (exercise).

1.2.2 Contin uous functional calculus

Let A be a unital C -algebra,and let a 2 A be normal. Then there is a unique C -
isomorphismj : C(sp(a)) ! C (a;1) mappingthe idertity map of sp(a) into a. Moreover,
this isomorphismmaps a polynomial P into P(a) and the complex conjugationz 7! z
into a . Thereforeonewrites j (f) = f (a). One knows that sp(f (a)) = f (sp(a)) (spectral
mapping theorem).

If* : A! B is -homomorphismof unital C -algebras,then sp( (a)) sp(a) and
“(f(@) =f( (a) for f 2 C(sp(a)).

If a C -algebrais realizedas a subalgebraof B(H), the functional calculgsis realized
for selfiadjoirt elemerts in terms of their spectral decompsitions: If a = dE then
f(a)= f( )dE , whereE is the family of spectral measuresdelongingto a.

If a is a normal elemen of a non-unital C -algebraA, then f (a) is a priori in A. We
havef(a)2 (A)' Ai f(0)= 0: When :A! Cisthe quotient mapping, we have

(f(a) =f( (a)) = 1(0).

Lemma 1.2.3. Let K R be compact and non-empty, and let f 2 C(K). Let A be
a unital C -algebrm, and let  be the set of self-adjoint elIments of A with spectrum
contained in K. Then the induced function

f: « I A a7l f(a); (1.2.18)
is continuous.

Proof. The mapa7! a", A! A is cortinuous (continuity of multiplication). Thus
every complexpolynomial f inducesa cortinuousmap A! A, a7! f(a).

Now, letf 2 C(K), leta2 ,andlet > 0. Then thereis a complexpolynomial g
sudh that jf (z) g(2)j < 5 for every z 2 K. By cortinuity discussedabove, for every
we nd < Osud that kg(a) g(bk5S 5 forb2 A with ka k5 . Since,moreover,

kf () g(ok=k(f g)(ok=supj(f g)(2)jjz2 sp(c)g5 3 (2.2.19)

forc2 «, weconcludekf(a) f(bk= kf(a) g(@+g(@ gb+glb f(bk5
kf (a g(a)k+ kg(a) g(bk+ kg(b) f(bhk5 forb2  with ka bk5



1.3 Matrix algebras and tensor pro ducts

Let A;, A, be C -algebras. The algebraictensor product A; A, is a -algebrawith
multiplication and adjoint given by

(ar a)(bh k)= aihy aly; (1.3.20)
(aa &) =a a (2.3.21)
Problem: There may existdi erent normswith the C -property onthis -algebra,leading
to di erent C -algebrasunder completion (though one can show that all normswith the
C -property are crossnorms, ka; a)k = kajkkayk). We will restrict to the casewhere
this problemis not there by de nition: A C -algebrais callednuclear if for any C -algebra
B there is only one C -norm on the algebraictensor product A B. Examples: nite
dimensional,comnutativ e, type | (every non-zeroirreducible represeration in a Hilbert
spacecortains the compactoperators). If one of the tensor factors is nuclear, the unique
C -norm onthe algebraictensorproduct coincideswith the normin B (H) under a faithful
represetation of the completedtensor product.

We will mainly need the following very special situation. Let A be a C -algebra,
and let M,(C) (n 2 N) be the algebraof complexn n-matrices. Then A M,(C)
canbeidentied with M,(A), the -algebraof n n-matriceswith entries from A, with
product and adjoint given accordingto the matrix structure. The unique C -norm on
A M,(C) = M,(A) is de ned usingany injective -homomorphism' : A! B(H), and
the canonicalinjective -homomorphismM,(C)! B(C"), i.,e., ka mk= k' (a) mk,
whereon the right standsthe normin B(H) B(C") = B(H C"). Onehasthe inequality

(exercise): 0 1
di1 A2 il Qun
A1 Ay [l & X
maxkay k 5 % R E 5 kayk: (1.3.22)
dn1 @n2 ... ann

The following lemma will be neededlater. It involvesthe C -algebraCy(X;A), see
Exercice6.

Lemma 1.3.1. Let X be a locally compact Hausdor space and let A be a C -algeba.
Dene for f 2 Co(X); a2 A an elementfa?2 Cyo(X;A) by

(fa)(x) = f (X)a: (1.3.23)
Thensparffajf 2 Co(X);a2 Agis densein Cy(X;A).
Proof. Let X* = X [ flg bethe one-point compacti cation of X. Then

Co(X;A)=ff 2C(X*;A)jf(1)=0g: (1.3.24)
Let f 2 Co(X;A), > 0. Thereis an opencovering Uy;:::;U, of X sud that kf (x)
f(y)k < if x;y 2 U. (Compactnessof X *, cortinuity of f.) Choosexy 2 Uy, with
Xk = 1 if 1 2 U. Let (hg)p-, be anartition of unity subordinate to the covering
(W), i.e, he 2 C(X*), supphk Uk, ., he = 1,05 he 5 1. (Note that ewery
compact Hausdor spaceis paracompact.) Then kf:,(x)hk(x) fr(x)he(X)k 5 hy(x)
forx 2 X; k= 1::5;n. It fq_uows that kf (x) ey F()he(X)k 5 ;5 for x 2 X.
Put ax = f(Xk) 2 A. Then Ezlﬁﬁkak 2 sparffajf 2 Cy(X);a 2 Ag, because
a, = f(xy)=0if 1 2 Uy, and kf vey hack 5



1.4 Examples and Exercises

Exer cise 1.4.1 If A is a sub-C -algebraof a unital C -algebraB whoseunit 1z is not
in A, then A is isomorphicto the sub-C -algebraA + Clg of B.

Themap (a; ) 7! a+ 1g is the desiredisomorphism:It is obviously surjective, and
injectivity follows asinjectivity of ' in the proof of Proposition 1.1.6: Let a+ 15 = 0.
If 6 0,thenl1lz = 2 2 A, cortradicting the assumption. Thus = 0= a. That the
mappingis a -homomorphismis straightforward.

Exer cise 1.4.2 Let A be aunital C -algebra. Shav the following.
(i) Let u be unitary. Thenspu) T.

(i) Let u benormal, andsp(u) T. Then u is unitary.

(i) Let a be self-adjoirt. Thensp(a) R.

(iv) Let p be a projection. Then sp(p) f0;1g.

(v) Let p be normal with sp(p) f0;1g. Then p is a projector.

(i): kuk = 1, dueto kuk? = ku uk = klpak = 1. Hencej j5 1for 2 sp(u). By
the spectral mapping theorem, ! 2 spu !) = sp(u). But alsoku k = 1, and thus
i Y5 1,s0jj=1.

(i): Due to normality, there is a C -isomorphism C(sp(u)) ! C (u;1), mapping
idsp(u) 7' uand idsp(u) 7' u . Hencelsp(u) 7'uyuu=uu = 1(: 1A)

(ii): a 2 A isinvertible i a is invertible, thus a 1, isinvertible i a is
invertible. Thus 2 sp(a) i 2 sp(a), and for,a = a the spectrum is invariant
under complex conjugation. The seriesexp(ia) := LO ("';)!n is absolutely convergen,

its adjoint is (due to cortinuity of the star operation) exp( ia) = +_, “2 andfullls

exp(ia) exp( ia) = 15 = exp( ia)exp(ia), soit is a unitary elemen in C (a;1), which
meansthat exp(i )2 T for 2 sp(a), i.e., 2 R.

(iv): Let p= p = p? By (iii), sp(p) is real, and by the spectral mapping theoremwe
have sp(p) = sp(p)?. This meansthat sp() [0;1]. Using the isomorphismC(sp(p)) !
C (p;1), we have idspp) = id3,,, thussp(p)  f0; 1g.

(v): Let p be normal, sp(p) f0;19. Then idsyy = idsp) = idip(p), and the sameis
true for p (using the isomorphismC(sp(p)) ! C (p;1)).

Exer cise 1.4.3 Let A beaunital C -algebra,a?2 A.
(i) aisinvertiblei aa anda aareinvertible. In that casea = (aa) 'a = a(aa) 1.

(i) Let a be normal and invertible in A. Then there existsf 2 C(sp(a)) sud that
al=1f(a),ie.,a !belongsto C (a;1).

(i) Let a 2 A be invertible. Then a ! belongsto C (a;1), the smallest unital C -
subalgebracortaining a.

(): If a ! exists,thenalsoa *=a! and(aa) '=a 'atl (aa) '=ala ™
If (aa) *and (aa) ! exist,put b:= a(aa) *andc:= (aa) 'a. Thenab= 1= ca
and, multiplying the left of theseequalitiesby c from the left, the right oneby b from the
right, cab= c, b= cah This meansb= c= a L.



(i): ainvertible meansthat 0 2 sp(a). Thus, the function idsy,) corresmnding to a
under the isomorphismC(sp(a)) ! C (a;1) is invertible, and the correspnding inverse
isin C (a;1).

(ii): aa and a a are normal (selfadjoirt) and by (i) invertible in A. By (i) their
inversesarein the C -subalgebraggieneratedby f aa ; lgandfa a; 1g, thusalsoin C (a;1).
Again using (i) (consideringC (a;1) instead of A), we obtaina ' 2 C (a;1).

Exer cise 1.4.4 Show the uniquenesf the decompsition a = h; + ih,, h;., self-adjoirt.
Wehavea = h; ihy, henceh; = Z(a+a)andh,= z(a a).

Exer cise 1.4.5 Let' : A! B bea morphismof unital C -algebras.

() Show that sp(* (a)) sp(@) for all a2 A, and that there is equality if * is injective.

(i) Show that k' (a)k 5 kak, equality if ' is injective.

Let' benot necessarilyinjective. If a 1, isinvertible,then’ (a 1a)="'(a) 1
is invertible (with inverse' ((a  1a) 1)). This shavsCnsp(a) Cnsp(' (a)). Thuswe
alsohave r(' (a @)) 5 r(a a), which givesk' (a)k? = k' (aak=r('(aa)) 5 r(aa) =
ka ak = kak?.

Let' beinjective,andleta 2 A. With the isomorphismsC(sp(a a)) ! C (a a;1)and
C(sp(" (a@))! C (' (aa);l),' givesriseunderto aninjective C -homomorphism' , :
C(sp(aa)! C(sp(' (a @)). Oneshavsasin [D-J77, Proof of 1.8.1]that ' , correspnds
to a surjective cortinuousmap , : sp(' (aa)) ! sp(aa). Now, the pull-back of any
surjective cortinuousmap is isometric: If Y ! X is a surjective map of sets,and if f :
X ! Cisafunction sud that sup,y jf (x)j exists,thensup,,x jf (X)j = sup,,y jf ( (Y))]-
In our situation, ead ' , is isometric, which, usingthe above isomorphisms just amourts
to saying that ' is isometric. This provesboth desiredequalities.

Exer cise 1.4.6 If AisaC -algebra,and X is alocally compactHausdor spacethen let
Co(X; A) denotethe setof all cortinuousmapsf : X I A sud that kf k := sup,,x kf (X)k
existsandf vanishesat innit y, i.e.,8 > 09 compactK X :kf (x)k< forx 2 X nK.
On C(X;A), introduceoperations of a -algebrapointwise. Shawv that Cy(X;A) isaC -
algebra.

The algebraic properties, the triangle inequalities and the C property are easyto
verify. The proof of completenesgconvergenceof Caudy sequences)s standard (e.g.,
[D-J73, 7.1.3]or [RS72, Theorem 1.23]). The ideais to shown that the limit given by
pointwise Caudy sequencess indeedan elemen of Co(X; A). The only thing not proven
in the above referencess vanishing at in nit y of the limit. This can be concludedfrom
the following statemen: Let f 2 C(X;A), g 2 Co(X;A), kf gk < =2. Then there
isacompactK X sud that kf (x)k < for x 2 X nK. Indeed, sinceg 2 Co(X;A),
there is a compact K X sud that kg(x)k < =2 for x 2 X nK. Then kf (x)k
kf (x) o(X)k+ kg(x)k< =2+ =2= forx2 X nK.

Exer cise 1.4.7. Let A beaunital C -algebra,x 2 M,(A). Shawv that x comnutes with
10

00 i x = diag(a;b) for somea;b2 A. Then a;bare unitary i X is unitary.

Exer cise 1.4.8 Prove the inequalities (1.3.22).
Let all) be the elemen of M,(A) which has a; at the intersection_‘of the i-th row
with the j-th column and zeroat all other places. Let us rst shov ka"k = ka; k. In



the identi cation M,(A) = A Mu(C) we have a) = & ¢, whereg; 2 M,(C) is
the ij -th matrix unit. Thus, for an injective -homomorphism' : A! B(H), we have
kalk = k' id(a®k = k' (a;) ek = k' (a; kke; k = ka; k. Here, we have made
use of the following facts: Every injective -homomorphismof C -algebrasis isometric
(Exercice5 (ii)), the norm of a tensor product of operators is the product of the norms
of the factors (seee.g. [M-GJ9O0, p. 187])Pand ke;j k =g (easyto ve{-_i,fy). This is enough

to prove the right inequality: k(a; )k=k ; a®k5 | kalk= ", kajk.
For the left inequality, we have
X
k(aj )k* = sup k' (a) & (K
2H Chik k=l «
sup k(@) 1) & ( kE (1.4.25)

= 1 23k 1k=k 2k=1 i

Now, choose , = &, & an elemen of the canonicalbasisof C". Then g; (&) = j«€,
and the above inequality can be cortinued:

X X
supk '(aw)( ) ek’®= sup K (a)( )k* maxk' (ai)k? = maxkayk*:
k k=1 : :

k k=1 i
= = (1.4.26)
(Note that k . ; ek?®= .k k%) Sincethis is true for all k, we have the desired
inequality.
Exer cise 1.4.9 Let A be a unital C -algebra,and let a2 M,(A) be upper triangular,
i.e., 0 1
dj;n A2 13 ... Qi
0 ay ax ::: ay
a=B 0 0 as i as (¢ (1.4.27)
0O O O ::: amnm

Shawv that a has an inversein the subalgebraof upper triangular elemens of M, (A) i
all diagonalelemetts ay, are invertible in A.

canwrite a= ag+ N = ao(1+ aolN) wherein our concretecaseaolN is again nilp otert.
Sincefor nilpotet mwe have (1+ m) =1 m+ m? m®+ ::: mk for a certain
k 2 N, aisinvertible.

Conversely assumethat there exists an inverseb of a that is upper triangular. Then

Note that there are invertible upper triangular matrices, whosediagonal elemetts are
not invertible, and whoseinverseis not upper triangular. Example: Let s bethe unilateral

shift, satisfyings s = 1. Neithers nor s isinvertible. Newverthelessthe matrix (S) Sl
hasthe inverse 1

1 ss s
Exer cise 1.4.1Q Let A beaC -algebra,a;b2 A. Shaw that g 8 = maxfk ak; kikg.



Chapter 2

Pro jections and Unitaries

2.1 Homotop y for unitaries

Denition  2.1.1. Let X be a topological space. Then x;y 2 X are homotopicin X,
X nYyin X, if there existsa continuousmapf :[0;1]! X with f(0) = x andf (1) = v.

The relation 4 is an equivalencerelation on X (exercise).f :t 7! f (t) = f, asabove
is called cortinuous path from x to y. In a vector space,any two elemeits are homotopic:
Takethe patht 7! (1 t)x + ty.

De nition 2.1.2. Let A bea unital C -algebr, and let U(A) denotethe group of unitary
elementsof A. Then Uy(A) := fu2 U(A) ju 4 1a in U(A)g (connected component of
1, in U(A)).

Remark 2.1.3 If uguva;ve 2 U(A) with ui vy, ] = 1,2, then ugu, ViVe.
Indeed, if t 7! w; (t) are cortinuous paths connectingu; with v;, thent 7! wy(t)w,(t) is a
cortinuous path connectingu,u, with vyv, (everything in U(A)). 3

Lemma 2.1.4. Let A be a unital C -algeba.
() If h 2 A is self-adjoint, then exp(ih) 2 Uy(A).
(i) If u2 U(A) andsp(u) 6 T, thenu 2 Uy(A).
(i) If u;v2 U(A) andku vk< 2, thenu 4 v.

Proof. (i) By the cortiuous functional calculus,if h = h andf isa cortinuousfunction
on R with valuesin T, then f (h) = f(h) = f 1(h), i.e., f (h) is unitary. In particular,
exp(ih) isunitary. Now fort 2 [0;1]de ne f : sp(h) ! T by f{(x) := exp(itx). Then, by
cortinuity of t 7! fy, the path t 7! f{(h) in U(A) is cortinuous, thus exp(ih) = f1(h)
fo(h) = 1.

(ii) If sp(u) & T, there exists 2 R sud that exp(i ) 2 sp(u). Note that ' (exp(it)) =t

de nes a cortinuous function ' on sp(u) with valuesin the openinterval] ; +2 [ R.

We have z = exp(i' (2)) for z 2 sp(u). Thenh =" (u) is a self-adjoirt elemen of A with

u= exp(ih), and by (i) u 2 Uy(A).

(i) Fromku vk < 2it followsthat kv u 1k = kv (u Vv)k < 2 (sincekv k= 1). Thus
22Zspivu 1), ie., 12spvu) Then, by (i), vu 4 1, henceu v (remark

beforethe lemma).
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Corollary 2.1.5. UM,(C) = UM,(C)), i.e., the unitary groupin M,(C) is connected.

Proof. Ead unitary in M,(C) has nite spectrum, thereforethe assumptionof (ii) of
Lemma2.1.4is satis ed.

Lemma 2.1.6. (Whitehead) Let A be a unital C -algeba, and u;v 2 U(A). Then

u 0 uv O vu O v 0 . )
0 v h 0 1 h 0 1 h 0 u In U(MZ(A) (211)
In particular,
u 0 10 .
0 U h gq M U(M,(A)): (2.1.2)
. 01 . _ .
Proof. First note that the spectrum of 10 isfl;, 1g (direct elememary com-
: N 01 10 .
putation). Thus by Lemma 2.1.4(ii) 10 oo 1 . Now write
uO0O _ uo 01 v 0 01
oOv 01 10 01 10 (2.1.3)
Then, by Remark 2.1.3,
uo 01 uo 10 _ uoO
01 10 M 01 01 -~ 01 ° (2.1.4)
analogously
v 0 01 v 0
01 10 " o1 (2.1.5)
u o uv O , 10 v O
thus 0 v h 0 1 . In particular, 0 v oo 1 , thus
u0 _ 10 uo v O u 0 _ wvuO
Ov ~ 0v 01 " 01 01 - o1 @ (@18

Prop osition 2.1.7. Let A be a unital C -algeba.
(i) Uo(A) is a normal sulgroup of U(A).
(i) Uo(A) is open and closal relative to U(A).
(i) u2 Uy(A) i there are nitely many self-adjoint hq;:::;h, 2 A suchthat

u=exp(ihy) exp(ihy): (2.1.7)



Proof. (i): First note that Uy(A) is closedunder multiplication by Remark 2.1.3. In
orderto show that with u 2 Up(A) alsou 12 Uy(A) andvuv 2 Uy(A) (for any v 2 U(A)),
let t 7! w; be a cortinuous path from 1 to u in U(A). Thent 7! w, * andt 7! vw,v are
cortinuous paths from 1 to u ! and vuv in U(A).

(i) and (iii): Let G := fexp(ihy) exp(ihp,)jn2 N; hy=h, 2 Ag. By (i) and Lemma
2.1.4,(), G Uy(A). Sinceexp(ih) = exp( ih), for h= h , G is a subgroupof Uy(A).
G is open relative to U(A): If v2 G andu 2 U(A) with ku vk < 2, then k1
uv k = k(u Vv)k < 2, and by Lemma 2.1.4 (iii) and its proof, sp(uv ) 6 T, and, by
the proof of Lemma 2.1.4 (ii), there existsh = h 2 A sud that uv = exp(ih). Thus

u= exp(ih)v2 G.

G is closedrelative to U(A): U(A) nG is a disjoint union of cosetsGu, with u 2 U(A).
Ead Gu is homeomorphicto G, therefore Gu is open relative to U(A). Thus G is closed
in U(A).

By the above, G is a nonempty subsetof Uy(A), it is open and closedin U(A), con-
sequetly alsoin Ug(A). The latter is connected,henceG = Uy(A). This proves(ii) and

(i)

Lemma 2.1.8. Let A and B be unital C -algebms, andlet’ : A! B be a surjective
(thus unital) -homorphism.

() " (Uo(A)) = Uy(B).
(i) 8u2 U(B)9v 2 Uy(M,(A)):

0
) (2.1.8)

, _ . u
Z(V) - 0

with ' 5, : M,(A) ! M,(B) the extensionof ' .

(i) If u2 U(B) andthereisv2 U(A) withu ' (v), thenu2' (U(A)).

Proof. Any unital -homomorphismis cortinuousand maps unitaries into unitaries,
hence' (Uy(A)) Uy(B). Conversely if u 2 Uy(B), then by Proposition 2.1.7 (iii) there
are self-adjoirt h; 2 B sud that

u=exp(ihy) exp(ihy): (2.1.9)
By surjectivity of ' , therearea 2 A with ' (g;) = h;. Thenk; := aj+2aj are self-adjoirt
and satisfy ' (kj) = h;. Put
v = exp(iky)  exp(ikp): (2.1.10)
Then' (v) = uandv 2 Uy(A) by Proposition 2.1.7 (iii). This proves(i).
(i): By Lemma 2.1.4 we have 3 l? 2 Uy(M2(A)). On the other hand, ' ; :

M,(A) ! My(B) is a surjective -homomorphism,so (i) provesthe desiredclaim.
@iii): fu " (v),thenu (v)2 Uy(B), and, by (i), u" (v) =" (w) with w2 Uy(A).
Henceu = ' (wv), with wv 2 U(A).



De nition 2.1.9. Let A be a unital C -algeba. The group of invertible elementsin A is
denotal by GL(A). GLo(A) :=fa2 GL(A) ja  1in GL(A)g.

U(A) is a subgroupof GL(A).
If a2 A, thenthereis awell-de ned elemen jaj = (a a)%, by the continuousfunctional
calculus. jaj is called absolutevalue of a.

Prop osition 2.1.10. Let A be a unital C -algeba.
(i) If a2 GL(A), thenalsojaj 2 GL(A), andajaj 12 U(A).

(i) Let! :GL(A)! U(A) bedenedby! (a) = ajaj 1. Then! is continuous,! (u) = u
foru2 U(A), and! (a)  ain GL(A) for everya2 GL(A).

(i) If u;v2 U(A) andif u ,vin GL(A), thenu v in U(A).

Proof. (i): If a2 GL(A) thenalsoa ;a a2 GL(A). Hencealsojaj = (a a)% 2 GL(A),
with jaj 1 = ((a d) 1)2. Then ajaj ! is invertible and unitary: jaj ! is self-adjoirt and
jaj 'a ajaj '=jaj 'jaj%aj '= 1.

(i): Multiplication in a C -algebrais cortinuous, as well asthe mapa 7! a ! in
GL(A). (see[M-GJ90, Theorem1.2.3]) Thereforeto show cortinuity of ! , it is su cient
to shav that a 7! jaj is cortinuous. The latter is the composition of a 7! a a and
h 7! h? (for h 2 A*). The rst of these maps is cortinuous by cortinuity of and
the multiplication. Now it is su cient to showv the cortinuity of the squareroot on any
bounded A* .This follows from Lemma1.2.3,becauseeat sudr iscortainedin g,
with K = [O;R], R = sup,, khk.

For u 2 U(A) we have juj = 1, hence! (u) = u.

Fora 2 GL(A), put & = ! (a)(tjag + (1 t)1la), t 2 [0;1]. This is a cortinuous
path from ! (a) = ag to a = a;. It remainsto showv that a, 2 GL(A), t 2 [0;1].
Since jaj is positive and invertible, there is  2]0; 1] with jaj 1». Then, for ead
t2[0;1],tjaj + (1 t)1a 1,. (Properties of positive operators, usethe isomorphism
C(sp(aa)! C (aa;l).) Hencetjaj+ (1 t)1a andconsequetly a; are invertible.

(i) If t 7! a is a continuous path in GL(A) from u to v (unitaries), thent 7! ! (&)
is such a path in U(A).

Remark 2.1.11 (ii) of the above proposition says that U(A) is a retract of GL(A).
' :GL(A)! U(A) isthe correspnding retraction. (A subspaceX of atopologicalspace
Y is calledretract of Y if thereis a cortinuousr : Y ! X with x ,r(xX)inY 8 2Y

andr(x) = x8x 2 X.) 3
Remark 2.1.12 (ii) also says that a = ! (a)jaj, with unitary ! (a), for invertible a.
This is called the (unitary) polar decompsition of a. For any a 2 A, there is a polar
decommsition a = vjaj, with a unique partial isometry v. 3

Prop osition 2.1.13. Let A be a unital C -algeba. Leta 2 GL(A), andlet b2 A with
ka bk< ka 'k 1. Thenb2 GL(A),

kb 'k ¥ ka 'k ' ka bk; (2.1.11)

anda 1 bin GL(A).



Proof. We have
ki a 'bk=ka (a bk5 ka 'kka bk< 1; (2.1.12)

us (a b ! = P +,(1 a ' is absolutely corvergent with norm k(a 'b) 'k 5

Lokl albkk=(1 ki a 'tk) '. Thusb2 GL(A) with inverseb = (a b 'a I,
andkb 'k ' k(a b 'k ka 'k ' (1 k1 a lbkka 'k ! ka 'k ! ka bk:For
the last claim, put ¢ = (1 t)a+ tbfort2 [0;1]. Thenka c¢k=tka bk< ka 'k I,
therefeorec, 2 GL(A) by the rst part of the proof.

2.2 Equiv alence of pro jections

De nition 2.2.1. The setof projectionsin a C -algeba A is denotal by P(A). A partial
isometryis av 2 A suchthatv v 2 P(A). If v is a partial isometry, thenvv is alsoa
projection (exercise). v v is called the support projection, vv the range projection of v.

If v is a partial isometry, put p= v vandqg= vv . then
V=QV=Vp= qup: (2.2.13)
(exercise).
Lemma 2.2.2. The following are equivalene relations on P (A):

p qi thereexistsv 2 A with p= v vandqg= vv (Murray-von Neumann
equivalence,

p uqi thereexistsu2 U(A) with g= upu (unitary equivalencg.

Proof. Transitivity of Murray-von Neumann: Let p qgandq r, and let v;w be
partial isometriessud that p= vv,q=vw = ww, r = ww. Putz= wv. Then
ZZ=VWW=VQU=VV=pP2ZZ =WWW =wWgw =ww =r,ie,p r. The
other claims are chedked easily

Prop osition 2.2.3. Let p;gP(A), A unital. The following are equivalent:
(i) 9u2 U(A):q= upu,
(i) 9u2 U(A):qg= upu,

(i) p gandly p 1» ¢
Proof. Letf =1, 1h=( 1a;1). ThenA= A+ Cf andfa= af = 08a2 A.
(i) =) (i): Let g= zpz for somez 2 U(A). Thenz=u+ f for someu 2 A and
2 C. It is straightforward to shav u 2 U(A) and g= upu .
(i) =) (ii): Letg= upu foru?2 U(A). Putv=upandw= u(la p). Then
VV=Dp, W =g ww=1, p; ww =1y (2.2.14)
(@ii) =) (i): Assumethat there are partial isometriesv; w satisfying (2.2.14). Then
(2.2.13)givesby direct calculationz := v+w+f 2 U(A), andthat zpz = vpv = vw = q.

Note that onecould prove (iii) =) (i) usingthe unitary u= v+ w 2 U(A).



Lemma 2.2.4. Let A bea C -algeba, p2 P(A), anda=a 2 A. Put = kp ak.
Then
sp@ [ I[ [ ;1+ [ (2.2.15)

Proof. We know sp(a) 2 R and sp(p) 2 f0;1g. It suces to show that fort 2 R the
assumptiondist(t; f0;1g) > impliest Z sp(a). Sud at is not in sp(p), i.e.,p tlis
invertible in A, and

k(p t1) *k=max( tj Lj1 tjH=d ™ (2.2.16)
(considerp tl1 asan elemenm of C(sp(p)) C2.) Consequetly,
k(p t1) ¥a t1) 1k=k(p t1) a pk5d?! <1 (2.2.17)

Thus(p t1) (a tl)isinvertible, hencealsoa tl isinvertible, i.e.,t 2 sp(a).

Prop osition 2.2.5. If p;q2 P(A), kp dk< 1, thenp 4 q.
Proof. Puta;, = (1 t)p+tq,t2[0;1]. Thena = a,,t 7! & is cortinuous, and
min(ka, pk;ka; 0k) 5 kp ok=2< 1=2 (2.2.18)

Thusby Lemma2.24spla)) K :=[ ;][ [1 ;1+ ],with =kp ok=2< 1=2,
i.e., & 2  in the notation of Lemma 1.2.3. Thenf : K ! C, de ned to be zeroon
[ ; ]Jandoneon[l ;1+ ], iscortinuous,andf (a) is a projection for eadt 2 [0;1]
becausef = f?2=f. By Lemmal.2.3,t 7! f (a) is cortinuous,and p= f (p) = f (ay) »

f(a) =f(@=q

Prop osition 2.2.6. Let A ke a unital C -algeba, a;b2 A selfadjoint. Supmseb= zaz !
for someinvertible z 2 A. Then b= uau , where u 2 U(A) is the unitary in the polar
decomposition z = ujzj of z (see Remark 2.1.12).

Proof. b= zaz ! isthe sameasbz= za, and alsoz b= az . Hence
jzi’a= z za= z bz= az z = 8jzj%; (2.2.19)

a commutes with jzj2. Thus a comnutes with all elemens of C (1;jzj?), in particular
with jzj 1. Therefore,

uau = zjzj *au = zajzj 'u = bzzj 'u = buu = b: (2.2.20)

Prop osition 2.2.7. Let A be a C -algebm, p;q 2 P(A). Thenp 4 qin P(A) i
9u 2 Uy(A) : g= upu :

Proof. Assumeqg= upu for someu 2 Uy(A), and let t 7! u; be a cortinuouspath in
Uo(A) connecting1(=1,) and u. Thent 7! u;puy, is a cortinuous path of projections in
A (A isanideal in A).

Corversely if p 1 g, thentherearep = po;p1;:::;pn 2 P(A) sud that kg, paak<
1=2 (the setfp; j t 2 [0; 1]g is compactin the metric spaceP (A) and thustotally bounded,



cf. [D-J73, 3.16]). Thusit issu cien t to consideronly the casekp ok < 1=2. The elemen
z:=pg+ (1 p(1 0 2 Asatises

pz= pg= zq (2.2.21)

andkz 1k=kp(g p+(@1 p((1 g (@ p)k5 2kp gk< 1(considerZp 1 under
the isomorphismC(sp(p)) ! C (p;1)), thus z is invertible and z }, 1 by Proposition
2.1.13. If z = ujzj is the unitary polar decompsition of z (Remark 2.1.12), then from
formula (2.2.21) and Proposition 2.2.6 p = uqu . Eventually, it follows from Proposition
2.1.10(ii) that u 1z 4 1in GL(A), and from Proposition 2.1.10(iii)) that u 2 Uy(A).

Prop osition 2.2.8. Let A be a C -algebm, p;q2 P(A).
)P na=) P ua
(i) p va=) p a
Proof. (i): Immediate from Proposition 2.2.7.
(ii): If upu = qforu?2 U(A),thenv=up2 A,vv=p,andw =q.
Prop osition 2.2.9. Let A be a C -algebm, p;q2 P(A).
. _ p O qo .
(I) p q _) 00 u 00 In MZ(A)
.. _ p O qgo .
Proof. Letv2 A sudhthat p=v v, q= vv. Then (2.2.13)canbe usedto show that

_ v 1 q . _ g 1 ¢ )
us- 0 v ;ow= q q 2 U(M,y(A)): (2.2.22)
Since 0 0 0
p _ q - q )
WU gy uw =woo g0 W= g (2.2.23)
on the other hand
_ v+l ol p @@ qgv :
wu = 2 M(A); 2.2.24
ol P 1 q+a 2B (2.224)

() is proved. Note that I\')IZ(A) is consideredasa unital subalgebraof M,(A) via the map
ab . o (&) (50
cd ’ - (c0) (d; )

in M(A&), is indeedin M, (A).

(ii): The assumptionmeansq = upu for someu 2 U(A). By Lemma 2.1.6there is

1 . _u 0

0 1 with wg = 0 u . Put
e = wdiag(p;0)w,. Then e 2 P(M,(A)) (A is anideal in A), t 7! & is cortinuous,
& = diag(p;0), and e; = diag(q; 0).

, and that onehasto ched that wu, beinga priori

a homotopy t 7! w; in U(M,(A) connectingwg =



Remark 2.2.10 Propositions2.2.8and 2.2.9s& that the three equivalencerelations
v and | are equivalent if one passeso matrix algebras. Otherwise, the implications
P g=) p wvgandp Q=) P nQgdonothold:

Let A beaunital C -algebracortaining a non-unitary isometry s, i.e., s s= 16 ss.
Example: one-sidedshift. Then s s and ss are projections, and by de nition s s ss.
On the other hand, 1 ss=0 1 ss 6 0, becausefromv v = 0 followsv = 0
(C -property and thus alsovv = 0. By Proposition 2.2.3 (iii), s s and ss cannot be
unitarily equivalert.

Example of a unital C -algebra cortaining projections p;q with p , gandp
g: There exists a unital C -algebra B sud that M,(B) cortains u 2 U(M,(B) not

being homotopic in U(M,(B)) to any diag(v;1), v 2 U(B). Then p := é 8 u
u é 8 u in My(B), but p 1 g Indeed,if oneassumegp | q, then by Proposition

2.2.7thereisw 2 U(M,(B)) sudh that wgw = p. Hence(wu)p = p(wu), and (seeexercise
) wu = diag(a;b), with a;b2 U(B). From Lemma2.1.6and w 2 U(M,(B)) we obtain
u wu=diag(a;b) 1 diag(ab;l), cortradicting the original assumptionabout u. 3

2.3 Semigroups of pro jections

De nition 2.3.1. Let A bea C -algebga, n 2 N. Put P,(A) = P(M,(A)) andP; (A) =
1_ P,(A) (disjoint union).

Let My:n (A) bethe setof rectangularm n-matriceswith ertries from A. The adjoint
of sud a matrix is de ned combining the matrix adjoint with the adjoint in A.

De nition  2.3.2. Letp 2 P,(A), 92 Pn(A). Thenp oqi 9v 2 Mpn(A) i p=
V V= Vv.

o is an equivalencerelation on P; (A) and reducesfor m = n to the Murray-von
Neumannequivalenceon P (M (A)).

De nition  2.3.3. De ne a binary operation on P, (A) by

_ p 0 .
p Q= 0q (2.3.25)

If p2 P,(A), g2 Pnh(A),thenp g2 Phim(A).
Prop osition 2.3.4. Let A be a C -algeba, p;q;r;p® a2 P1 (A).
) 8n2N:p op 0, (0, the zem of M,(A)),
(i) ifp oplandqg ol thenp q op° o
(i) p g oq p
(iv) if p;gq2 P,(A), pg= 0, thenp+ g2 P,(A) andp+q op 0
M®PE o r=p (q r).



Proof. (i): Let min 2 N, p 2 Pn(A). Put u; = 8 2 Mumsnm(A). Then

p=uu; ouu;=p O,
i)y fp oplandg o’ then9v,w:p=vv; pP°=w; g=ww, o= ww : Put
U, = diag(v;w). Thenp g= U,Up oUsu,=p° of
(ii): Let p2 P,(A), g2 Pn(A), and put us := O”F;)m Oq , with O, the zero of
m;n

M. (A). Thenuz 2 Mp.m(A), andp Q= uguz oUsuz=q P.
(iv): If pg= Othen p+ qis a projection (exercise). Put u, = Fc)| 2 Monn(A). Then
P+ Q= Uus oUWuy=p Qq
(v): trivial.
De nition  2.3.5.

D(A) := Py (A)= o: (2.3.26)
[plo 2 D(A) denotesthe equivalene classof p2 P, (A).

Lemma 2.3.6. The formula
[plo + [do = [P db (2.3.27)

de nes a binary operation on D(A) makingit an akelian semigioup.

Proof. This is immediate from Proposition 2.3.4.

2.4 Examples and Exercises

Exer cise 2.4.1 Let' : A ! B be a surjective -homomorphismof C -algebras. If
' (@) = b, then ais calledlift of b.

(i) Any b2 B hasalift a2 A with kik = kak.

(i) Any selfadjoirt b hasa selfadjoirt lift a with kbk = kak.
(i) Any positive b hasa positive lift a with kbk = kak.

(iv) A normal elemen doesnot in generalhave a normal lift.
(v) A projection doesnot in generallift to a projection.

(vi) A unitary doesnot in generallift to a unitary.

(i) Foralift x of b, alsoag := *5 = a, isalift of b. Considerthe functionf : R! R
given by 8
< k t 5 kbk;
f(t)= t k bk5 t5 kbk; (2.4.28)
" kbk t  kbk:

Put a= f(ay). Thena=a,sp(a) = ff(t)jt2 splag)g [k bk;kbk] (by de nition of f),
andkak = r(a) 5 r(b = kbk. Also,aisalift ofb,' (a) ="' (f (ap)) = f (' (ag)) = f(b) = b,
becausef (t) = t for t 2 sp(b). Finally, ' is norm-decreasingas any -homomorphism),
thusalsokbk = k' (a)k 5 kak, hencekbk = kak.



() Forb2 B,y = S g is a self-adjoirt elemen of M,(B) with kyk = kbk
(kyk? = ky yk = Kk b(? bob k = maxfk bbk; kb bkg = kbk?, using Exercice 10 of
Chapter 1). By (ii), there is a self-adjoirt lit x = ' X12 of y with kxk = kyk.

X21 X22
a= Xgp isalift of b, and by (1.3.22) kak 5 kxk = kyk = kbk. But alsokbk 5 kak, thus
kak = kbk.

(i) For alift x of b alsoay := (x x)¥2 Oisalift: ' (a) = (" (x )" (x))*¥?
(bb)¥ = b Put a= f(ay), with f from (2.4.28). Then ais normal, ' (a) = b (' (a)
"(f(ap) = (" (a)) = f(b)=b), sp(@ [0;kbk]. Thus,a 0, kak = kbk.

(iv) Let s be the unilateral shift. Thenss= 1,ss ss = pr, is compact. Let

: B(H) ! Q(H) = B(H)=K (Calkin-Algebra). Then (s) is normal ( (pro,) = 0),
howewer, (s) hasno lift to a normal operator: There is no normal operator N sud that
s N is compact.

(v) Let A= C([0;1]),B=C C,'(f)=(f(0);f(1)). Theng= (0;1)2 P(C C).
Howe\er, there are no nortrivial projectionsin C([0;1]) (' (p) = g would mean p(0) =
1; p(1) = 0).

Exer cise 2.4.2 Let A beoa unital C -algebra,

1 a, a3 i1 @&
0 1 ay ::: aon
a= Do s : EZMn(A)Z
0O 0 O ::: ay 1n
O 0 0 :: 1

Shav: a2 GL,(A), a  1in GL,(A).

The rst claim is immediate from Exercice9 of Chapter 1. For the secondclaim, write
a= 1+ ay. Thena = 1+ tay is a curve connectinga and 1in GL,(A) (again by Exercice
9 of Chapter 1).

Exer cise 2.4.3 Let A bea C -algebra,p;q2 P(A). Write p? qif pg= 0. The following
are equivalent:

(i) p?q,
(i) p+ a2 P(A),
(i) p+ g5 1.
(i) =) (i): p+ qisself-adjoirt, and (p+ )= p’+ pg+ gp+ ¢* = p+ q.
(i) =) (i) 1 (p+a=1 (p+a (PE++(P+a*=@1 (p+q)>
@) =) (i) Usethe generalimplicaton a5 b =) (cac5 cbc; 8c2 A) to

concludep+ q5 1 =) p(p+ Qp5 p>’=p =) p+pP5p =) pepb5 0. Onthe
other hand, pgp= pogp 0, thus pagp = pgp = 0, which is equivalert to pg= gp= 0.

(i) p?p, foralliéj,
@ii) pr+:::+pn 2 P(A),
@iy pr+:::+p, 5 1.



Chapter 3

The Ko-Group for Unital
C -Algebras

3.1 The Grothendiec k Construction

Lemma 3.1.1. Let (S;+) be an alelian semigoup. Then the binary relation onS S
de ned by
(X1;y1)  (X23¥2), 922 S:iXg+ Y2+ Z=Xp+y1+2Z (3.1.1)

is an equivalene relation.

Proof. The relation is clearly symmetric and re exive. Transitivity: Let (X1;Vy1)
(X2;¥2) and (X2;y2)  (X3;Y3), L€, X1+ Yo+ Z= Xo+ Y1+ Z; Xo+ Y3+ W= Xz+ Yy, + W for
somez;w 2 S. ThenX;+ys+ (Yo+ Z+ W) = Xp+ Yy, + Z+ Y3+ W= Xz+ Y1+ (Yot 2+ W);
e, (X y1) (X3 Ya)

Let G(S) := (S S)= ,and< x;y > denotethe classof (X; y).
Lemma 3.1.2. The operation
< X1Y1> < X Y2 >=< X+ X Y1t Y2 > (3.1.2)
is well-de ned and yields an alkelian group (G(S); +) . Inverse and zero are given by
<X y>=<y;x> 0=<x;Xx>: (3.1.3)

Proof. Straightforward.

The group (G(S); +) is calledthe Grothendieck group of S.
Fory 2 S, thereisamap :S! G(S); x 7!< x + y;y > (Grothendiek map). It is
independert of y and a homomorphismof abelian semigroups(additiv e).

De nition  3.1.3. An alelian semigioup (S;+) is said to havethe cancellationproperty
if fromx+ z=y+ zfollowsx =y (x;y;z29S).

Prop osition 3.1.4. Let (S;+) be an alelian semigoup.

(i) If H is an atelian group,’ : S! H additive, then there is a unique group homor-
phism :G(S)! H suchthat' = (universal property).

27



@) If' :S! T is ahomomorphism(additive map) of akelian semigioups, then there
is a uniguegroup homomorphismG(* ) : G(S) ! G(T) suchthat + ' = G(') ¢
(functoriality).

(i) G(S)=1 s(x) s(Vixy2Sg
(iv) Forx;y2 S, g(X)= s(y)i 9z2 Ssuchthatx+ z=y+ z.

(v) Let(H;+) beanaleliangroup,; 6 S H. If Sis closel underaddition, then (S;+)
is an akelian semigioup with the cancellation property, and G(S) is isomorphic to
the sulgroup Hy geneated by S, with Ho = fx yj x;y 2 Sg.

(vi) Themap ¢:S! G(S) isinjectivei S hasthe cancellation property.

Proof. (iii): For< x;y>2 G(S) wehave< X;y >=< X;y > + < X+y;Xx+y>=< x+
X+Y;y+X+y>=< X+y;y> + < X;X+y>=< X+y;y> < xX+y;x>= 4(x) g(y).
(iv): If x+ z = y+ z, then by additivity of ¢ s(X)+ <(2) = s(y)+ s(2), hence,
since G(S) is a group, s(x) = g(y). Conversely let <(x) = <(y), in particular
< Xty)y>=< y+x;x>,ie, W2 S:(Xx+y)+x+w=(y+x)+y+ w. Thus
X+z=y+2z withz=x+y+ w.

(v): immediate from (iv).
(i): If exists,it hasto satisfy (< x;y>)="(x) ' (y), in orderto have s=".
Then additivity of follows from additivity of ' , and uniquenessfollows from (iii). To
seethat exists,assume< Xi;y; >=< Xp;¥»>,1.6.,922 S X1+ Y, + 2= X, + y; + Z.
Then' (X)) + " (Y2)+ ' (2) ="' (X)) + ' (y1) + ' (2) in H, by addivity of ' . SinceH is
a group, we have ' (x1) "' (y1) = ' (X2) ' (Y2), which shavsthat is well-de ned by
(<xy>)="(x) " ().
(i): + " :S! G(T) is an additive map into the group G(T), thus by (i) thereis a
unique group homomorphismG(' ) : G(S)! G(T) suchthat + ' =G(') .
(vi): Any non-empty subsetof an abelian groupthat is closedunder addition is an abelian
semigroupwith cancellationproperty. The inclusion :S! H is additive and givesby
(i) riseto a group homomorphism :G(S)! H sud that s= e, (s(x))=x
for x 2 S. By (iii), (G(S)) =fx yjx;y2 Sg= Ho. If ( g(x) s(y)) = 0, then
X =yandso ¢(x) s(y) = 0,i.e., isinjective.

Examples:

(N;+) is an abelian semigroup with cancellation property, whose Grothendiedk
group is isomorphicto (Z;+).

Let (N[ flg ;+) bethe abelian semigroupwhoseaddition is de ned by the usual
additionin Nandbyx+1 =1 =1 +1 . Then(NJ[ flg ;+) doesnot have the
cancellation property, and the correspnding Grothendiek group is f0g. Indeed,
fromx+1 =1 + 1 it doesnot follow that x = 1 ,and< x;y >=< x;x > for
any X;y 2 N[ flg , becausex+ x+1 =y+x+1 =1 8x;y2 N[ flg .



3.2 Denition of the Kg-group of a unital C -algebra

De nition  3.2.1. Let A be a unital C -algeba. The Ky(A) group is de ned as the
Grothendieck group of the semigioup D(A):

Ko(A) € G(D(A)):

We alsodene amap[]o:Pi (A)! Ko(A) by [plo = ba)([plo) for p2 Py (A).

Remark 3.2.2 Formally, this de nition could be madefor non-unital C -algebrasaswell,
but it would not be appropriate, sincethe resulting K o-functor would not be half-exact.

3.2.1 Portrait of Ko | the unital case

We de ne a binary relation sonP; (A) asfollows: p sqi thereexistsanr 2 P; (A)
suithat p r oqg r. Therelation g is called stableequivalene and it is easyto
verify that it is indeedan equivalencerelation. Furthermore, the relation can be de ned
equivalertly asp sqi p 1, oq 1, forsomepositiveintegern. Indeed,ifp r oq r
forr 2 P,(A),thenp 1, op r (@n r) oq r (1, r) oq 1,.

Prop osition 3.2.3. Let A be a unital C -algeba. Then
() Ko(A)=flplo [dlo:p;q2 Pn(A); N2 Ng,

(i) [Plo+[clo=[p dlo for p;q2 Py (A), andif p and q are orthogonalthen [p]o + [c]o =
[p+ dlo,

(i) [Oalo= O,
(iv) if p;q2 Pa(A) andp 1 qin P,(A) then [plo = [do,
(V) [Plo=1[dloi p sqforp;q2 Py (A).

Proof. Straightforward. As an example,we only verify (v). If [p]lo = [glo then by part (iv)
of Proposition [3.1.4]thereisanr 2 P, (A) sud that [plp + [r]o = [dlo + [r]o. Hence
[P rlb=1[9 rlo. Thusp r oq r andconsequetty p <r. Converselyif p <q
then thereisr 2 P, (A) sudhthat p r oq r. Then[plo+ [rlo = [dlo + [r]o by part
(i) above and hence[p]o = [glo sinceKy(A) is a group. O

3.2.2 The univ ersal prop erty of Ky

Prop osition 3.2.4. Let A be a unital C -algebn, let G be an akelian group, and let
nu:P; (A)! G be a map satisfying the following conditions:

0 (p A= M+ (@,
(i) (0a) =0,

@ii) if p nqgin P,(A) then (p)= (0.



Then there existsa unigue homomorphismK o(A) ! G suchthat the diagram

P1 (A)

o \ (3.2.4)

Ko(A) e

is commutative.

Proof. At rst we obsene that if p;q2 P, (A) andp o qthen (p) = (). Indeed,let
p2 P(A), g2 Pi(A). Takkn maxfk;lgandputp®=p 0, cand®=q O, .
Wehavep® op 09 odandhencep® o Thusp® 0z n ® Oz in Pay(A) by
Proposition 2.2.9. Hence

M= P+@ k) 0= (° 0n)= (" 0xn)= (a);

as required. Consequetly, the map D(A) ! G, [plo 7! (p) is well-de ned. Clearly,
this map is additive. The rest follows from the univesal property of the Grothendied
construction (part (i) of Proposition 3.1.4). O

3.2.3 Functorialit y

Now we obsene that K is a covariant functor from the category of unital C -algebras
with (not necessarilyunital) -homomorphismsto the categoryof abelian groups.

Let' : A! B bea (not necessarilyunital) -homomorphismbetweenunital C -
algebras. For eat n it extendsto a -homomorphism' , : My(A) ! M,(B), and this
yieldsamap' : P; (A)! Py (B). Dene : Py (A)! KoB) by (P =1 (Plo-
Then satis es the conditions of Proposition 3.2.4. Thus, there is a homomorphsm
Ko(" ) : Ko(A) ! Ko(B) sudthat Ko(" )([plo) = [' (p)]o- That is, we have a comrutativ e
diagram

P (A) —= Py (B)

[lo [lo (3.2.5)
? ?
H K ! H
Ko(r) 22 K o(
Prop osition 3.2.5. Let' : A! B, :B ! C be -homomorphismsbetwesn unital

C -algebams. Then
() Ko(ida) = idkg(a),
(i) Ko(  ")=Ko( ) Ko().

Proof. By de nition, (i) and (ii) hold whenappliedto [p]o, p2 P1 (A). Then usepart (i)
of Proposition 3.2.3. O



3.2.4 Homotop y invariance

Let A; B be C -algebras.Two -homomorphisms; :A! B arehomotopic' | if
there exist -homomorphisms ;: A! B fort2 [0;1]sucdhthat' ="' ,' ;= ,andthe
map [0;1]3 t 7! ' {(a) 2 B is norm conthuousfor eah a 2 A.

C -algebrasA and B are homotopy equivalent if there exist -homomorphisms'
A! Band :B! A sud that " ,iday and’ h Idg. In sud a casewe write

Al B! A.
Prop osition 3.2.6. Let A; B be unital C -algebas.

@ If;, Al B are homotopic -homomorphismsthen Ko(' ) = Ko( ).

(i) If A is homotopyequivalentvia A I B! A then Ko(") : Ko(A) I Ko( ) is an
isomorphismwith Ko(' ) = Kg( ).

Proof. Part (i) follows from Proposition 3.2.3. Part (ii) follows from part (i) and functo-
riality of Ko (Proposition 3.2.5). O

3.3 Examples and Exercises

Example 3.3.1 Ko(C) = Z. Indeed,D(C) = (Z.;+) andthe Grothendiek group of Z.
is Z.

Example 3.3.2 If H isanin nite dimensionalHilb ert spacethen Ko(B(H)) = 0. Indeed,
if H is separablehen D(B(H)) = Z. [ f1g with the addition in Z, extendedby m+1 =
1+m=1+1 = 1. The Grothendiek group of this semigroupis 0. The non-separable
caseis handled similarly.

Exer cise 3.3.3 If X is a contractible compact, Hausdor spacethen Ko(C(X)) = Z.
Hint: recall that X is cortractible if there existsa point Xo 2 X and a cortinuous map

:[0;1] X ! X sudthat (0;x) = x and (1;xX) = Xo for all x 2 X, and use
Proposition 3.2.6and Example 3.3.1.

Example 3.3.4(Tra ces). Let A be aunital C -algebra. A boundedlinear functional

Al Cisatraeif (ab = (bg for all a;b2 A. Hence (p) = (q) if p;q are
Murray-von Neumann equivalernt projections. A trace is positive if (a) 0 for all
a 0.1t isatracial stateif it is positive of norm 1. P

A trace extendsto atrace , on M,(C) by n([a;]) = L, (a). Thus gives
riseto a function : P; (A)! C. By the universal property of K this yields a group
homomorphismKo( ) : Ko(A) ! C sud that Ko( )([plo) = (p). If is positive then
Ko( ) :Ko(A)! R andKy(plo) 2 R+ forp2 Py (A).

Exer cise 3.3.5 If n 2 Z, then Ko(M,(C)) = Z, and the classof a minimal projection is
a generator. In fact, let Tr be the standard matrix trace. Then Ko(Tr) : Ko(M,(C)) ! Z
is an isomorphism.

Exer cise 3.3.6 Let X bea connected,compactHausdor space.Shawv that there exists
a surjective homomorphism
dim: Ko(C(X)) ! Z



sudh that dim([p]o) = Tr(p(x)).

To this end, identify M,(C(X)) with C(X;M,(C)). For eah x 2 X the ewaluation
at x is a positive trace and hence,by Example 3.3.4 givesrise to a homomorphismfrom
Ko(C(X)) to R. If p2 P; (C(X)) then the function x 7! Tr(p(x)) 2 Z is cortinuous
and locally constant, henceconstart sinceX is connected. Finally, the homomorhismis
surjective sincedim([1]o) = 1.

Exer cise 3.3.7. Let X be a compactHausdor space.

(1) By generalizingExercise3.3.6, show that there exists a surjective group homomor-
phism
dim : Ko(C(X)) ! C(X;2Z)

sud that dim([p]o)(X) = Tr(p(x)).

(2) Givenp 2 P,(C(X)) and g2 P,(C(X)) shaw that dim([p]o) = dim([q]o) i for eath
X 2 X there exists vy 2 M., (C(X)) sud that v,v, = p(x) and vy, = q(x). Note that
in generalone cannot choosev, sothat the map x 7! vy be cortinuous.

(3) Show that if X is totally disconnected then the map dim is an isomorphism.

Recallthat a spaceis totally disconnectedf it hasa basisfor topology consistingof sets
which are simultaneously open and closed. To prove the claim it su cies (in view of part
(1)) to show that dim isinjective. To this endusepart (ii) andtotal disconnectednessf X
to nd apartition of X into openand closedsubsetsX = X[ X[ :::[ Xk andrectangular
matricesvy; Vp; 11 1; Vg over C(X) sudh that jjvivi  p(x)jj < Landjjviv; q(x)jj < 1 for
all x 2 X;. From this deducethat p ¢ g.

Exer cise 3.3.8 Let A be aunital C -algebraandlet :A! C bea boundedlinear
functional. Show that the following conditions are equivalert:

(i) (ab= (ba forall a;b2 A,
(i) (xx)= (xx)forallx2A,
(@ii) (uyu )= (y)forally2 A andall unitary u2 A.

(ii)) (i) Suppose(ii) holds. At rst considera 0andsetx = ujaj*2. Then (uau) =
(xx ) = (x x) = (a). Then usethe fact that ewery elemen of a C -algebracan be
written asa linear combination of four positive elemets.

(i) ) (i) Suppose(iii) holds. If b2 A and u is a unitary in A then (ub) = (u(buu ) =
(bu). Then usethe fact that every elemen of a unital C -algebramay be written asa
linear conbination of four untaries.

Example 3.3.9 Let bea counable discretegroup with in nite conjugacyclassegan
ICC group). Let : ! B('%()) beits left regular represetation. Let W () be the
closureof the linear spanof () in the strong operator topology (that is, in the topology
of pointwise corvergence). It can be shovn that there exists a unique tracial state on
W (), andthat this trace hasthe following properties:

(i) Two projections p;q are Murray-von Neumannequivalert in W () i (p) = (0.

(i) f (0 :p2P(W () g=[01]



Deducethat Ko(W () = (R;+). The conslusionof this exampleremainsvalid if W ()
is replacedby any factor von Neumannalgebraof type | | ;.

Example 3.3.10(Matrix stability of Kg). Let A beaunital C -algebraand let n
be a positive integer. Then
Ko(A) = Ko(Mn(A)):

More speci cally, the -homomorphism' : A ! M,(A), a 7! diag(a;0, 1) inducesan
isomorphismK(' ) : Ko(A) ! Ko(Mp(A)).

Indeed, we construct inverseto Kq(' ), asfollows. For ead k let | : M (M,(A)) !
Myn(A) bethe isomorphismwhich "erasesparertheses”.Dene :P; (My(A)) ! Ko(A)
by (p) = [ «(p)]o for p 2 Px(M,(A)). The universal property of Ky appliedto yields
a homomorphism : Ko(M,(A)) ! Kgo(A) sudh that  ([plo) = [ (p)lo.We claim that

= Ko(' ) 1. Tothis endit sucies to show that

) " kn( «(P) opin Py (My(A)) for p2 P (M (A)), and
() «( «(@) opin P(A) for p2 P (A).

Proof of (i). exercise.

Proof of (ii). Let e;;:::;&n be the standard basisin CX" and let u be a permutation
unitary sud that ue = €, 1«1 fori = 12;:::;k. Thenp op Opn 1x = U (" k(P)u
for all projections p in Py(A).

Exer cise 3.3.11 Two -homomorphisms’; : A ! B areorthogonalif ' (A) (B)
fOg. Shavthat if ' and areorthogonalthen' + isa -homomorphismandKy(' + )
Ko(" ) + Ko( ).

Exer cise 3.3.12(Cuntz algebras). Let H be a Hilbert space,let n be a positive

R
(i) 2, S5 = 1.

(1) Let u beaunitary in O,. Thereexistsauniqueunit preservinginjective -homomorphism
u:On! O, (ie. an endomorphismof O,) sud that (S;) B uS forj = 1;:::;n.
Moreover, if ' is an endomorphismof O, then' = ,withu= " ' (S)S;.

(2) Let be an endomorphismof O, sud that (x) = P ", Sixs; (the shift endomor-
phism). ThenKo( ) : Ko(On) ! Ko(Op) isthe multiplication by n, that isKo( )(g) = ng
for all g 2 Ko(O,). Hint: UseExercise3.3.11and the following fact. If v is an isometry
in aunital C -algebraA thenthemap :A! A, (x)= vxv isa -homomorphismand



Ko( ) = id. For the latter obsenethat  : M (A)! M(A) isgivenby (y) = VkYyVy,

(3) Let w beaunitary in O, sudhthat = .. Thenw 4 1in U(O,) andhence 4 id.
Consequetly, Ko( ) = idk,(0,). Hint: Note that w belongsto M = sparf S;§; S, S, 9,
and that M is a C -subalgebraof O, isomorphicto M,2(C).

(4) Combining (2) and (3) we get (n  1)Ko(O,) = 0. Thus, in particular, Kq(O,) = 0.
In fact, Cuntz shoved in [C-J81]that Ko(O,) = Z, s foralln=2;3;:::

Exer cise 3.3.13(Pr operl y infinite algebras). Let A be a unital C -algebra. A
is called properly in nite if there exist two projections e;f in A sud that ef = 0 and
1 e f. Forexample,Cuntz algebrasare properly in nite. For the reminder of this
exerciseassumeA is properly in nite.

(1) A cortains isometriesS;; S, whoserange projections are orthogonal.

(2) A cortains an in nite sequence t; g of isometrieswith mutually orthogonal ranges.
Hint: take S§S; fork = 0;1;2;:::

Thenv,v, = 1, andfor p2 P,(A) we havep ¢ vnpV,, With v,pv, a projection in A.
(4) Let p;q be projectionsin A. Set

Thenr is a projectionin A and [r]o = [plo [dlo-

Concludethat
Ko(A) = flplo:p2 P(A)Q:

Exer cise 3.3.14 If A is a separable,unital C -algebrathen Ky(A) is courtable.

Exer cise 3.3.15 Show that condition (iii) of Proposition 3.2.4may be replacedby any
of the following three conditions:

(1) 8n8p;q2 Pr(A) if p yathen (p)= (0,

(i) 8p;92 P1 (A)ifp oqthen (p)= (0,

(i) 8p;q2 P1 (A)if p sqthen (p)= (0.

Exer cise 3.3.16 Let A be a unital C -algebraand let a2 A be suc that a 0 and
jjiaj 5 1.

(1) Shaw that

is a projection in M,(A).
(2) Shaw that p diag(1;0) in M,(A). Hint: consider

Pz P13



(3) Let B be anotherunital C -algebraandlet’ : A! B beaunit preserving,surjective
-homomorphism. Let g be a projection in B. Shov that thereisa 0in A sud that
jaj 5 1and' (a) = g Then usethis ato de ne p asin (1) above and show that

1 — q O

Exer cise 3.3.17(Partial isometries). Shaw that for an elemem S of a C -algebra
the following conditions are equivaler:

(i) S S is a projection,

(i) SS is a projection,

(i) SSs=S.

() (i) Shovn (SSS S)(SSS S)=0.
An elemen S satisfying theseconditions is called partial isometry.

Exer cise 3.3.18 Let A be a unital C -algebra, a;b two elemens of A, and p;q two
projectionsin A. Show the following.

(i) abba 5 jjbj%aa .

(i) p5 qi pg=p.

(i) Sincejjbj? bb Othereis x 2 A sud that jjbj?2 bb = xx . Thus
jjbjaa abba = a(jjbj? bb)a = axx a = (ax)(ax) O

(i) f p5 gthenpp p=p(@ pp 0 andhencepgp p. But pop5 jigjp = p (by
part (i)). Thuspgp = p. Hence

(pd pP)(Pgd p) =(pd pP)ap P)=pP pP pPp+p=0
and consequetty pq p= 0.

Exer cise 3.3.19 Let A be a unital C -algebra. Then the exact sequence
oA f A1 Cc1oO

is split exact, with a splitting map :C ! A, andinducesa split exact sequence

0 1 KoA) 1Pk 1 ko) 1 O

with a splitting map Ko( ) : Ko(C) ! Ko(A).

Hint: Letf = 1, 1a, a projection suc that A= A Cf (direct sumof C -algebras).
Let bethe natural surjectionfrom A onto A andlet °:C! Abedenedby {t)= tf.
Then we have the following identities: ida = {, {=0, =idc,idy={ + ©° |
and the maps{ and © are orthogonal to one another (seeExercise3.3.11). The
claim follows from theseidertities and functoriality of K.



Example 3.3.20(Algebraic  definition of Kj). Let R be aunital ring. Recallthat
e2 R |sa%|dem|a)tent|f &=e Wedenel (R)=fe2R:e& =29, 1,(R)=1(M,(R)),
I, (R) = _, In(R). We de ne arelation 4 in I; (R) asfollows. If e 2 1,(R) and
f 214(R) then e of i thereexista2 Mpn(R) and b2 Mp.,(R) sud that e = ab
and f = ba If this is the casethen taking a® = abaand b = babwe may assumethat
a;b satisfy aba= a and bab= b (this we always assumein what follows). Claim:
is an equivalencerelation. For transitivity, let e of,f ¢ g beidempotents and let
c;d;x; y be matricessud that e= cd, f = dc, f = xy, g = yx. Then (cx)(yd) = e and
(yd)(cx) = g, and hencee ,g. SetV(R) = I; (R)= ,, anddenotethe classof e by [€]y .

De ne a binary operation onl; (R) by e f = diag(e;f). This operation is
well-de ned on equivalence classesof  and turns V(R) into an abelian semigroup.
De neKy(R) asthe Grothendiedk group of (V(R); ).

Now supposeA is a unital C -algebra. We show hat the two de nitions of Ky(A)
coincide. In fact, the two semigoupsD (A) and V (A) are isomorphic. The proof proceeds
in three steps.

(1) If e2 1, (A) ten there existsa p 2 P; (A) sud that e o p. Indeed,let e 2 M, (A),
andseth=1,+ (e e)(e e) . Thenhisinvertible and satiseseh= eee= he. Then
p= eeh !isaprojection. Sinceep= pandpe=¢e e ¢p.

2) If p;g2 P, (A) thenp oqgi p o0 Indeed,suppose(after diagonalling adding
zeros,if necessaryp;q2 M,(A) anda;b2 M,(A) aresuct that p= alh g= ba a= aba
(hencea = pag), b = bab(henceb = gbp. Then bb = (ba) b= (ab bb = pbh
It follows that b b belongsto the corner C -algebra pM,(A)p. Sincep = (ab) ab =
b (a a)b5 jjajj’b b the elemen b bis invertible in pM,(A)p. Setv = bpb b 2. We
have p = v v (straightforward calculation). In particular, v is a partial isometry. In fact,
b= vj is the polar decompmsition of bin M,(A). Hencebb = vb bv .

It now su ces to show that q= vv . First note that v = qv (directly follows from the
de nition of v). Thus

w =aqw g5 jivii’q= q= baab 5 jjajj*bb = jigjj’vb bv 5 jjajjjjhij*vv :

That is, vv and q are projections satisfyingvv 5 g 5 jjajj?jbj?vv . It follows that
wW = Q.

(3) ThemapD(A)! V(A) givenby [plp 7! [p]v is a semigroupisomorphism. (exercise)



Chapter 4

Ko-Group | the General Case

4.1 De nition of the Kg-Functor

De nition 4.1.1. Let A beanon-unital C -algebraand let A beits minimal unitization.
We have a split-exact sequence

o!/' Al A C! O
De ne Ko(A) = Ker (Ko( )), whereKg( ) : Ko(A) ! Ko(C) is the map induced by

Thus, by de nition, Ky(A) is a subgroup of Ko(A) and hencean abelian group. If
p2 P; (A) then [plo 2 Ko(A). But [plo 2 KerKo( ) and hence[plo 2 Ko(A). Thus, just
asin the unital case,we haveamap[]o: P1 (A)! Ky(A).

If A is unital then we can still form direct sum (of C -algebras)A = A C. Let
be the natural surjection from A onto C. As shavn in Exercise3.3.19,we have K((A) =
Ker (Ko( )). Thus, De nition 4.1.1works equally well in the caseof a unital C -algebra.

4.1.1 Functorialit y of Kg

Let' :A! B bea -homomorphism.Then the diagram

A -~ A - C

= (4.1.1)
? ? ?

B - B - C

commnutes. Functoriality of K, for unital C -algebrasyields a commnutativ e diagram

Ko(A) — Ko(A) — Ko(C)
Ko() = 4.1.2)
Ko(B) —= Ko(B) —= Ko(C

and there existsexactly onemap Ko(* ) : Ko(A) ! Ko(B) which completesthe diagram.
Note that we have Ko([plo) = [ (p)]o for p2 P (A).
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Prop osition 4.1.2. Let' : A! B, :B! Cbe -homomorphsmsetweenC -algebas.
Then

(i) Ko(ida) = idk(a),

(i) Ko( ")=Kol ) Ko().

Proof. Exercise| usefunctoriality of K for unital C -algebras. O
Moreover, it is immediate from the de nitions that K, of the zeroalgebrais 0 and K

of the zerohomomaorphismis the zero map.

4.1.2 Homotop y invariance of Kj
Prop osition 4.1.3. Let A; B be C -algebas.

@ If;, Al B are homotopic -homomorphismsthen Ko(' ) = Ko( ).

@) If A 1 B | Aisa homotopy then Ky(' ) and Ko( ) are isomorphismsand
inversesof one another.

Proof. (i) Since' and are homotopic so are they unital extensions'~ and ~ to A,
whenceK o('~) = Kgo( ™) by Proposition 3.2.6. Then Ko(* ) = Ko( ) beingthe restrictions
of thesemapsto Kq(A). Part (ii) followsfrom part (i) and functoriality of K. O

4.2 Further Prop erties

4.2.1 Portrait of Ky

Let A bea C -algebraand considerthe split-exact sequence
ot Af A1 CI O

with the splitting map : C! A. Dene the salar map s = Al A sothat
s(a+ tl) = tl1. Let sy : My(A) ! M,(A) be the natural extensionsof s. The image of
Sn isisomorphicto M, (C), and its elemelts are called salar matrices The scalarmap is
natural in the sensethat for any -homomorphism' : A! B the diagram

'~ (4.2.3)

comnutes.
Prop osition 4.2.1. Let A bea C -algebra.

(i) Ko(A) = fplo  [s(P)lo: p2 Py (A)Q.
(i) If p;q2 Py (A) then the following are equivalert:



@) [plo  [s(Plo=[dlo [s(D]o,
(b) therearek;l sutnthatp 1k oq 1 in Py (A),

(c) there are scalarprojectionsrq;rosudthat p r; og orposudthatp r; o
q Tro..
@) fp2 Py (A) and[plo [s(p))o= Othenthereismsudthatp 1, s(p) 1n.

(iv) If " :Al Bisa -homomorphismthen Ko(' )([plo [S(Po) = [<(P]o  [s((P)]o
for eah p2 P, (A).

Proof. (i) It isclearthat [plo [s(p)]o 2 Ker (Ko( )) = Ko(A). Cornversely let g2 Kq(A),
and let e;f be projectionsin M, (A) sud that g= [e]o [f ]o. Put

e 0 00
P= 01, ¢ @ 97 o1,

Wehave[plo [do= [elo+[1n flo [InJo=[€lo [flo= 9. Asq= s(g) andKo( )(g) = O,
we alsohave [s(p)lo  [dlo = [s(P)lo  [S(D]o = Ko(S)(9) = (Ko( ) Kol ))(9) = 0. Hence
g=[plo [s(Plo-

(i) (@) (c) If [plo [s(Plo = [dlo [s(d]o then [p s(d)]o = [a s(p)lo and hence
p s(q sg s(p)inPy (A). Thusthereisnsudhthatp s(9 1, oq s(p) 1.,
andit suces totaker; = s(g 1,andr,=s(p) 1,.

(c)) (b) If rqy;r, arescalarprojectionsin P, (A) ofrank k and|, respectively, thenr; ¢ 1¢
andr, ol. Thusp 1k oq 1.

(b)) (@ Wehavelp Lo [s(Pp L)lo = [Plo+ [klo [s(PMlo [Lklo = [Plo [s(P)lo
and likewise[g L]o [s(d 1)lo = [dlo [s(g)]o. Thusit suces to show that [p]o

[s(P)]o = [dlo [s(9))o wheneerp (g Soletp=vvandg= vv. Then s(v) is a
scalar rectangular matrix and s(p) = s(v) s(v), s(q) = s(v)s(v) . Thuss(p) o s(Q).

Consequetly [plo = [dlo and [s(p)]o = [S(D]o-
@ii) If [plo [s(p)]o= Othenp ss(p) andhencethereismsucthatp 1, s(p) 1n.

(iv) Ko(" )(Iplo [s(M]o) = Ko(S)([Plo [s(Mlo) = [~(MIo [~(s(P)]o = [<(P)o [s(~(P)]o-
O
4.2.2 (Half )exactness of K

In this sectionwe proof that the K, functor is half exact| a property of crucial impor-
tence. To this end, we rst proof the following technical lemma. Another lemmawe need
is given in Exercise4.4.5.

Lemma 4.2.2. Let :A! B bea -homomorphismbetweentwo C -algebras,and let
g2 Ker(Ko( )).

(i) Thereis n, a projection p2 P,(A), and a unitary u 2 M,(B) sud that
g=[plo [s(Plo and u~(pu = s((p):
(i) If is surjective then there is a projection p 2 P, (A) sud that

9= [plo I[s(P)lo and ~(p) = s(7(p)):



Proof. (i) By virtue of Proposition 4.2.1, there is a projection p; 2 Py (A) sud that
9= [piJo [s(pu)lo, andwehave[(pi)]o [S(7(P))lo = 0. Thus (p1) 1nm  s(7(p1) Im
for somem, againby Proposition 4.2.1. Put p, = p; 1,. Theng= [p]o [s(p2)]o and
(P2) = () 1m S(T(P2)) Im =s(7(p2)). Putn=2k+m)andp=p; Oum2
Pn(A). Clearly, [plo [s(p)lo = 9. By Proposition 2.2.9, there is a unitary u in M, (A)
sud that u ~(p)u = s(~(p)).

(i) By virtue of part (i), thereis n, a projection p; 2 P,(A), and a unitary u 2 M,(A)
sudh that g = [plo  [s(p)]o and u (p)u = s((p1)). By Lemma 2.1.8, there exists a
unitary v 2 M,,(A) sud that ~(v) = diag(u;u ). Put p= vdiag(p:;0n)Vv . Then

~(p) - u 0 ~(pl) 0 u 0 - S( ~(pl)) 0
O u 0O O 0O u 0 0
is a scalarmatrix. Thuss(~7(p)) = ~(p). Finally, g= [plo [s(p)]o Sincep ¢ ps1. O

Theorem 4.2.3. A short exact sequenceof C -algebras

0! J ! A1l B 1O (4.2.4)
inducesan exact sequence

Ko(3) 1 Ko(a) 1

Ko(B):
If the sequencd4.2.4) splits with a splitting map :B ! A, then there is a split-exact
sequence

0 ! Ko@) ™ KyA)

with a splitting map Ko( ) : Ko(B) ! Ko(A).

“f I KkoB) 1 0 (4.2.5)

Proof. Sincethe sequencg4.2.4) is exact, functoriality of Kq yields Ko( ) Ko(') =
Ko( ') = Ko(0) = 0. Thus the imageof Ky(' ) is cortained in the kernel of Ko( ).
Conversely let g 2 Ker (Ko( )). Then there is a projection p in P, (A) sudt that g =
[Plo  [s(P)]o and ~(p) = s((p)) by part (ii) of Lemma4.2.2. By part (ii) of Exercise
4.4.5, there is an elemenm e in M (J) sud that '~<(€) = p. Since'~ is injective (by
part (i) of Exercise4.4.5), e must be a projection. Henceg = [~(€)]o [s('(€))]o =
Ko(" )([€lo [s(€)]o) belongsto the imageof Ko(" ).

Now supposethe sequencg4.2.4) is split-exact. The sequencd4.2.5) is exact at K(A)
by part (i) above. Functoriality of K yields idk,g) = Ko(idg) = Ko( ) Ko( ) and
hencethe sequencas exactat Ky(B). It remainsto showv that Kq(' ) is injective. Let g 2
Ker (Ko(' )). By part (i) of Lemma4.2.2thereis n, a projection p 2 P,(J), and a unitary
u2 Mn(A) sud that g = [plo  [s(P)]o and u~(p)u = s('«(p)). Putv= (T 7)(u)u, a
unitary in M,(A) sud that ~(v) = 1,. By Exercise4.4.5,thereis anelemeth w 2 M, (J)
sudh that '<(w) = v. Since'~ is injective w must be unitary. We have

~wpw ) = v~«(p)v = (T Y(u)sC~EN(T YW = (T Y(u s(p)u)
= I(AP) = s(+p) = ~(s(p)):

Since'~ is injective, we concludethat wpw = s(p). Thusp  s(p) in M,(J) and hence
g= 0. U



4.3 Inductiv e Limits. Contin uity and Stabilit y of Ky

4.3.1 Increasing limits of C -algebras

S
Let f AigL, be asequenceof C -algebrassuc that A;  Aj.;. ThenA; = ilzl A, isa
normed -algebrasatisfyingall the axiomsof a C -algebraexceptperhapsof completeness.
Let A be the completionof A; . Then A is a C -algebra, called the increasing limit of
An-

4.3.2 Direct limits of -algebras

Let A; be an in nite sequenceof -algebras. Supposethat for ead pair j 5 i thereis

givena -homomorphism j : A; ! A, andthat the follgﬁving coherencesondition holds:
i = ik ki Wheneerj 5 k5 i,and ; = id. Let PAi be the product -algﬁbra,

with coordinate-wiseoperations inherited from A;'s. Let ; A; be the -ideal(sf A

Ejmsistigg of sequencesvhoseall but nitely many terms are O, and let : ~; A; !
i Ai= , A; bethe canonicalsurjection. Set

|
v !
A, = f(a) 2 Ai 1981 ig) a= j,(a,)9 : (4.3.6)
i
A is called direct limit of the directed systemfA;; ;g and denotedlimfAi; i 0. By
de nition, %1 is a -algebra,and there exist canonicalmorphisms | “A; ! A, sud

that A; = , i(A;)) andforallj 5 i the following diagram comnutes:
ij N (4.3.7)
?
A
Indeed,for x 2 A; dene (x) = ((&)), wherea; = 0ifi<j anda = j(x)ifi j.
The direct limit A; = IimfAi; i 9 has the following universal property. If B is a

-algebraand for ead i thereis a -homomorphism ; :A;! B sud that ; i =
for every j 5 i, then there existsa unique -homomorphism :A; ! B sud that the
diagram

ij (4.3.8)
? N [?
Al—— B

comnutes.
Everything from this section may be generalizedto the caseof directed systemsof
-algebrasover directed setsrather than merely sequencesFurthermore, the samecon-
struction works for abelian groups (or even monoids) and their homomorphismsrather
than -algebrasand -homomorphisms.



4.3.3 C -algebraic inductiv e limits

Now supg)sethat eath A; is a C -algebrarater than just a algebra. By de nition, the
product QAi consistsof sequencegai) for which jj(&)jj = supfj ajjg is nite. With
this norm ~; A; isa C -alebra. Let | A; beth& closureathe i(a,eal of sequencesvhose
all but nitely many terms are 0, and let : ~; A; ! Ai= ; Aj be the canonical
surjection. We de ne

|

Y
IimfAi; ij 9= the closureof f(g) 2 Ai:9ig8i:i1 ig) a= ji,(&a,)9
' i
(4.3.9)
This de nition is correctsince -homomorphismdetweenC -algebrasarenorm-decreasing.
As before,there exist -homomorphisms ; : A; ! A; satis ng (4.3.7), and the universal
property (4.3.8) holds.

4.3.4 Continuity of Kg

Theorem 4.3.1. Let fA;; ;g be an inductive sequene of C -algebms and let A =
IimfAi; i 0. Then fKo(Ai);Ko( j)gis a direct seguene of atelian groupsand

Ko(A) = Ko(limfAi; ) = imfKo(Ai);Ko( i)g:

Proof. W denoteby  : Ai ! A = limA; the canonical maps. Functoriality of Kq
implies that fKo(A;); Ko( )0 is a direct sequenceof abelian groups. Let ' ; : Ko(A;) !

lim Ko(A;) be the canonicalmaps. Sincefor j 5 i wehave Ko( ;) = Ko( i) Ko( i) by
functoriality of K, the universal property of lim K(A;) yields a unigue homomorphism

' limKo(A) ! Ko(A)suhthat' ;="' ' forallj 5 i.
Ko(A)) i lim K o(A;)

Ko( i) (4.3.10)
KO(?Ai) o Ko(lirr?1 Ai)

We must show that ' is injective and surjective.

Injectivity of ' . Sincelim Ko(Aj) = Si' i(Ko(Ai)), it suces to shav that ' j.  (kya) IS
injective for all j. That is we must shav that if g2 Ko(A;) andKo( j)(9) = (" ';)(9) =
0in Ko(A) then' j(g) = 0in lim Kg(A;). Solet g = [plo [s(p)]o for somep 2 P,(Aj).
Then 0= Ko( j)(9) = [Tj(Plo  [S(T;(p)]o in Ko(A). Hencethere is m and a partial
isometry w 2 M p. m(A) sud that

_

ww = Ti(p) 1, and ww=s(Ti(p) In:

By Exercise4.4.12,thereisi | and X;j 2 Mp+m (A7) with ~(X;) closeenoughto w to
ensurethat

=000 7O dwii < 122 and i) i) S(HP) Lnji < 122



Since ; = ; j, Exercise4.4.17implies that thereisk i sud that
XX TP Imji <122 and jixexe  S(T(P)  Imji < 122

wherexy, = “i(xi). By part (ii) of Exercise4.4.18,7;(p) 1n isequivalert to s(~;(p))
1n in Mpsm(Am). Thus

Ko iD=k Inlo [S(T5(P) 1nlo=0

in Ko(Ag). Consequetly, ' ;(9) = (' k Ko( «))(9) = 0, asrequired.

Surjectivity of ' . Consideran elemen [plo [S(p)]o of Ko(A), for somep 2 P (A). Take
asmall > 0. By Exercise4.4.12,thereis n and b, 2 My(A,) sud that jj ~n(b,) pj <
. Puta, = (bh+ b)=2and a, = “mn(an) for m n. Ead a, is self-adjoirt and
ji"m(am) pii < .Wehavejj~n(an a2)jj< (3+ )< 1=4for suciently small . Thus,
by Exercise4.4.17 jja, @2jj < 1=4for suciently largem. By Exercise4.4.18,there is
aprojection gin My (Ay) sud that jja, (j < 1=2. Wehavejj"n(Q) pj< 1=2+ <1
and hence ™, (g) and p are equivalert. Thus

Plo  [s(P)lo= [Tm(Dlo [S(Tm(a]o= Kol m)([dlo [s(d]o):

SinceKo( m) =" ' m, surjectivity of ' follows. O

4.3.5 Stabilit y of Ky

Prop osition 4.3.2. Let A be a C -algebm, and let p be minimal projection in K. The
map' :A! A K suchthat' (a) = a p inducesan isomorphismKgy(' ) : Ko(A) !
Ko(A K).

Proof. Forn mlet ., :My(A)! M,(A) bethe imbedding .n(a) = diag(a;0, m).
By Exercise4.4.16,A K isisomorphicwith the limit of the inductive sequencéM,(A); nm0.
We have 1 = mm m1 and henceKg( n1) = Ko( nm) Ko m1). Moreover,
all the mapsareisomorphismon K,, by Exercise4.4.7. Let , = Kgo( n1) ' Then
m= n Ko( mm) forall n m. Thus the universal property of direct limits yields a
unique homomorphism :Iimen(A); m0= Ko(A K)! Kgy(A) which ts into the

commnutativ e diagram

Ko( m)

Ko(Mm(A)) Ko(A  K)
Ko( nm) (4.3.11)
Ko(Mn(A)) ——= Ko(A

n

where ,:M,(A)! A K arethe canonicalmaps. It followsthat is anisomorphism.
Furthermore, != Ky(' ), asrequired. O



4.4 Examples and Exercises

Example 4.4.1 Considerthe exact sequence
0 ! Co((0;1) ! Cc(o;ap ! € C ! o

Wehave Ko(C C) = Z? and Ko(C([0; 1])) = Z (since[0; 1] is cortractible). ThusKo( )
cannot be surjective.

Example 4.4.2 Let H be a separableHilbert space,andet K be the ideal of compact
operatorson H. There is an exact sequence

0! K F BH) ! BH)=XK ! O

We already know that Ko(B(H)) = 0 and we will seelater that Ko(K) = Z. Thus Kq({)
cannot be injective.

Exer cise 4.4.3 Let Q = B(H)=K be the Calkin algebra(corresponding to a separable
Hilbert spaceH), andlet :B(H)! Q bethe natural surjection. Showv the following.

(i) If p & 0 is a projection in Q then there is a projection p in B(H) with in nite
dimensionalrangesud that (p) = p.

(i) Any two non-zeroprojectionsin Q are Murray-von Neumannequivaler.

(i) For ead positive integer n we have B(H) = M,(B(H)), K = M,(K), and Q =
M (Q).

(iv) The semigroupD(Q) is isomorphicto f0;1g ,with 1 +1 =1 .

(V) Ko(Q) = 0.

() Hint: If pis a projection in Q thgw there existsx = x in B(H) sud that (x) = p.
Thusx? xiscompact.Letx> x= . €, bethe spectral decommsition (06 , 2 R,

n! 0, fe,g mutually orthogonalprojectionsof nite rank, commuting with x). Correct
ead xe,.

Example 4.4.4 In this examplewe arguewhy De nition 3.2.1would not be appropriate
for non-unital C -algebras. Nameley let A be a C -alebra (unital or not) and de ne
Koo(A) asthe Grothendiedk group of D(A). Thus, if A is unital the Kg(A) = Ko(A),
but in the non-unital casethesetwo groupsmay be di erent. It can be shovn that sud
de ned K o is a covariant functor. Howewer, this functor hasa seriousdefectof not being
half-exact. Indeed, consideran exact sequence

0! CR®») ! C(S®» I C ! O

We have Ko(C) = Z, and it can be shown that K o(S?) = Z2 and K 4(R?) = 0 (for the
latter seeExercise4.3.4below). Thus K oo cannot be half-exact.

Exer cise 4451 0 ! J 1 A | B | 0 is an exactsequencef C -algebrasthen:

@A) ~ :Mp(XD) ! M,(A) isinjective,



(i) a2 M,(A) isin the imageof '~ i T (a) = sp( n(a)).

Exer cise 4.4.6 Let X beaconnected,ocally compactbut not compactHausdor space.
Then Kgo(Co(X)) = 0. To this end shawv that P; (Co(X)) = f0g, as follows. Identify
Mn(Co(X)) with Co(X;M,(C)), and let p be a projection in P,(Co(X)). As usual, let
Tr be the standard trace on M,(C). The function x 7! Tr(p(x)) belongsto Cy(X;Z) and
henceit is the zerofunction, sinceX is connectedand non-compact.

Exer cise 4.4.7 (Matrix stability of Kg). Let A be a C -algebraand let n be a
positiveinteger. Then Ko(A) = Ko(M,(A)). Morespeci cally,themap' o : A! M,(A),
a 7! diag(a;0, 1) inducesan isomorphismKy(' o) ! Ko(Mu(A)). Indeed,the diagram

0 = A - A - C =0

A ‘c (4.4.12)
5

? ?

0 = Mp(A) —= Mn(A) —= M,(C) =0

A

commnutes and has split-exact rows. Thus the diagram

0= Ko(A) — = Ko(A) — = Ko(C) ——= 0
Ko(" a) Ko(' x) Ko(' ¢) (4.4.13)
0= Ko(Mn(A)) = Ko(Mn(A)) = Ko(Mn(C)) ——= 0

commnutes and has split-exact rows. Hencethe Five Lemma (or an easydiagram chasing)
implies that Ko(" a) is anisomorphismif both Ko(" ) and Ko(' ¢) are. This reducesthe
proof to the unital case(seeExercise3.3.10).

Exer cise 4.4.8 Let A beaC -algebra,and denoteby Aut( A) the groupof -automorphisms
of A. If 2 Aut(A) then Ky( ) is an automorphism of K(A).

() If uis aunitary in A then Ad(u) : A! A, a7! uau, is an automorphism of A.
Moreover, the map U(A) ! Aut(A), u 7! Ad(u) is a group homomorphism,and
Inn(A) = fAd(u) : u2 U(A)g is a normal subgroupof Aut( A).

(i) If 2 Inn(A) then Ko( ) = id.

(i) An 2 Aut(A) is approximatelyinner i for any nite subsetF of Aandany > 0O
thereis 2 Inn(A) sud that jj (x) (X)ji < forall x 2 F. The collection of all
approximately inner automorphismsof A is denotedInn(A).

Show that if A is separablethen is approximately inner i there is a sequence
n 2 Inn(A) suh that ,(a)! (a) foreah a2 A.

(iv) Inn(A) is a normal subgroupof Aut(A), and Ko( ) = id for eadr 2 Inn(A).

(v) Give examplesof automorphismsof C -algebraswhich induce non-trivial automor-
phismson K.



Example 4.4.9 Let A bea C -algebra. We de ne the cone CA and the susgension SA
asfollows:

CA
SA

f :[0;1]! A :f continuousand f (0) = Og;
f :[0;1]! A:f cortinuousandf (0) = f (1) = Og:

There is a short exact sequence
O!@ SA ' CA! A 0

with (f) = f (1). Furthermore, CA is homotopy equivalert to f 0g. Indeed,with t 2 [0; 1]
set'{ :CA! CA as'(f)(s) = f(st). Thenforeah f 2 CAthemapt 7! ' ((f) is
cortinuous,and' o= 0,' ; = id. We concludethat

Ko(CA) =0
Example 4.4.10(Direct sums). For any two C -algebrasA; B we have
Ko(A  B) = Ko(A) Ko(B):

More speci cally, if i andig arethe inclusionsof A and B, respectively, into A B, then
Ko(ia) Ko(B):Ko(A) Ko(B)! Ko(A B) isanisomorphism. Indeed,let 5 and

g bethe surjectionsfrom A B onto A and B, respectively. The following diagram has
exact rows (the bottom one by split-exactnessof K ) and comnutes (since g ip = 0
and B iB = |d|3)

0 K o(A) Ko(A) Ko(B) K o(B) 0
= Ko(ia) Ko(is) = (4.4.14)
0 Ko(A) ———= Ko(A B) ———= K(B) 0

Ko(ia) Ko( 8)
An easydiagram chasing(or the Five Lemma) impliesthat Kq(ia) Ko(ig) isanisomor-
phism.

Exer cise 4.4.11 Let f A;jg be a sequenceof C -algebras,andlet a= (a) 2 Qi A;. Then
i (@i = limjjajj:
(Al limjjaijj = 0.
il

In particular, a belongsto

Exer cise 4.4.12 Let A = IimfAi; 0. Toeath x 2 A and > 0 thereis an arbitrarily
large index i and x; 2 A suc that
jix i<

Example 4.4. 13(UH,{|: algebras). Lt fpngi-, be asequencef integersp, 2. For
15 j dene a4 : 1., Mp(C)! T M, (C) by a1 (%) = R |- Theseare
Nlmtal injectve -homomorphisms. Then for 15j5idene j : 1., M, (C)!

net Mp, (C) by 5 = 4 1 it j+1;. Theinductive limit IlmfAi; i 9 is calledthe
UHF algebracorrespnding to the supernatural number (p;p> ). Theseare simple,

unital C -algebras, equipped with a unique tracial state. To learn much more about
UHF algebrassee[G-J6(.



Example 4.4.14(AF -algebras). Forn = 1;2;::: let A, be a nite dimensionalC -
algebra. Thus, A, is isomorphicto a direct sum of matrix algebras

An =M (C) it Mum(C):

Forl5 jlet j.15 :Aj ! Aji bea -homomorphismanddene = i 1 i ji1y.
The correspnding inductive limit IimfAi; i 0 is called an AF -algebra. To learn much

more about AF -algebrasand about Bratteli diagrams which descrike them see[B-O72].

Exer cise 4.4.15(The compacts). Let H be a separable(in nite dimensional)Hilb ert
space.Denote by F the collection of all nite rank operatorsin B(H), and let K be the
norm closureof F (the C -algebraof compact operators). Shaw the following.

() F is atwo-sided -ideal of B(H), but F is not norm closedin B(H).
(i) K is a norm closed,two-sided -ideal of B(H), and K 6 B(H).

(iii) Letf ,gi_, bean orthonoral basisof H. For all i; j let E; bean operator de ned by
Eij (v) = hv; ;i i. Then eat Ej; is a rank one opeator with domain C ; and range
C ;. In particular, f Ej g are mutually orthogonalprojections of rank onewhosesum
of the rangesdenselyspansthe entire spaceH. Furthermore, for ead i we have
Ei KE;j = CE; (a projection in a C -algebrawith this property is called minimal).
The following idertities hold:

Eij Exn = jkEin; E;j

i = Eji: (4415)

(A collection of elemens of a C -algebra satisfying (4.4.15) is called a system of
matrix units.) Prove that the closedspanof fE; :i;j = 0;1;:::g coincideswith K.

(iv) Let HObe another Hilbert spaceand let : K ! H°be a nondegenerataepresen-
tation (i.e. a -homomorphismsud that (K)H%is densein HY9. Show that there
existsa Hilbert spaceH and a unitary operator U : H°! H H{ sud that for all
x 2 K we have

U XU =x Iy,

The dimensionof Hy is called the multiplicity of . Show that s irreducible i
the multiplicit y of is one. Thus, in particular, the compactsadmit preciselyone
(up to unitary equivalence)irreducible represetation.

(v) K is the universalC -algebrafor the relations (4.4.15).

(vi) K is a simpleC -algebra,in the sensethat the only closed,two-sided -idealsof K
aref0Og and K. (In fact, it can be shovn that every norm closedtwo-sidedideal of
a C -algebrais automatically closedunder ).

(viiy Foreadh j = 1;2;:::let 415 @ Mj(C) ! Mj+1(C) be an imbedding into the
upper-left corner,i.e. j.1;(x) = diag(x; 0). Asusual,let = i 1 i i1
forj 5 i. Shaw that

K= Iimen(C); i O



Exer cise 4.4.16 Let A beaC -algebra.Forn mlet ., :Mn,(A)! My(A) bethe
diagonalimbedding .m(a) = diag(a;0, m). Show that the inductive limit of the drected
sequencd M,(A); nmgisisomorphicwith A K.

Exer cise 4.4.17 LetfA;; jgbeaninductivesequenc®fC -algebrasandlet ;:A;!
IimAi be the canonicalmaps. Then for all n anda 2 A, we have

i a(@ii = lim i o (i
Exer cise 4.4.18 Let A be a C -algebra.
() Ifa= a in A andjja a?j < 1=4thenthereis aprojectionp 2 A with jja pjj < 1=2.

(i) Let p be a projection in A, and let a be a self-adjoirt eleen in A. Put = jja pjj.
Then
spia [ ; I[[1 1+ ]

(i) If p;gare projectionsin A sud that there existsan elemen x 2 A with jjx x pjj <
1=2 andjjxx  gj < 1=2thenp q.

(i) UseGelfand Theorem.

(i) Recallthat the spectrum of a self-adjoirt elemen consistsof real numbers, and that
the spectrum of a non-trivial projectionisf0;1g. Let t be a real number whosedistanced
to the setf0; 1g is greaterthan . It su ces to shovthat t a s invertible in A. Indeed,
for sud at the elemen t pisinvertible in A and

. L 1. 1 1
it p JJ—mafo.—tj,j—1 tjg— 5

Consequetly,
it op) e L=t op) e @55 <l

Thus(t p) (t a)isinvertible, and soist a.

(i) Let = sp(x x) [ sp(xx ). In view of part (ii) of this exercise, is a compact
subsetof [0;1=2)[ (1=2;3=2). Letf : ! R be a cortinuous function which is 0 on

\ [0;1=2) and 1 on \ (1=2;3=2). Then both f (x x) and f (xx ) are projections.
We have jjif (x x)  pij 5 jif (x X) X xjj + jjx x pjj < 1=2+ 1=2 = 1 and, likewise,
jf(xx) (qgj< 1 Thusf(x x) pandf(xx) qby Proposition2.2.5. Soit suces
to shav that f (x x) f(xx ). To this end, rst note that xh(x x) = h(xx )x for every
h 2 C(). Indeed,this is obviously true for polynomials, and the generalcasefollows
from the Stone-WeierstrassTheorem. Let g2 C(), g 0 besud that tg(t)2 = f (t) for
allt2 . Setw = xg(x x). Then

g(x x)x xg(x x) = f(x x);
xg(x X)2x = g(xx )?xx = f(xx );

w wW
ww

and the claim follows.



Example 4.4.19 Let A be a unital Banad algebra,andlet a;b2 A. Then

sp@b) [ f0g= sp(bg [ fOg:

Indeed, let 0 6 62sp(ab) and let u = ( ab . Then1l u + uab= 0. Put
w = (1= )(1 + bua. We have

w( b3 = E(1+ bug( ba=1 Eba+ bua Ebuaba: 1 Eb(l u +uaba= 1

Similarly ( baw = 1 and hencew = ( ba . Thus 6Xp(ba.

Exer cise 4.4.2Q In the category of abelian groups, considera direct sequenceA; = Z
with connectingmaps j.1;(1) = j. Show that the corresmnding limit is isomorphicto
the additive group of Q.

Exer cise 4.4.21(Irra tional rot ation algebras). For an irrational number 2
[0; 1) de ne A asthe universalC -algebrageneratedby two elemelts u; v, subject to the
relations

vu= €' uv; Uuu =uu=1l=w = vV (4.4.16)
A is calledthe irr ational rotation algeba correspnding to the angle . Shaw the follow-
ing.

(i) Let L?(T) be the Hilbert spaceof squareintegrable functions on the circle group
(with respect to the probability Haar measuredz). SetH = L%(T) L?*(T), and
de ne two operatorsU;V 2 B(H) by

(U Xz122) = 21 (z1:22); (W N21:22) = 2o (€8 21:2):
Then U;V satisfy (4.4.16). Thus, there existsa represetation :A ! B(H) sud
that (u)=Uand (v)=V.

(i) Let A bethe dense -subalgebraof A generatedby u;v. Then eat elemen of A
hasthe form X
nmUTV™; nm 2 C:
nm22
(i) Let o bethe unitpvectorin H sudthat o(z;;22) = 1,anddene (a) = h (a) o; o,
a2A.Then ( ...7; nmU'V")= goandhence (aa)= (aa)forallaz A .
Concludethat is atracial state on A .

(iv) Forf;g: T! Rlet
p=f(uyv + g(u)+ vf(u)

be a self-adjoirt elemem of A . Use an appraximation of f and g by Laurent
polynomialsto show that 7

(M= 9(2)dz
T

(v) Let' :T! T begivenby' (z) = € ' z. Thenvh(u) = (h ' )(u)vforall h2 C(T).
Show that p = p? if and only if

(F ) =0 (g+g ' Hf=f; g=g+f2+(f )2 (44.17)



(vi) Let besudhthat 0< 5 < + 5 1,andset

8

% t; 05t5 ;
(& 1) = 1 <t5 ;

3 Y+ 1), <t5 +;

-0 + <t5 1

for t 2 [0;1]. For such g onean nd f sud that (4.4.17) holds, and hencep is a
projection. Then (p) = . Thus,the homomorphismKy( ) : Ko(A ) ! R corntains

Z[ Zinits image.

In fact, it canbe shown that Ko( ) is an isomorphismof Ko(A ) onto Z[ Z = Z2.
The de nition of A makessensefor rational aswell. However, the structure of the
rational rotation algebasis completely di erent from the irrational ones. Namely; it can
be shavn that for an irrational the C -algebraA is simple, while for a rational the
C -algebraA cortains many non-trivial ideals. In the case = 0 we have A, = C(T?).
Thus the rotation agebrasA are considerednoncommnutativ e analoguesof the torus.



Chapter 5

K 1-Functor and the Index Map

5.1 The K4 Functor

5.1.1 De nition of the K-group

Let A be a unital C -algebra. We denote

U(A) = the group of unitary elemens of A;
Un(A) = U(Mn(A));

[
U (A) = Un(A):

n=1

We de ne arelation ; in U; (A) asfollows. For u 2 U,(A) andv 2 U,(A) we have
u vi thereexistsk maxfn; mgsud that diag(u; 1x ) r diag(v;1lk m). Then
is an equivalencerelation in U; (A) (exercise).We denoteby [u], the equivalenceclassof
the unitary u 2 U; (A).

Lemma 5.1.1. Let A ba unital C -algeba. Then

() [ul1[v]y = [diag(u; V)] is a well-de ned asseiative binary operation on U; (A)= .,
@i)) [u]1[v]1 = [V]1[u]; for all u;v 2 Uy (A),

@iy [ul1[2n]1 = [1n]2[u]s = [u]; for all nand all u 2 U; (A),

(iv) if u;v 2 Uy (A) then [u]y[v]: = [uv];.

Proof. Exercise| useLemma?2.1.6. O

By the abovelemma,U; (A)= , equippedwith the multiplication [u];[v]; = [diag(u;V)]1
is an abelian group, with [u],* = [u ]..

De nition 5.1.2. If A is a C -algeba then we de ne
K1(A) = Uy (A)= ,;
an alelian group with multiplication [u],[v]; = [diag(u; V)];.

51



When A is unital then K;1(A) may be de ned simply asU; (A)= , (seeExercise5.3.1.
Also, instead of using equivalenceclassesof unitaries one could de ne K; with help of
equivalenceclasseof invertibles (seeExercise5.3.6). In particular, the polar decompsi-
tion w = ujwj yields a well-de ned map

[l1:GL1 (A)! Ky(A)

by Wl = [u]s = [wjwj ..

Prop osition 5.1.3 (Univ ersal prop erty of K;). Let A beaC -algebra,G an abelian
group,and :U; (A)! G amap sud that:

() (diag(u;v)) = (u) + (v),
(i) (2)=0,
@iy if u;v2 Uy(A) andu  vthen (u) = (v).

Then there exists a unique homomorphismK ;(A) ! G making the diagram

U (A)
[1s (5.1.1)
? s
K1(A) - G
commutativ e.
Proof. Exercise. I

5.1.2 Prop erties of the Ki-functor

Let A;B be C -algebrasandlet’ : A! B bea -homomorphism.Then' extendsto
unital -homomorphisms'~, : M,(A) ! M,(B) and thus yields a map '~ : U; (A) !
U (B). Wedene :U; (A)! Kiy(B) by (u)=[~u)]; and usethe univesalproperty
of K; to concludethat there exists a unique homomorphismK (' ) : K1(A) I K(B)
sud that K([u],) = [H(u)], foru 2 U, (A).

Prop osition 5.1.4 (Functorialit y of K,). LetA;B;C beC -algebasandlet’ : A! B
and :B! C be -homomorphisms.Then

(i) Ka(ida) = idk,(a),

(i) Ki( ") =Ku( ) Ka(').

Thus K is a covariant functor.

Proof. Exercise. n

It is also clear from the de nitions that K, of the zeroalgebraand the zeromap are
zero.

Prop osition 5.1.5 (Homotop y invariance of K;). Let A; B be C -algebas.



@ If;, Al B arehomotopic -homomorphismsthen K (' ) = Ky( ).

(i) If A and B are homotopy equivalent then K1(A) = K1(B). More speci c ally, if

A ! B ! AisahomotopythenK (' ) andK( ) areisomorphismsandinverses
of one another.

Proof. Exercise. I

Theorem 5.1.6 ((Half )exactness of K,). If

0! J ! A1l B 1O (5.1.2)
is an exactsequene of C -algebas then the sequene

K1(3) 17 Ky(A) “f Ky(B) (5.1.3)

is exact. If the sequene (5.1.2) is split-exactwith a splitting map :B ! A, thenthe
sejuene

0! Ky kA VkyB) 1 0 (5.1.4)
is split-exactwith a splitting map K,( ) : K{(B) ! K1(A).

Proof. Ki() Ky(") = Ky( ") = Ky(0) = 0 by functoriality of K;, and hence
Im(Ky(")) Ker(Ky( )). Forthereverseinclusion,letu 2 U,(A) andK 1( )([u].) = [1].
Then thereis m sud that diag(~(u); 1,) 1 1h+m. By Lemma2.1.8,thereisw 2 U, (A)
sud that w  1,+m and ~(w) = diag(~(u);1,). Thus [u]; = [diag(u;1,)w ]; and
~(diag(u; 1,)w ) = 1,+m. By Exercise4.4.5,thereis v 2 U, (J) sud that '<(v) =
diag(u; 1,)w . Thus[u]; 2 Im(K (' )) and consequetly Ker(Ki( )) Im(Ky(')). This
shows that the sequencd5.1.3) is exact.

Now supposethat the sequencéb.1.2)is split-exact. Thenthe sequencéb.1.4)is exact
at K.(A) by the precedingargumen. By functoriality of K; we have K,( ) Kq( ) =
idk ,8), and hence(5.1.4) is exactat K 1(B) (and K 1( ) is a splitting map). It remainsto
show that K 1(" ) isinjective. Solet u 2 U,(J) besud that K (' )([u]y) = [1);. Thenthere
is m sud that diag('<(u);1n) 1 l,+m. Lett 7! w; be a cortinuous path in Uy, (A)
connectingdiag('~(u); 1) and 1,.+,. We would like to apply '~ ! to w; to concludethat
diag(u; 1,) is homotopic to the idertity. In general,this is impossiblesince someof w;
may lie outside the range of '~ Howeer, in the presenceof a splitting map we can
correctthe path w; by settingv; = w;(~ ~)(w,). Thenv; isacortinuouspath in U, n (A)
connectingdiag('<(u); 1n)(~ ~)(diag('«(u );1y)) and 1,4n. Since~(v) = 1.+ for all
t, Exercise4.4.5implies that eat v; is in the imageof '~. Thus'~ (v) is a cortinuous
path in U,.n(J) connectingdiag(u; 1)~ (= ~)(diag('<(u );1.))) and 1,:,. Since
'~ ((~ ~)(diag('<(u );1.))) is a scalarmatrix, it is homotopicto the idertity. Thus

[ul, = [diag(u; 1m)]x = [diag(u; 1m)'~ *((T ~)(diag(~(u ); 1m))]1 = [1k;
and the map K 1(* ) is injective. O

Prop osition 5.1.7 (Continuity of K;). Let A = IimfAi; ij 9 be the inductive limit

of a seuene of C -algebms, and let ; : A; ! A be the canonical maps. Let G =
Iimel(Ai); K1( j)gbetheinductive limit of the correspndingseguene of akelian groups,



and let ' ; : Ki(Aj) ! G be the canonical maps. Then there exists an isomorphism
:G! K1(A) suchthat for all i | the diagram

Ki(A) ’7 G
Ki( i) (5.1.5)
Kl(Ai) W) Kl(A

iS commutative.

Proof. The universal property of the direct limit G of the sequencef K 1(Ai); K1( )9
yieldsa unique homomorphism :G! K;(A) makingthe diagram (5.1.5) commnutative.
We must show that  is surjective and injective.

Surjectivity. Let u 2 U,(A). By part (ii) of Exercise(5.3.10),thereisi andw 2 U, (A;)
sudh that jju Tj(w)jj < 2. Thusu and ~j(w) are homotopicin U,(A) by Lemma2.1.4.
Hence

Ul = [TiW)]1 = Ka( )([wl) = ¢ " )([wlw);
and is surjective.

Injectivity. It suces to shaw that for ead j the restriction of to the imageof ' ; is
injective. Solet u 2 U,(Aj) be sud that (' ;)([ul) = Ki( j)([ulh) = [Tj(w]: =
[1]: in K1(A). We must show that ' ;([u]s) = 0 in G. Indeed, there is m sud that
diag(~j(u); Lm) h lhem in Upe i (A). By part (iii) of Exercise(5.3.10),thereisi | sud
that diag( 7 (u); 1n) is homotopicto 1,+m. Thus [T (u)l: = [diag( Ty (u); 1m)]1 = [1h.
Consequetly, ' j([ul1) = (‘i Ka(Tj))([ul) = 0, and s injective. O

Prop osition 5.1.8 (Stabilit y of K;). Let A be a C -algeba.

(i) For eachn 2 N we have
K1(A) = Ki(Mn(A)):

More specically, let  : A Mp(A) be suchthat (a) = diag(a;0, ;). Then
Ki( ):Ky(A)! Ki(My(A)) is an isomorphism.

(i) Let K bethe C -algeba of compact operators. Then
Ki(A) = Ki(A  K):

More spec cally, let p be a minimal projection in K andlet’ : A! A K bethe
mapsuchthat' (a) = a p. ThenK (") : Ki(A)! Ki(A K) is anisomorphism.
Proof. (i) Exercise.
(i) Since
A K=A (imM,(C)) = limM,(A);

the claim follows from part (i) and cortinuity of K ;. O



5.2 The Index Map

5.2.1 Fredholm index

Let H be a separable,in nite dimensionalHilbert space. We denot by F the algebraof
nite rank operatorson H (a two-sided -idealin B(H)), by K the C -algebraof compact
operatorson H (the norm closureof F and the only non-trivial, norm closed,two-sided
ideal of B(H)), by Q = B(H)=K the Calkin algebra,and by :B(H)! Q the natural
surjection.

Theorem 5.2.1 (Atkinson). If F 2 B(H) then the following conditions are equivalent.
(i) Both Ker (F) and Coker(F) are nite dimensional.

(i) There existsan operator G 2 B(H) suchthat both FG 1and GF 1 are compact.
(i) The image (F) of F in the Calkin algeba Q is invertible.

Furthermore, if F satis es the alove conditions then the rangeof F is closal in H.

Proof. Obviously, conditions (i) and (iii) are equivalert.

() (i) We rst obsene that the imageof F is a closedsubspaceof H. Indeed,let Hq
be a subspaceof H of smallest possibledimensionsud that Im(F) + Ho = H. Then
n = dim(Hy) is nite, sincethe cokernelof F is nite dimensional. Then the restriction
of F to the orthogonal complemen of its kernelis a bijection from Ker (F)? onto Im(F),
andit extendsto alinear bijection F : Ker (F)? C" ! Im(F)+Hy= H. By the Inverse
Mapping Theorem, the inverseof F is cortinuous. It follows that Im(F) = F(Ker (F)?)
is closedin H.

By the precedingargumen, F yields a cortinuouslinear bijection from Ker (F)? onto
Im(F) | a closedsubspaceof H. Thus, by the Inverse Mapping Theorem, it has a
cortinuousinverseG : Im(F) ! Ker(F)?. Extend G to a boundedlinear operator on H
(still denotedG) by setting G = Ofor 2 Im(F)?. Thenboth FG 1andGF 1 are
nite dimensionaland (ii) holds.

(i)) () Let K beacompactoperatorsuc that GF = 1+ K. ThenKer(F) Ker(GF) =
Ker (1+ K), andKer (1+ K) is the eigenspacef K correspndingto eigervalue 1. Since
K is compactthis eigenspacés nite dimensionaland sois the kernelof F. We alsohave
Im(F) Im(FG)=Im(1+ K). Sincel+ K canbe written asan invertible plus a nite
rank operator, its rangehas nite codimenson. Thus Coker(F) is nite dimensional. [

A bounded operator satisfying the conditions of Theorem 5.2.1 is called Fredholm
In particular, any invertible operator in B(H) is Fredholm. It follows immediately from
Theorem5.2.1that if F; T are Fredholm and K is compactthen the operatorsF , FT
and F + K are Fredholm.

If F;G are Fredholm operators satisfying condition (ii) of Theorem5.2.1,then G is
called parametrix of F.

De nition 5.2.2 (Fredholm index). LetF be a Fredholmoperaor. Then its Fredholm
index is an integer de ned as

Index(F) = dim(Ker (F)) dim(Coker(F)):



Sincedim(Coker(F)) = dim(Ker (F )), we have Index(F) = Index(F ). If F is
Fredholm and V is invertible then clearly Index(FV) = Index(VF) = Index(F) and
Index(V) = 0.

Letf , :n = 0;1;:::9 be an orthonormal basisof H. The operator S 2 B(H) sud
that S( ,) = n+1 iscalledunilateral shift. It is a Fredholm operator with index 1. Thus
for any positive integer k we have Index(S¥) =k and Index((S )¥) = k.

In a nite dimensionalHilbert spaceall operators are compactand henceall opera-
tors are Fredholm. The rank-nullity theorem of elemetary linear algebramay then be
interpreted as saying that every Fredholm operator on a nite dimensionalHilbert space
hasindex O.

Theorem 5.2.3 (Riesz). If F is Fredholmand K is compact then
Index(F + K) = Index(F):

Proof. We rst obsene that if R is of nite rank then Index(1 + R) = 0. Indeed, let
Ho = Im(R) + Ker (R)?. Then Hy is nite dimensional,and the restriction of both R
and R to H{ is zero. Thusthe index of 1+ R coincideswith the index of its restriction
to Hy and henceis 0.

Now let K be compact. Find R of nite rank sud that jjK Rjj < 1. ThenV =
1+ (K R) isinvertible. Hence

Index(1+ K) = Index(V + R) = Index(V(1+ V R)) = O:

Let F be a Fredholm operator of index 0. Then there is a nite rank operator R such
that R maps bijectively Ker (F) onto Im(F)? = Ker(F ). LetV = F+ R. ThenV isa
corntinuouslinear bijection of H onto itself and henceit is an invertible operator. Thus if
K is compactthen

Index(F + K) = Index(V + (K R)) = Index(V(L+V YK R))) = 0:

Finally, let F be an arbitrary Fredholm operator and let K be compact. Then
Index(F F ) = 0and hencelndex((F + K) F ) = 0. Consequety, Index(F + K) =
Index(F ) = Index(F). O

We showved in the courseof the proof of Theorem5.2.3that if F is a Fredholm operator
with index O then there existsa nite rank operator R sud that F + R is invertible.

Corollary 5.2.4. If F; T are Fredholm operators then
Index(F T) = Index(F) + Index(G):

Proof. Suppose rst that Index(F) = 0, and let R be an operator of nite rank sud that
F + R is invertible. Then

Index(FT) = Index(FT + RT) = Index((F + R)T) = Index(T):

Now supposethat Index(F) = k > 0, and let S be a unilateral shift on H. Then
Index(F  SX) = 0 and hence

Index(FT S¥) = Index((F  S*)}(T 1)) = Index(T 1) = Index(T):
Consequetly, we have
Index(FT) = Index(S*) + Index(T) = Index(F) + Index(T);

asrequired. O



In particular, if G is a parametrix of F then Index(G) = Index(F).
Prop osition 5.2.5. The index map is locally constant and continuousin norm.

Proof. Let F be a Fredholm operator and let G be its parametrix. Let K be compact
suh that FG = 1+ K. It suces to showv that if T is a Fredholm operator with
iJjT Fjj < 15)Gjj then Index(F) = Index(T). Indeed, the operator (T F)G+ 1is
invertible, sinceits distancefrom the identity is lessthan 1. Thus

Index(T)+Index (G) = Index(TG) = Index((T F+F)G) = Index((T F)G+1)+ K) = 0:
Thus Index(T) = Index(G) = Index(F). O

If F; T aretwo Fredholm operatorsthen we say that they are homotopicif there exists
a norm cortinuos path from F to T consistingof Fredholm operators.

Prop osition 5.2.6. Two Fredholm operators are homotopici they havethe sameindex.

Proof. Let F and T be Fredholm operators.

Supposethat F and T arehomotopic,andlett 7! V; be acontinuouspath of Fredholm
operatorsfrom F to T. Then the mapt 7! Index(V;) is continuous and henceconstart.

To shaw the corversewe rst obsenethat every Fredholmoperator V with Index(V) =
0 is homotopicto 1. Indeed,thereis a nite rank operator such that V + R is invertible.
Thent 7! V + tR is a path connectingV to an invertible elemen, andin B(H) the group
of invertibles is path-connected.

Now supposethat Index(F) = Index(T). Then both FT and T T have index 0 and
thus are homotopicto 1. Consequetly, the operatorsF, F(T T) = (FT )T and T are
homotopic. O

Let u be a unitary in M,(Q) and let U 2 M,(B(H)) be sud that ~(U) = u. Then
U is a Fredholm operatoron "H. Dene amap :U; (Q)! Z by (u) = Index(U).
It follows from the properties of Fredholm operatorsthat  satis es conditions (i){(iii) of
the universal property of K;. Thus, there exists a homomorphismindex : K{(Q) ! Z
sud that Index([u];) = (U) = Index(U). It is not dicult to seethat Index is an
somorphism. Thus K 1(Q) = Z.

SinceQ is properly in nite, there is no needto go to matrices over Q and we have
K1(Q) = f[u]y : u 2 U(Q)g (seeExercise5.3.8). Furthermore, ewvery unitary u in Q
lifts to a partial isometry U in B(H) (Exercise5.3.11). Thus dim(Ker (U)) equalsthe
rank of 1 U U and canbe idertied with the elemen [1 U U], in Ko(K). Likewise,
dim(Coker(U)) equalsthe rank of 1 UU and can be idertied with the elemen [1
UU Jo in Ko(K). Consequetly, we can view the index map as an isomorphism

Index: K1(Q) ! Ko(K);
sud that if U is a partial isometry lift of u then

Index(fuly) =1 UU]s [1 UU Jo:



5.2.2 Denition of the index map

Let ,
o!rJ Al B1!"o (5.2.6)

be an exact sequenceof C -algebras. Let u 2 U,(B). Then there exists a unitary V in
U, (A) sudh that

(V) = diag(u; u ): (5.2.7)
Then ~(V diag(1,;0)V ) = diag(1,;0). Thus there existsa projection P in P,,(J) sud
that
'~(P) = V diag(1,;0)V : (5.2.8)
Since(~ '“)(P) = diag(1,;0), it follows that s(P) = diag(1,;0), wheres is the scalar
map. Then there is a well-de ned map

U (B)! Ko(J) suchthat (u) = [Plo  [S(P)]o:

Indeed, supposethat W 2 U,,(A) and Q 2 P,,(J) aresud that ~(W) = diag(u;u ) and
'~(Q) = Wdiag(1,;0)W . We must show that [P]lo  [S(P)]o = [Qlo  [S(Q)]o IN Ko(J).
Indeedsince (VW ) = 1,, thereis Y 2 U,,(J) sud that '{(Y) = VW . Since

~P)= VW HQ)(VW ) ='<(YQY );

we have P = YQY and the claim follows. That is, :U; (B)! Kg(J) is well-de ned.
This map satis es conditions (i){(iii) of Proposition 5.1.3. We only verify (iii),
leaving (i) and (ii) asexercise.Soletu w2 U,(B), U;W 2 Uy (A), P;Q 2 Py (J)
be sud that ~(U) = diag(u;u ), (W) = diag(w;w ), '(P) = Udiag(1,;0)U and
'~(Q) = Wdiag(1,;0)W (that is, fu;U;Pg and fw; W; Qg satisfy conditions (5.2.7) and
(5.2.8), respectively). Thenuw 1,  uw andthusthere exist X;Y 2 U,(A) sud
that (X) = uw and (Y) = uw . Put Z = Udiag(X;Y), a unitary in Uy,(A). We
have ~(Z) = diag(w;w ) and '<(P) = Z diag(1,;0)Z . Thus, by the de nition of , we
have (w)=[P]lo [s(P)lo= (u). The universalproperty of K; now implies that there
exists a homomorphism
@:Ky(B) ! Ko(J);

called the index map, sud that

Q([ul) = [Plo  [s(P)lo:

5.2.3 The exact sequence

Theorem 5.2.7. Let ,
orJytrAatrB 1O

be an exactsequene of C -algebas. Then the sequene
Ko(') Ko( )

Ko(J)
6
@ (5.2.9)

Ko(A) Ko(B)

K1(B) ki) K1(A) K0 K1(J)

is exacteverywhee.



Proof. By virtue of half-exactnessof Ko and K4, it su ces to prove that Im(K( )) =
Ker (@) and Im(@) = Ker (Ko(" )).

1. Weshov Im(K4( )) Ker(@). Indeed,if U 2 U,(A) then diag( ~(U); ~(U) ) lifts
to a diagonalunitary V = diag(U;U ) and '{(1,) = V diag(1,;0)V = diag(1,;0). Thus
@(K1( )[UL) = @[(VU)]2) = [Iao  [s(1n)]lo = O.

2. Weshov Im(K1( )) Ker(@). To simplify notation, we idertify J with its imagein

A andthusput ' = id. Let u2 U,(B) be sudt that [u]; 2 Ker (@). By Exercise5.3.15,
there is a partial isometry U 2 M, (A) sud that

—n_ uo
and
0= @(ul1) =[12n U U]p [Ln UU Jpin Ko(J):
Thusthereis k and w 2 Mo+ k(J) sud that

ww=(1l,, UU) 1 and ww = (1,, UU) 1.

Hence
0O O

ww) = Tww) =gy

and ~(w) is a scalarmatrix, sincew 2 Moy (J). Consequetly,

- 00
W= 45,
with z a scalar unitary matrix in M., ¢(B). In particular, z is homotopic to 1.+ in

_ u o .
VEWE 5 g
an elemen of M, ¢ (A). By Exercise5.3.18,V is unitary. We have
- uo0 00 u 0
M= "90 " 0z " 0 L

Thus[uls [T(V)]1= K1( )[V]).

3. Weshav Im(@) Ker(Ko(')). Indeed,let u 2 U,(B) andlet V 2 U, (A), P 2
Pon(J) be sudh that (5.2.7) and (5.2.8) hold. Then we have

Ko(" J([Plo  [s(P)lo) = [«(P)lo [1n]o = [V diag(1n;0)V Jo [ln]o = O

4. We shov Im(@) Ker(Ko(' )). Let g2 Ker (Ko(' )). By Lemma4.2.2,thereisn, a
projection p 2 P,(J) and a unitary w 2 U,(A) sud that

g=[plo I[s(P)lo and w~p)w = s(p):



Setug = “(w(l, '~(p))), apartial isometryin M,(B). We have

Ulo = 1o 7(Hp):
Ul = 1, 7(s(p)) = ugUo:

Thusu = up+ (1, UgUy) is unitary in M,(B). We want to showv that g= @([u],). To
this end, we frst nd a lift of diag(u; 0,) to a suitable partial isometry in M, (A). Take

_owl, «p) o0
Vo= 0 s(p)

a partial isometry in M,,(A) sud that

Ug 0

~(VO) = 0 S( p)

Set
o= loos® s
s(p) 1, s(p

a self-adjoirt, unitary scalarmatrix, and put V = ZV,Z . Then we have

uooz_uo

~(V) =Z ~(V0)Z =Z 0 S(p) - 00

Hence,by Exercise5.3.15,
@([ul) = [~ (A2 V Vlo [~ *(Azn VV o= [~ *(Azn VoVo)lo [~ *(Tzn VoVp)lo =

p 0 s(p) O _ o
0 1, s(p) 0 1, s(p) = [Plo  [s(Plo =

0 0
That is, g= @([u],), asrequired.

5.3 Examples and Exercises

Exer cise 5.3.1 Let A beaunital C -algebra. Wehave A= A Cf, wheref = 1, 1a.
De ne a unital -homomorphism :A! A by (a+ f ) = a As usual for eah n
extend to aunital -homomorphismM,(A)! M,(A) (still denoted ). This yields a
map : U (A)! U, (A). Show that there exists an isomorphismK (A) I U, (A)=,
making the diagram

U (A) — Ui (A)
(5.3.10)

[l

Ki(A) — U (A)=,
commnutative. To this end, showv the following:

(i) (diag(u;v)) = diag( (u); (v)),




@ ifuyv2U,(A)then (u) (V)i u nv,
@) fu;v2U, (A)then (u) 1 (V)i u qv.

(i) Let (u) 4 (v). By the denition of , there exist unitary ug; vy 2 U,(Cf) sud
that u= (u)+ugandv= (v)+ vy Sincethe unitary groupof M,(C) is path-connected
we have u, 1 Vp in U,(Cf). It followsthat u  vin U,(A).

Exer cise 5.3.2 Shaw the following.

(i) Ki(C)= 0.

(i) For any two C -algebrasA; B we have K (A B) = Ki(A) Kq(B).
(i) If A is an AF -algebra(seeExample 4.4.14)then K,(A) = 0.

Example 5.3.3 If H isanin nite dimensionalHilbert spacethen K(B(H)) = 0. Indeed,
sinceU,(B(H)) = U(B( "H)), it su ces to show that ewvery unitary in B(H) is homotopic
to the identity. But this follows from the fact that for every unitary u in B(H) there is
a self-adjoirt a 2 B(H) sud that u = exp(ia). Indeed, one may take a = ' (u), where
" :T! [0;2) is aboundedBorel function sud that ' (¢ ) =

Exer cise 5.3.4 Let X be a compactHausdor space.

() Foread n identify M,(C(X)) with C(X; M,(C)) andde ne the determinantfunction
det: M,(C(X))! C(X). Shaown that det mapsU; (C(X)) into U(C(X)).

(i) Let hvi denotethe classofv 2 U(C(X)) in U(C(X))=Uys(C(X)). Apply the universal
property of K, to the map U; (C(X)) 3 u 7! hdet(u)i to shav that there exists a
homomorphismD : K{(A) ! U(C(X))=Us(C(X)) sud that D([u];) = hdet(u)i.

(i) Show that the sequence
0 ! Ker(D) ! Ki(C(X)) T UC(X)=Us(C(X)) ! 0

is split-exact, with a splitting map ! : U(C(X))=Up(C(X)) ! K(C(X)) given by
I (hui) = [u]y.

(iv) Let X = T. Recallthat ' : R! T,'(x) = € , is a covering map. Thus,
if u2 U(C(T)) then there exists a cortinuous function f : [0;1] ! R sud that
u(e ")y = "M, If f;g aretwo sud functionsthen f g is a constart integer.
Thus, thereisawell-de ned map :U(C(T))! Zgivenby (u)=1f(1) f(0) (the
winding numter of u). Showv that inducesan isomorphismof U(C(T))=Uy(C(T))
and Z sud that hui 7! (u).

(v) Concludethat there exists a surjective homomorphismfrom K ;(C(T)) onto Z. In
fact, we will seelater that K,(C(T)) = Z.

Exer cise 5.3.5 If A is a separableC -algebrathen K {(A) is courtable.

Exer cise 5.3.6 Let A beaunital C -algebra. Replacingunitaries U; (A) with invertibles
GL; (A) onecanrepeat the constructionsfrom Section5.1.1and de ne an abelian group
GL; (A)= ,. Show that this group is isomorphicto K;(A) = U; (A)= , (seeExercise
5.3.1). Hint: For w 2 GL; (A) let w = ujwj be the polar decomposition. De ne a map
[]1: GLy (A) ! K(A) by [w]; = [u]; = [wjwj 1]: and useProposition 2.1.10.



Exer cise 5.3.7. Let A beanon-unital C -algebra,andlet s: A'! A bethe scalarmap
s(a+ tl) = tl. Dene

U (A) = fu2 UA) :s(u) = 1g;
Ur:r (A) = fu2 UM,(A)) :sp(u) = L0
U (A) = Uy (A):

n=1

Proceedingas in Section5.1.1, one can de ne an abelian group U (A)= ,. Show that
this group is isomorphicto K (A).

Exer cise 5.3.8 Let A be a unital C -algebra.

() Let u beunitary and let s be anisometryin A. Thensus + (1 ss) is unitary and
we have

s 1 ss u o s 1 ss _ sus+(1 ss) O
0 s 01 0 s 0 1

Thus[sus + (1 ss)]i = [u]:.

mutually orthogonal range projections. Then
U= SjUsS; + :ii+ spups, + (1 $1S; :if SnSy)

is unitary. Use(i) to show that [u]; = [uq]i[uz]s:::[un]s.

(i) etsy;:::;sy, beisometresasin (ii). Put
0 1
ST S Sn
% 0 0 0 §
V = ) . . . .
0 0 0

henV is an isometry in M,(A). Shaw that for any unitary u 2 U,(A) thereis a
unitary w in A sud that

VuV + (1, VV ) =diag(w;1, 1)

(iv) Let A be properly in nite (seeExercise3.3.13). Show that
K1(A) = f[u];:u2 U(A)g:

Example 5.3.9 The K-functor is not exact. Indeed, for a separableHilbert spaceH
the sequence
0! B(H) ! B(H)=K ! 0

of C -algebrasis exact. But K1(B(H)) = 0 and we will seelater that K,(B(H)=K) = Z.
Thus K{( ) cannot be surjective. Likewise,there is an exact sequence

0 ! Co((0;1)) ! C([0;1]):

But K1(C(]0; 1])) = 0 and we will seelater that K 1(Cy((0;1))) = Z. ThusK(' ) cannot
be injective.



Exer cise 5.3.10 Let A = IimfAi; j g bethe inductive limit of asequenc®fC -algebras,
andlet ;:A;! A bethe éanonicalmaps.

(i) For any invertible y 2 A and any > O there is arbitrarily large i and invertible
z2 A sudh that jjy  Ti(2)]) <

(i) For any unitary u2 A andany > 0thereis arbitrarily largei and unitary w 2 A;
sud that jju Ti(w)jj <

(i) If uisunitary in A; sud that ~;(u) , 1in A, then thereis arbitrarily largei sud
that ~ij (W rlinA;.

(iv) Parts (i){(iii) remain valid with A" and A; replacedby M,(A) and M, (A), respec-
tively.

(i) First nd k and x;x°2 Ay sothat both jj = (x) vjj andjj %(x9 vy %jj are small.
Thus both jj = (xx° 1)jj andjj ~(x% 1)jj aresmall. Then, using Exercise4.4.17 take|
large enoughsothat both jj ~i (xx° 1)jj and jj ~i (XX  1)jj aresmall. Then z = ~j (X)
is both left and right invertible, henceinvertible, and ~;(z) approximatesy.

(i) This follows from part (i) and cortinuity of the polar decompsition (seeProposition
2.1.10).

(i) Let w;, t 2 [0;1], be a cortinuous path of unitaries in A" connectingw, = ~j(u)
and w; = 1. By compactnessithere are 0 = tg < t; < ::: < txsz = 1 sud that
W, ., W Jj < 2forall r. Applying repeatedlypart (ii), nd m j andunitary elemerts
Vi;:il; Ve in A socloseto wy,; il wy, , respectively, that all the norms: jj = (u)  “m(va)jj,
0 m(v)  4jj, and T(Vr+1)  Tm(v)j forr = 1;:::;k 1 are lessthan 2. Then by
Exercise4.4.17 thereis arbitrarily largei ~ m sud that all the normsjj 7 (U)  Tim (Va)]j,
iTim ) i, and Tim (Ves1)  Tim(Vp)jj forr = 1;:::;k 1 are lessthan 2. Now the
claim follows from Lemma 2.1.4.

(iv) Exercise.

Exer cise 5.3.11 Show that ewery unitary in the Calkin algebra Q lifts to a partial
isometry in B(H). In fact, it canbe lifted to an isometry or a coisometry

Exer cise 5.3.12 Let :A! B bea surjective -homomorphismof C -alebras. Shov
the following.

(i) Foreadhhb=b 2 B thereisa= a 2 A sud that jjajj = jjbj and (a) = h.
(i) Foread b2 B thereisa?2 A sud that jjajj = jjbj and (a) = b

() Takeanyt 2 A with (t) = bandsetx = 1=22(t+t ). Thenx = x and (x) = h.
Letf :R! R bea cortinuousfunction sud that f (r) = r if jrj 5 jjbj and jf (r)j = jjbj
it jrj  jibi. Puta=f(x). Then ()= (f(x)=f( () =f(D="b andjjaj5 jjhj.
But jjbj = jj (a)jj 5 jjajj sincejj jj = 1. Thusjjajj = jjhij.
(i) Consider ,:M,(A)! My(B), and put
_ 0O b
Y= v o



Sincey = y , thereis x = x 2 M,(A) sud that ,(x) = y andjjxjj = jjyjj = jjbj, by
part (i). Let

X11 X12

X21 X22

X =
and seta = Xx3,. Then (a) = bandjjajj 5 jjxjj = jjbj. But jjbj = jj (a)jj 5 jjajj since
i 1i =1 Thusjjajj = jjbj.
Exer cise 5.3.13 Consideran exact sequenceof C -algebras
o!yrJ!"A ! B! QO

in which we idertify J with its imagein A. Let u be a unitary in U,(B). By part (ii) of
Exercse5.3.12,thereis a2 U,(A) sud that ~(a) = u and jjajj = jjujj = 1. Then for any
cortinuousfunction f : R! C we have af (a a) = f (aa )a. Usethis to shaw that

a (1, aa)*?

V= (1, aa)? a

is a unitary in Uy, (A). Then shaw that
- _u 0
(V) - O u
and

1, O V = aa a(l, aa)l?

v 00 h (1, aar?a 1, aa

Then write explicitly @([u],).

Exer cise 5.3.14 Consideran exact sequenceof C -algebras
o!"J A1l B I 0

in which we identify J with its imagein A. Supposethat u 2 U,(B) is sud that there
exists a partial isometry U 2 M, (A) with ~(U) = u. Show the following.

(i) The elemen
U 1, UU

V= 1 uu U

is unitary in Uy, (A) and ~(V) = diag(u;u ).
(i) Both 1, U Uandl, UU areprojectionsin M,(J), and

Q(ull) = [ln U U [, UU J:

Exer cise 5.3.15 Consideran exact sequenceof C -algebras



in which we idertify J with its imagein A. Let u 2 U,(B), and let a2 M,(A) be suth
that 7(a) = u andjjajj = jjujj = 1. Put

a 0

U= (1, aar? 0

Shawv that U U = diag(1,; 0), which ertails that U is a partial isometry. Then shawv that

u O

W= 90

Finally, shav that
@([ul1) = [on U UJo [Ln UU Jo
Exer cise 5.3.16 Consideran exact sequence
0! CR?» ! C(D) ! Cc(sh ! o
with the mapC(D) ! C(S?) givenby the restriction. In the correspnding exactsequence

Ko(Co(R?)) = Ko(C(D)) — Ko(C(Sh)
6
@ (5.3.11)

K1(C(Sh)) — K1(C(D)) — K1(Co(R?))

we have K 1(C(D)) = 0, sinceC(D) and C are homotopy equivalert. Show that the map
Ko(C(D)) ! Ko(C(SY)) is injective, and concludethat @ : K,(C(SY) ! Ko(Co(R?)
is an isomorphism. Then calculate @([z],) and thus nd a generatorof K o(Co(R?)).

Exer cise 5.3.17 (Naturality of the index map). Show that ewery commutative
diagram of C -algebras,with exact rows,

0 = J]_ = Al = Bl —= 0
? ? ?
0 = Jz = A2 = Bz — 0
inducesa comrmutativ e diagram of abelian groups, with exact rows:
@
K1(J1) —= K1(A1) — Ki(B1) — Ko(J1) —= Ko(A1) — Ko(B1)
? ? ? ? ? ?

K1(J2) —= K1(A2) — Ki(B>2) @ Ko(J2) —= Ko(A2) — Ko(B>)

viv + it vy, = 1= v+ i+ vy

thenu= vy + :::+ v, is unitary. Hint: useExercise2.4.3.






Chapter 6

Bott Periodicit y and the Exact
Sequence of K-Theory

6.1 Higher K-Groups

6.1.1 The suspension functor

Recallthat the susgnsionSA of a C -algebraA is de ned as
SA = ff 2 C([0; 1];A) : f (0) = f (1) = Og;
and is isomorphicto Cy((0;1);A) = Co(R) A (cf. Lemmal.3.1). If" :A! Bisa
-homomorphismbetweentwo C -algebras,then S' : SA! SB, givenby (S' (f))(t) =

" (f (t)) isa -homomorphismbetweentheir susgensions. It is not di cult to verif that
this yields a covariant functor from the categoryof C -algebrasinto itself.

Prop osition 6.1.1. The susgnsion functor S is exact. That is, if
0!1J 1 AIBI!O
is an exactsequene of C -algebas then the sequene
0! s39 sA% sB 1 o0
IS exact.

Proof. Exercise. O

6.1.2 Isomorphism of K1(A) and Ky(SA)

Let A bea C -algebra. We de ne a map
At Ki(A) 1 Ko(SA);

asfollows. By Exercise6.4.1,eah elemen of K 1(A) is represeted by a unitary u 2 U, (&)
(for somen) sud that s(u) = 1,. For sudh a u we can nd a cortinuous function

67



v:[0;1]!" Uy (A) sud that v(0) = 1,,, v(1) = diag(u;u ) and s(v(t)) = 1,, for all
t 2 [0; 1]. We put

a projection in P, ($A) with s(p) = diag(1,;0,). We set
a([ulz) = [Plo  [s(P]o:
Theorem 6.1.2. For any C -algeba A, the map
A Ki(A) 1 Ko(SA)

is anisomorphism. Furthermore, if B isaC -algebaand' : A! B isa -homomorphism
then the diagram

Ka(A) —20)- k. (B)
A B (6.1.1)
Ko(SA) ——= Ko(SB)

Ko(S'")
is commutative.

Proof. Recall from Example 4.4.9the exact sequence
O! SA!' CA! A 0 (6.1.2)

whereCA is the coneover A. SinceCA is homotopy equivalert to f 0Og we have K o(CA) =
K1(CA) = 0. Let @: K1(A)! Ky(SA) be the index map asseiated with the extension
(6.1.2). It follows from Theorem 5.2.7 that @ is an isomorphism. Thus, it su ces to
idertify @ with A (exercise). O

6.1.3 The long exact sequence of K -theory

For ead natural numbern 2 we de ne inductively a covariant functor from the category
of C -algebrast the category of abelian groups as follows. K,(A) = K, 1(SA), and if
" :A! Bisa -homomorphismthen K,(" ) = K, 1(S"). It is clearthat sud de ned
functor is half-exact.

Now supposethat

0! J ! A1l B 1O (6.1.3)

is an exact sequenceof C -algebras. Then @ : K{(B) ! Kyg(J) is the index map. We
de ne higher index maps

@ :Kn(B)! Ky 1(9);
as follows. Applying n 1 times the suspensionfunctor to sequencg6.1.3), we get an
exact sequence

01 s s 1A% g g 1 (6.1.4)



Let @ : Ki(S" B) ! Ko(S" 1J) be the index map asseiated with (6.1.4). By the
de nition of higherK -functors, wehave K ,(B) = K1(S" B) andK, 1(J) = K1(S" 2J).
By Theorem6.1.2,there is an isomorphism gn 25 : K1(S" 2J) ! Ko(S" 1J). Wede ne

@: Snl 2] _@:

Sud de ned higher index maps have naturality analogousto the one enjoyed by the
usualindex (cf. Exercise5.3.17).

Prop osition 6.1.3. Every short exactsequene
0! J 1 A1 B1!O

of C -algebas inducesa long exact sequene on K -theory:

A k) O KL A) O KaB) P R OKod) T Ko(A) ) K o(B):
Proof. Exercise. O

This Proposition senesonly asan intermediate step towards the fundamenal 6-term
exact sequenceof K -theory. The point is that K., = K, (as we will seein the next
section), and the apparerily in nite sequencedrom Proposition 6.1.3 shrinks to a much
more useful nite one,which contains only Ko and K ;.

6.2 Bott Periodicity

In this section, we prove the fundamenal result of Bott that Ko(A) = K{(SA) for any
C -algebraA. Combined with Theorem 6.1.2, it says K2 (A) = K,(A) | the Bott
periodicity.

6.2.1 Denition of the Bott map
We begin by de ning a Bott map

A Ko(A) I Ky(SA)

for unital C -algebrasA, and then reducethe generalcaseto the unital one. Solet A be
a unital C -algebra. We usethe obvious iderti cation

SA=ff:T! A:f continuous,f (1) = Og:

Thus, elemeits of M,(SA) may be identied with cortinuous loopsf : T ! Mu(A)
sud that f (1) = 0. It follows that Mn(éA) may be identi ed with cortinuous functions
f:T! Mp(A) sud that f (1) 2 M,(C1n).
For any natural n and any projection p 2 P,(A) we de ne a projection loopf,: T !
Un(A) by
fo(z) = zp+ (1 p); z2T:

Clearly, we have f, 2 Un(éA). By the universal property of K, we get a homomorphism
A - Ko(A) ' K{(SA) sud that

A(lplo) = [fple;



called the Bott map.
Now if ' :A! B isaunital -homomorphism,then &' (f p)(2) =" (fp(2) = f (n(2)
for all z2 T. Hencethe diagram

Ko(A) —~20)- ()
A B (6.2.5)
KI(SA) TS) Kl(SB)

is commutativ e. This is the naturality of the Bott map.
Finally, supposethat A doesnot have a unit. Then we have a comnutativ e diagram

0 — Ko(A) — Ko(A) — Ko(C) = 0
A c (6.2.6)
0= Kiy(SA) —= Ky(SA) —= K4(C) —= 0

with split-exact rows. It follows that there is exactly onemap A : Ko(A) ! K1(SA)
which completesthe diagram. By Exercise6.4.2,we have

A(lPlo  [s(P)]o) = [fpf 5yl

6.2.2 The periodicit y theorem

The following teoremis considereda certral result of K -theory.
Theorem 6.2.1. For any C -algeba A, the Bott map

A Ko(A) 1 Ki(SA)
is an isomorphism.

Proof. It suces to prove the theorem for unital C -algebras. Indeed, the general
casefollows from the unital one and (6.2.6) through a diagram chase. Thus assumeA
is unital. It will be conveniert for us to usethe description of K 1(SA) asthe collection
of suitable equivalenceclassesn GL, (éA) (seeExercise5.3.6). We must shaw that the
Bott map A : Ko(A) ! K(SA) is both surjective and injective.

Surjectivit y. We considerthe following subsetsof GL ; (éA):

GL" = ff:T! GL,y(A):f cortinuousandf (1) 2 M,(C1A)g;
LLy = ff 2 GL" :f aLaurent polynomial in z with coe cients in
Mn(A) and degf) 5 mg;
PL, = ff 2LL} :f apolynomialg;
PRL" = ffy,:p2 P,(A)g:



Elemerts of GL", LL ,, PL}, and PL" are calledinvertible loops Laurent loops polyno-
mial loopsand linear loops respectively. We have

[ [
PRL" PL! PL? LL?  GL"
m m
and K1(SA) = f[f],:f 2 GL"; n 2 Ng.
S

Step 1.  LL7 isdensein GL". Indeed, sparf Z% : k 2 Zg is densein C(T) by the
Stone-Weierstrasstheorem. Hencesparfzk : k 2 Zg A is densein C(T) A, and this
easilyimplies that Laurent loopsare a densesubsetof invertible loops.

Step 2. By virtue of Step 1, it suces to showv that the range of A cortains the
equivalence classesof all Laurent loops. But ead Laurent loop is a quotient of two
polynomal loops. Thus, it su ces to show that the rangeof , cortains the classeof all
polynomial loops. To this end, we shav that for ead n; m 2 N there is a cortinuous map

nPLY ! PLPTET
such that . (f) 1 diag(f;1m,) within PLY""" for all f 2 PLE, k 5 m. Indeed, let

X
f(2) = gz, with g 2 M,(A) forall j = 0;:::;m. For ead z, we de ne
j=0

0 1
& & a .. a8n 1 anm
z 1 0 ::: 0 0
N (F)(2) = 0 z 1 ::: O 0 ¢
0O 0O 0 ::: Z 1

an elemen of M1 (Mn(A)). (In the above matrix we wrote 1 for 1, and z for z1,.)
Cleary, ~0.(f )(z) = To + T,z for someTy; Ty 2 Mpn+n(A), andthe map f 7! ~0 (f) is
cortinuous. We claim the following:

(i) ~n,(f)(2) is invertible for all z,
(”) ~ﬂq(f )(1) h 1mn+n;
(i) ~n(f) n diag(f; 1mn).

Once the properties (i){(iii) are established,we obtain the desiredmap |, by setting

m(f) = (=R(F)(D) *~5(f).

In order to prove properties (i){(iii)), we considermatrices
0

1 1
1 00 ::: ay 10 ::: (amwitanz) O
10 ::: O 01 ::: 0 0
Am = Co : ; Am 1= Lo : D SRR
00O 1 00 ::: 0 1

(ap+ az+ :::+anz™ 1) 0 ::: 0

0
1
%o 1 0 ::: o§
A= . ) ) ) ;
0



and matrices By having 1's on the main diagonal, z in the ertry in column k and row
k + 1, and O's elsewhere.Then we have

0 1

f(z) 0 ::: 0 O

. z 1 ::: 0 O

AlA,  Ann(f)2) = : : L

0O 0 ::: z 1

and

AlA;  Ann(f)(2)BmBm 1 B = diag(f (2); Lnn): (6.2.7)
Sincef (z) and all of the matricesAj;:::;An;B1;:::;Bn areinvertible for all z, (6.2.7)

implies (i). Furthermore, ead of the A; and B; matrices may be cortinuously deformed
to the identit y within the set polynomial loopsby multiplying the soleo -diagonal ertry
with a parametert 2 [0; 1]. Thus (6.2.7) implies (ii) and (iii).

Step 3. By virtue of Step 2, it suces to showv that the range of A cortains the
equivalence classesof all linear loops. This will follow if we show that there exists a
cortinuous retraction

:PLY ! PRL"
sudh that (f) n f within PLY for all f 2 PLY. Indeed, let f(z) = ap+ a3z. Then
f (1) = ap + a; is an invertible elemen of M,(C14), and we canput g= f (1) f. Then

9(z) = 1y + bz 1);

with b= (ap + a;) *a;. When z 6 1 we can write

1
a2=@1 2 ﬁln b ;
and sinceg(z) is invertible for all z2 T we seethat 1=(1 z) 62p(b) if z2 T nflg. Since
the function z 7! 1=1 z) mapsT nflgonto the linef 2 C:<( )= 1=2g, we seethat

sp Cnf 2C:<()=1=2g:
For t 2 [0; 1] considera function

_ 1z if <(z) < 1=2;
%@ = i@ 0 if<()> 1=2

Eadh function g; is holomorphicon an open neighbourhood of sp(b) and thus the holomor-
phic function calculus (seeExercise6.4.3) yields elemens g;(b) 2 M,(A), which depend
continuously on the parametert. Sincethe image of g;(z) does not intersect the line
f 2 C:<()= 1=2g, the elemelts

h@=1L+aBE D=0 2 1 o

are invertible. We have g;(z) = z and thus g;(b) = b. On the other hand, go(z)? = go(2)
and thus e = go(b) is an idempotent. Consequetly, t 7! h; is a homotopy within PL}
betweeng and the idempotent loop 1, + ¢(z 1). Now we can deform the idempotent e
to a projection, as follows (cf. Exercise3.3.20).



Lemma 6.2.2. Let B be a unital C -algeba. Recall that | (B) denotesthe set of idem-
potentsin B and P (B) denotesthe setof projections (i.e. self-adjointidempotents) in B.
Then we havethe following.

(i) For everyidempotent e 2 B the element
(e)=ee(l+(e e)e )"
IS a projection.

(i) Themap :1(B)! P(B), denedin (i), is a continuousretraction. In particular,
() neinl (B) for everyidempotent e.

(i) If p;g2P(B)andp nqinl(B), thenp 4 gin P(B).

Proof. (i) Putw= 1+(e e)(e €). Thenwispositiveandinvertible, thus (e) = eew !
is well-de ned. A straightforward calculation yieldsew= eee= weandew = e ee =
we . Thuseew = (ee)? = wee and eew ! = w lee. This implies that eew ! is
self-adjoirt and that

(€)= eew leew 1= (ee)’w 2=eew 1= (o):
Whence (e) is a projection.

(i) Clearly, isacortinuousmapand (p) = pif pis a projection.

Toseethat (¢) Leinl (B), setuy=1 t(e (e) fort2[0;1]. Since (ee= e
ane (e) = (e), wehave (e (e)? = 0. Therefore u, is invertible with the inverse
u*=1+t(e (€). Thusu, *ew is anidempotert for all t 2 [0; 1], and we have

e=Uy'ely nU;'ely= (1+ (e (9))ed (e (8) = (9:

(i) If t 7! e is acormtinuouspath in 1 (B) frome, = ptoe = g, thent 7! (&) isa
continuous path in P(B) from (&) = pto (&) = q. O

Let :1,(A)! P,(A) bethe mapde ned in Lemma6.2.2(with B = M,(A)). Then
(f)=1,+ (e)(z 1)yieldsthe desiredmap :PL7 ! PRL".

Injectivit y. Let p;q2 P,(A) andassumethat  a([plo [dlo) = [fpf q]1 = [1] in K1(SA).
Then, after increasingn if necessarywe have f, 1 fqin GL". It suces to show that
there existsm 2 N sud that diag(p;1n) 1 diag(q; 1) in Phem(A).

As a rst step, we obsene that there existsa polygonal (i.e. piece-wisdinear) homo-
topy t 7! h from f, to f4 sudh that all h; are Laurent loopswith a uniform bound on both
positive and negative degrees.(This follows from the density of Laurent loopsin invertible
loopsvia a routine compactnessargumert | exercise.)Thustherearem; k 2 N sud that
z™hy 2 PL} for all k. Sincez™f, n fgiag(p:1m) IN PLR" (exercise),we seethat f giag(p:1.m)
and f giag(q:1,) @re homotopicin PL7. 7. Let t 7! & be sucd a homotopy. Then applying
the maps .¢ and , constructedin steps2 and 3, respectively, of the proof of surjectiv-
ity, we geta homotopy t 7! ( mir(&)) = fp, from fgiag(pi1m) O fdiag(q1m) iN Projection
loops. Sincethe map f, 7! p is cortinuous (exercise),we nally seethat diag(p;1,) and
diag(g; 1,) are homotopic via a path of projections. Consequetly, [plo = [dlo in Ko(A),
asrequired.

Combining Theorems6.1.2and 6.2.1we get
KJ(SA) = Kl J(A)



for any C -algebraA andj = 0; 1. Thus, for any natural n we have

Furthermore, naturality of the maps and easilyimplies that the functors K., and
K, areisomorphic.

6.3 The 6-Term Exact Sequence

6.3.1 The 6-term exact sequence of K -theory
With the Bott periodicity theoremat hand, we are now readyto presen the 6-term exact
sequenceof K -theory | atool of paramourt importancein applications. Let

01 J 1 A 1! B 1O

be an exact sequenceof C -algebras. Applying the suspensionfunctor, we obtain the
exact sequence

0! sJY sAd sB ! o

Denote by @: K1(SB) ! Ko(SJ) the correspnding index map. Let ; : Ky(J) !
Ko(SJ) and 5 : Ko(B)! K(SB) bethe isomorphismsfrom Therems6.1.2and 6.2.1,
respectively. Then the exmnential map

@:Ko(B) ! Ki(J)
is de ned asthe uniqgue homomorphismmaking the diagram

Ko(B) —&= K,(3)

3 (6.3.8)

2]

B

?

K1(SB) @ Ko(SJ)

commutativ e.

Theorem 6.3.1. Let ,
orJtrA !B O

be an exactsequene of C -algebes. Then the sequene

Ko(d) Ko(") Ko( )

6
@ @ (6.3.9)
K1(B) K0 K1(A) K0 K1(J)

Ko(A)

Ko(B)

IS exacteverywhee.



Proof. By virtue of Theorem5.2.7,it su ces to shov exactnessat Ko(B) and Ky(J). It
turns out that at this stagethis requiresnothing more but a diagram chase.

To prove exactnessof (6.3.9) at Ky(B), considerthe comnutativ e (due to naturality
of the Bott map) diagram

Ko(a) 0L KBy~ Ky
A B J (6.3.10)
K 1(SA) <S) K 1(SB) 5 K o(SJ)

All the vertical arrows are isomorphisms,and the bottom row is exactby Theorem5.2.7.
Thus the top row is exact.

To prove exactnessof (6.3.9) at K1(J), considerthe comnutative (due to naturality
of the  map) diagram

@ Ky('
Ko(®) — 2 Ky(3) 20 a)
B J A (6.3.11)
? ? ?
K1(SB) — K(SJ = Ko(SA
1(SB) 5 Ko(S9) 157 Ko(SA)
All the vertical arrows are isomorphisms,and the bottom row is exactby Theorem5.2.7.
Thus the top row is exact. O

6.3.2 The exponential map
6.3.3 An explicit form of the exponential map

Prop osition 6.3.2. Let0O! J I Al B! 0beexactand let @:Ko(B)! KyJ) be
the asseiated exmpnential map. Then

(i) If p2 P,(B) andx = x 2 M,(A) suchthat ~(x) = p then 9'u 2 U,(J) suchthat
'~(u) = exp(2 ix), and we have

@([plo [s(Plo) = [ula: (6.3.12)

(i) Supmsethat A is unital. If p2 P,(B) andx = x 2 M,(A) suchthat (x) = p,
then 9lu 2 U,(J) suchthat '~<(u) = exp(2 ix), and we have

@([plo) = [uls: (6.3.13)

Proof. Part (i) follows from (ii) by a diagram chase.Sowe prove (ii). For simplicity,
assumeJ A and' = id. SupposeA unital thenandletp2 P,(B). Thereisx = x 2
Mn(A) sud that (x) = p. Then (exp(2 ix)) = exp(2 i (X)) = exp(2 ip) = 1,, hence
exp(2 ix) 2 U,(J). We must shawv that

s(lexp( 2 ix)l1) = (@  &)([Plo):; (6.3.14)



where @ : K1(SB) ! K(SJ) is the index map correspndingto 0! SJ ! SA'!
SB ! 0: Weidentify SB with ff 2 C([0;1];B)jf (0) = f (1) = Og. ThusM(8B) = ff 2
C([0; 1] Mk(B))jf (0) = f (1) 2 M«(Cls)g, andf, 2 U(8B) isfp(t) = € "p+ 1, p; t2

[0;1]. Letv 2 U2n(§A) be sud that § (v) = fop fO : Thenv:[0;1]! Ux(A) is
P
a cortinuous map sud that v(0) = v(1) 2 M,n(Cl,), and (v(t)) = fpét) ¢ (zt)
p

As f,(0) = (1) = 1, we have v(0) = v(1) = 1. With x = x 2 Mu(A) a lift of p,
put z(t) = exp(2 itx) fort 2 [0;1]. t 7! z(t) 2 U,(A) is continuousand (z(t)) = fo(t).
Hence

z(t) 0 z2(t) 0

v(t) 0 z(t) = 10, s V(i) 0 z(1) = 1op: (6.3.15)

Thus w(t) = v(t) Z((t)) 28)

exp( 2 ix) 0
0 exp(2 ix)

is a unitary elemei in Uy, (J). We have w(0) = 1,,

andw(l) = . Thus, by the de nition of ;, we have

s(exp( 2 W)= WG g w o (6.3.16)

We also have

w(t) 1(; 8 w(t) = v(t) 18 8 v(t) ; (6.3.17)

and the unitary v was chosenso that

fp O

— p
§ (v) = o 1, (6.3.18)

So, by the de nition of the index map, we get
@([fplr) = a(exp( 2 ix]y): (6.3.19)

6.4 Examples and Exercises

Exer cise 6.4.1 Let A be a C -algebra. Shov that ewery classin K;(A) corntains a
unitary u 2 U,(A) normalizedsothat s(u) = 1,, wheres is the scalarmap.

Exer cise 6.4.2 Shaow that if A is a non-unital C -algebrathen for any p 2 P,(A) we
have

a(lplo  [s(P)lo) = [fpf sl

Exer cise 6.4.3 (Holomorphic  function calculus). Let 4;:::; , bea nite col-
lection of continuous and piece-wisecortinuously di erentialble paths  : [ax;b]! C.



We assumethat eadh  is closed,i.e. ((ax) = «(x). A contour is a nite collec-

tion :Sf 1,00 ng. If f is a piece-wisecortinuous, complex function de ned on
Im() =  «([a;k]), then there is a well-de ned integral
Z Z Z

f(z)dz = f(z)dz+ ::: + f (z)dz

1 n

If zo 62m() then the index of z; with respectto is the integer de ned as

Z
1 dz
Ind = — .
nd (z0) 21 Z 7o
Let K be a compactsubsetof an open set C. Then we say that  surroundsK in
if Im() nK and
_ 1 z2K;
Ind (2) = 0; z2Cn
Let A beaunital C -algebra.If a2 A and isacortour surroundingsp(a) in an open
set , then for every holomorphic function f : ! C there is a well-de ned Riemann
integral 7
1
f(a)= =—— f(2)(zln a) 'dz

N

This integral yields a unique elemen f (a) of A suc that for ewvery cortinuous functional
" Al Cwehave 7

(@) = 5

The mapping f 7! f(a) is called the holomorphic function calculus for a. It has the
following properties (see[T-M79, M-GJ90, P-GK79]).

f(2)' (z1» a) YHdz

(i) Themapf 7! f (a) is a unital algebrahomomorphism.
(i) If gis a holomorphicfunction onf () then(g f)(a) = g(f (a)).
(i) sp(f (a)) = f (sp(a)).

(iv) If f, is a sequenceof holomorphicfunctionson corverging almost uniformly to a
function g, then g is holomorphicon and

iifn(@ o@j ! O

Note that the holomorphic function calculus appliesto an arbitrary elemen a of a C -
algebra, not just a self-adjoirt one. If a is self-adjoirt then the holomorphic function
calculusis compatible with the cortinuous function calculusvia the Gelfand transform.

Exer cise 6.4.4 By virtue of Theorems6.1.2and 6.2.1, we have
Ko(Co(R?) = K1(Co(R*™)) = Ko(C) = Z;

K1(Co(R™)) = Ko(Co(R™™1)) = K4(C) = 0
for all n 2 N.



Exer cise 6.4.5 For eat natural numbern 1, nd a split-exact sequence
0! C(RY)Y ' C(S") ' C ! O

Then use Exercise6.4.4 and split-exactnessof K to determine the K -groups of C(S")
for all spheresS".

Exer cise 6.4.6 By Exercise 6.4.5, we have Ko(C(T)) = K(C(T)) = Z. Usethe
isomorphismC(T"*1) = C(T) C(T") to nd a split-exact sequence

0! SC(™T) ! (™) 1 c(m ! o
Then usesplit-exactnessof K to determinethe K -groupsof C(T") for all tori T".

Exer cise 6.4.7. Let ,
o!rJrAatB1!o

be an exact sequenceof C -algebras. Show that if every projection in P, (B) lifts to a
projection in P; (A) then @ : Ko(B)! K31(J) is the zeromap.

Exer cise 6.4.8 (Toeplitz algebra). Let H be a separableHilbert spacewith an
orthonormal basisf , :n = 0;1;2;:::9. Let S 2 B(H), S( ) = n+1 bethe unilateral
shift. Wede ne the Toeplitzalgeba T asthe C -algebrageneratedby S. It canbe shavn
[C-L67] that T is the universal C -algebrafor the relation S S = 1, and that if T is a
proper isometry on a Hilb ert spacethen there existsa -isomorphismT = C (S)! C (T)
suh that T 7! S.

(i) Shaw that the closedtwo-sidedideal of T generatedby 1 SS coincideswith the
algebraK(H).

(i) Let :T ! T=K bethe natural surjection. Shav that T =K is isomorphicto C(S?)
and (S) may beidertied with the generatorz. There is an exact sequence

Ol K !I' T 1 cishH ! o
(iii) By Exercise6.4.5,K(C(S?)) = Z (with a generator[1]y) and K 1(C(SY)) = Z (with

a generator[z]1, the classof the idertity map z 7! z). Calculate @([z],) and shav
that the index map

@:Z=Ky(C(SY)) ! Ko(K)=2Z
is an isomorphism.
(iv) Use(iii) and the exact sequencdrom Theorem6.3.1to show that
Ko(T)=2Z; Ky(T)=0:
Find the generatorof Ko(T).

Exer cise 6.4.9 Let H beaseparableHilbert space K = K(H) bethe compactoperators
onH, andlet S" 2 B(H) be an isometry with cokernel of dimensionn, for somenatural
number n. Let C (S";K) bethe C -subalgebraof B(H) generatedby S" and K. Show
that there exists an exact sequence

O! K1 C(S";K) ! c(sh ' o
and determinethe K -theory of C (S"; K).



Exer cise 6.4.10 Let RP? be the real projective plane. Find an exact sequence
0! C(R) ! C(RPH) 1 Cc(Sh ! 0
and determinethe K -theory of C(RP?).

Exer cise 6.4.11 Find an exact sequence
0! C(SYH Co(R? ! C(S® I c(sh ! o

Then apply to it the 6-term exactsequenc®fK -theory andthuscalculatein an alternative
way the K -groupsof the 3-sphere(cf. Exercise6.4.5).

Exer cise 6.4.12 Let H be a separableHilbert space. Considertwo operators T; U 2
B(H) sudt that T is a properisometry (i,e. T T =16 TT ) and U is a partial unitary
onl TT with full spectrum(ie. U U=UU =1 TT andsp(U)= S![ f0g). Let
A be a C -subalgebraof B(H) generatedby T and S.

(i) Let J bethe closedtwo-sidedideal of A generatedby U. Shaw that J is isomorphic
to C(S?) K, with K the C -algebraof compactoperators.

(i) Let : A! A=J be the natural surjection. Shav that A=J is generated(as a
C -algebra) by the unitary elemem (T). Show that sp( (T)) cortains the ertire
unit circle, and thus A=J is isomorphicto C(S?).

(i) By (i) and (i) above, thereis an exact sequence
ol cish K1 A1 cshH ! o
Apply the 6-term exact sequenceand calculate the K -theory of A.

Example 6.4.13 (Mirror-disc-type quantum two-spheres)
Consider,for p 2]0; 1], the -algebra

O(Dyp) = Chx; x 1=J; (6.4.20)

where J is the -ideal generatedby x x  pxx (1 p). This is called -algebra of
the quantum disc (see[KL93], where a two-parameterfamily of sud quantum discsis
considered). It is not hard to seethat k (xX)k = 1 in any bounded represetation
so that one can form the C -closure C(D,) of O(D,). Moreover O(D,) is faithfully
imbeddedin C(D,). (There is exactly onefaithful irreducible represetation, up to unitary
equivalence.) It is known that C(D,) is isomorphicto the Toeplitz algebraT, soall the
C -algebrasC(D;) are isomorphic. There is a -homomorphism' : C(D,) ! C(S?%),
sendingthe generatorx to the unitary generatoru of C(S?). Considerfor any g2]0;1[ a
secondcopy O(Dg), with generatory.

De nition  6.4.14. Let : O(SY) ! O(S') denotethe -automorphism de ned by
u7!'u. Dene

O(Si) = f(f;9)20(Dy) O(Dg)j' (F)= ' (9)g: (6.4.21)

This is called the -algeba of the mirr or-disc-type quantumtwo-sphee.



Prop osition 6.4.15.
O(qu) = ChC;C ;D;D ;E;E i=J, (6.4.22)

where the -ideal J is geneated by the relations

CC =1 pb E;

CC =1 D ¢E;
DC = pCD;

EC = q CE;
DE = 0

D = D;

E = E:

The isomorphismis givenby (x;y ) 7! C, (1 xx ;0)7! D, (0;1 vyy)7!E.

Prop osition 6.4.16. The following is a complete list (up to unitary equivalene) of
irr educible -representationsof O(Sf,q) in someHilbert space:

(i) +, actingon a se@rableHilbert space H with orthonormal basisey; ey; : : : according

to
p——
+(C)ec = 1 pleus;
.(D)ec = peg
+(E) = O

(i) , actingon H by

p
Ce& = 1 de& 1
(D)ex = 0

(BE)ec = d&c

(i) An Sl-family , acting on C by

Cc) =
(D) = G
(E) = O

One can again shaw that there is a uniform bound on the norm of the generatorsfor
all bounded -represetations, sothat onecanform a C -cIosureC(Sf,q) of O(Sf,q) using
bounded -represetations. . is a faithful represetation of O(qu) as well as of
C(S§,), sothat O(S3,) is faithfully imbeddedin C(S7,). Moreover, the closedideals Jp,
Je generatedby D, E are isomorphicto K ( +(Jp) = K = (Je)), they have zero
intersection,and ( - )(Jp + Jg) = K K. Finally, there is an exact sequence

0! K K! C(S5)! C(shH! o (6.4.23)

where isdened by C 7! u, D 7! 0, E 7! 0. This exact sequencecan be usedto
compute the K -theory of C(qu :



Prop osition 6.4.17. Ko(C(S3) = Z Z, K1(C(S%)) = 0.

Proof. With Ko(C(S?)) = Z = K1(C(SY), Ko(K) = Z, K¢(K) = 0, we obtain from
the standard six-term exact sequencecorrespnding to (6.4.23)

0! Ky(C(SZ)! Z21®Z Z! Kec(sy) “?z1 o (6.4.24)

Let us compute the index map @ It is determined by its value on the generator[u], 2
K1(C(SY),
@ul:) =[1 bho [1 bbo; (6.4.25)

where b 2 C(S7,) is any partial isometry with (b = u. Identify C(S5) = ( +
)(C(qu). Then b = (s;s), s the one-sidedshift, is a cortinuous function of ( .
)(C) such th:t\t b (« JC)2 K K:ib=(4(C)+(C) 1 (C) (C)j ) with

0 k=0
i (©) & = pl g k>0 Thenbb=(ss;ss)=1 p,bb=(ss;ss)=
1 ok

1 py, wherep, = (Pey; 0), P1 = (0; pe,) Can be consideredasthe generators(0; 1), (1;0)
ofZ Z= KoK K). Then @[u].) = [p2lo [pdo = (0;1) (1;0), sothat @is injective,
and we can concludethat Kl(C(qu)) = 0. We are left with the exact sequence

or z1©z z%W

Ko(C(SZ) P z1 o (6.4.26)
As Z is a free module over itself, this sequencesplits, and KO(C(SFZ,q ) = ImKo(j) Z.
There remainsthe exact sequence

or 219z Zz%W

ImKg(j)! O: (6.4.27)
Here, Ko(j) is determined by its valueson (1;0) and (0;1), howewer, (1;0) (0;1) 2
KerKo(j) = Im@i.e., Ko(j )(1;0) = Ko(j )(0; 1), consequetly ImK(j) = fnKo(j)(L;0)jn 2
Zg= Z. It followsthat Ko(C(S5) = Z  Z.






Chapter 7

Tools for the computation of
K -groups

7.1 Crossed pro ducts, the Thom-Connes isomorphism
and the Pimsner-V oiculescu sequence

7.1.1 Crossed pro ducts

Let G be a locally compactabelian group. Then C.(G) = ff 2 C(G)jsupp(f ) compacy
isa -algebrawith respect to
z

(f9)s) . f(o(t s)dt; (7.1.1)

f(s) = f(s D) (7.1.2)

wherethe integration is with respect to the Haar measure.The universalnorm on C.(G),
kf k= supfk (f)kj :C.(G)! B(H) a -represetationg; (7.1.3)

is well-de ned since(one can shawv that)

Z
kik kiko= jf (Djdt: (7.1.4)
G

The completion of C.(G) with respect to kik is the group C -algebraC (G) of G. By
Gelfand's theorem, sinceC (G) is abelian, there is a locally compact Hausdor space
sud that C (G) = Cq(). may beidentied with G=f :G! Tj cortinuous; (s+
t) = (s) (t)g, the dual group of G. G is equipped with the topology of almost uniform
corvergence.Every 2 G yields a multiplicativ e functional of C (G) by
z
L (f) = (Of (t)dt: (7.1.5)

G

Thus we have C (G) = Co(B) via the Gelfand transform. Now supposethat A is a
C -algebraand : G ! Aut(A) is a homomorphismsud that G 3t 7! (x) 2 Ais
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continuous 8x 2 A. Then (A; G; ) is called a C -dynmaical system. The vector space
ff 2 C(G;A)jsupp(f ) compacy becomesa -algebrawith
Z

(f 99
f(s)

Note that ewen if both G and A are abelian, this algebramay be noncomnutativ e if the
action isnortrivial. The universalnorm k:k onthis -algebrais de ned asthe supremum
over the normsin all -represetations. A o G is by de nition the C -algebraicclosure
of A C.(G) with respectto kk. If :G! Aut(A) istrivial, i.e., {(x) = X, 8x, then we
haveAo G=A C (G)=A GCo(B) (C -algebraisomorphisms).For a given action
:G! Aut(A) there existsa canonicaldual action * : G! Aut(Ao G) sud that

A L)L) = h; tif () (7.1.8)

f(t) «(9(s t))dt; (7.1.6)
G
s(f(sh)): (7.1.7)

for f 2 C(G;A) with compactsupport.
Theorem 7.1.1. (Takesaki-Takai duality)
(Ao G)o~G=A K; (7.1.9)
if G is in nite.
The dual acionis functorial in the follwoing sense:If :G! Aut(A) and :G!

Aut(B) areactionsand :A! B isaG-equivariant -homomorphism,then there exists
a -homomorphism”: Ao G! Bo G sud that

(F)s)= (f(9) (7.1.10)

forf :G! A, and isequivariant with respectto ~ and "

7.1.2 Crossed products by R and by Z
Theorem 7.1.2. (Connes) For any action :R! Aut(A), wehave
Ki(A)= Ky (Ao R): (7.1.11)

In the special caseof a trivial action, we have K;(A) = K3 j(A Cy(R)) (Bott
periodicity). Intuitiv ely, the Connes-Thomisomorphism can be explained as follows:
\An y action of R may be corntinuously deformedto a trivial one. Then the result follows
from the Bott periodicity sinceK -theory is insensitive to cortinuousdeformations”. This
can be made precisewith the help of K K -equivalence.

Theorem 7.1.3. (Pimsner-Voiculescu)lf 2 Aut(A), then there is an exactsequene

Ko(A) 14 KoC D ymy 0~ ko )
6
(7.1.12)
Ki(Ao ) TKl(A) d KD K1(A)

whee ig; i, are the natural imbeddings.



Proof. (idea, Connes)Dene M = ff 2 C(R;M)jf (1) = (f (0)g (mapping torus of
). RactsonM by ( f)(s) = f(s t). By aresult of Green,

Ao Z' MoritaM O R (7.1.13)
Hence,by the Connes-Thomisomorphism,
Ki(Ao Z)=K;(M o R)=K; (M): (7.1.14)

Now, there is an exact sequence
0! SAl M ! Al (7.1.15)

and the 6-term exact sequenceyields

K1(A) = Ko(SA) = Ky(Ao Z)= Ko(M ) = Ko(A)
6
@ @ (7.1.16)
K 1(A) Ko(Ao Z)= Ki(M ) — Ky(sA) = Ko(A):

One can calculate the connectingmapsas
@=id K ( b: (7.1.17)

7.1.3 Irrational rotation algebras

Let us recall that, for 2 R, the rotation algebra A is de ned to be the universal
C -algebraC (u;v) generatedby two unitaries u; v sud that

vu= €' uv: (7.1.18)
We have seenthat thereisatrace : A ! R, and that the image of Ky( ) cortains
Z[ Z. Notice that C (v) = C(S?) and that := Ad, is an automorphism of C(S?)
sud that '
v=e v (7.1.19)
It canbe shown that
A =C(SHo z: (7.1.20)
The Pimsner-\biculescusequenceas
id Ko( *
Kote(sh) R D e sy -~ Ko(A)
6
(7.1.21)
?
K 1(A Ki(C(SY) ————— K4(C(Sh):
1(A) 1(())iol (D) 1(C(S7)

Ko(C(SY) is generatedby [1]o, henceid Ko 1) isthe zeromap. Likewise,® ' u 4 u,
henceid K,( 1) isalsothe zeromap. Consequetly, sinceK; (C(S%) = Z, we get

Ko(A) = Z%= Ky(A): (7.1.22)

Furthermore, [u]y; [V]: are generatorsof K,(A ) and Ko( ) : Ko(A )= Z2! Z[ Zisan
isomorphism.



7.2 The Mayer-Vietoris sequence

The Mayer-Vietoris sequencen the classicalcaseof topological spacesconcernsrelat-

ing the (co)homologiesof a spacethat is glued from two (or more) subspacego the

(co)homologiesof the subspacesand the way they are glued together. In the context of

di erential forms and De Rham cohomologiesit is natural (due to di erentiabilit y) to

consideropen subspaces.In the purely topological setting and in the realm of Gelfand

theory for compact spaces,it seemsto be more natural (also easier)to considerclosed
subsets. Thuswe aretrying to generalizethe following situation to a noncomnutativ e set-

ting: There is a compactHausdor spaceX that is the union of two compactsubspaces,
which have a certain intersection. Diagrammatically:

X ———X,
6 6
(7.2.23)
X2 X1\ Xy,
wherethe mapsare injections of sets.
Dually, by Gelfand theory there is the following diagram:
C(X) = C(X41)
(7.2.24)
? ?

C(Xz) —= C(X1\ Xy);

where the maps are the natural restriction maps. In fact, it is almost obvious that
C(X) = f(f;f2) 2 C(X1) C(Xy) j fiyX1\ X, = f,jX1\ X,g. Thus we are led to
considerthe following commutativ e diagram of unital C -algebras:

1 (7.2.25)

whereA = f(b;; ) 2 By Baj 1(by) = 2(bp)g, with 1; 5 surjective -homomorphisms,
pr, and pr, the restrictions of the natural projectionsB; B,! B;andB; B,! B,
to the subspaceA B; B,. A iscalledthe pullback of B, and B, (over D), or the b er

product of B; and B, (over D), and the diagram (7.2.25) is called a pull-back diagram.
We have



Theorem 7.2.1. Correspndingto (7.2.25), there is a six-term exactsegjuene
(Ko(pry); Ko(pry)) Ko( 2) Kol 1)_

Ko(A) Ko(B1) Ko(B2) Ko(D)
6
(7.2.26)
K (D) Ki(By) Ki(By) K 1(A)):

Ki( 2) Ki( 1) (K1(pry); Ki(pry,))

Proof. (partial, basedon [BHMS], which is in turn basedon ideas of Atiyah and
Hirzebruch, see[?]) Dene A B; B, C([0;1];D) by

A=f(bib;! jb2By;b2By! (0= 1(b);! Q)= (g (7.2.27)
Put
Co(0;1[D) = f! 2 C((0:1);D j ! (0) = ! (1) = Og; (7.2.28)
Then the sequence
0! Co(I0;1D)! A! By B,! 0 (7.2.29)

is exact, wherethe map Co(J0;1[D)! Ais! 7! (0;0;!), andthe mapA! B; B,
is (by;by;!) 7! (by;by). Exactnessof this sequenceat Co(]0; 1[; D) and A is obvious, at
B: B, it is dueto the fact that ! 2 C(]0;1];D) can have any independen values
1(0);! (1) 2 D (any two elemerts in a vector spaceare homotopic). As Cy(]0; 1[;D) is
just the suspgensionof D, we have

K;(Co(10;1[D) = K1 j(D); j =0, L (7.2.30)

We will shav that

Ki(A) = Kj(A); j=01 (7.2.31)
Then (7.2.30) and (7.2.31) together allow to concludethat the 6-term exact sequence
correspnding to the exact sequencg7.2.29) hasthe form

K1(D) — Ko(A) — Ko(B1 By))
6
(7.2.32)

Ki(B1 B2) — Ky(A) Ko(D):

which after a courter-clockwiserotation about oneposition givesjust the claim of the the-
orem. It remainsto prove (7.2.31). Our goalis to show that the mapi : A! A, (b;b) 7!

(by; b; 1(by)), where 1(by) is the constant path at 1(by), is a K -isomorphism. Consider
theideall, := Ker(pr, :A! B;)=f(0;lp) 2 Ag=1(0;lp) 2B, B,j 2(p)=0g A,
being alsoisomorphicto Ker , (11 3 (0;k) 7! b, 2 Ker , beingthe isomorphism). The
imageof I, underi in Ais(y = f(0;1;0) ] (k) = Og. [} is isomorphicto |4, and is also
anidealin A. Thus we have a comnutativ e diagram

k (7.2.33)




Here, j; is an isomorphism, and both j and k are injective. Let us show that k is a
homotopy equivalence:First let us note that

A=y = flobe!)j! = 1(o);! (D)= 20b)g=f(0;0;0) j 2(k) = Og
f(b;!) b2 By;! (0)= 1(b)g=: By

The isomorphismis given by factorizing the map (bi;b;!) 7! (b;!); A ! By, whose
kernelis f (0;;0) ] 2(b») = Og, and which is obviously surjective. De ne

' :By! Bi=A=l;; b ! By (7.2.34)
by

P t) =yt () = (b a(by)): (7.2.35)
Then' =idg,, ' (by;!) = (b; 1(by)), and the homomorphisms ; : B; = A=[} !
Bydenedby ' ((b;!')= (b;(1 t)! +t (b)) satises' o=1id,' ;= ' . This proves

that A=l, and A=l are homotopy equivalert and that K; (k) are isomorphisms. Thus
from the above commnutativ e diagram (7.2.33) we obtain another comrnutativ e diagram
by combining two 6-term exact sequences:

Ko(l1) = Ko(A) = Ko(A=l4)
6 1 )

X, Ko(j) S

Ko(l%) : KO(IA) —= Ko(A=lY)

6

(7.2.36)

Ki(A=l) — K1(A) —— Kl(.r\l)

6

A K 1(j 4
\{~& 1() \,@/

K 1(A=1y) K1(A) K1(11):

N

The diagram has two exact circles, and since K(j;) and K;(k) are isomorphisms,we
obtain from the Five Lemmathat alsoK;(j) areisomorphisms.Thus we have proved the
desiredisomorply K;(A) = K;(A).

Let us describe the connectingmorphisms. For the morphism Ko(D) ! K(A), let
P 2 M,(D) be an idempotent. ChooseP; 2 M,(B;) and P, 2 M,(B,) sud that
1(Py) = P = ,(Py). (Here, ; and , are the obvious extensionsto matrices, which
are also surjective.) Then (€? P1;¢? P2) 2 B; B, isin fact in B; p B,, because
e eP=1,+1 eHYP=1,,e?P271e?P =], +@1 e?")P=1,. Thus
we have constructedthe invertible elemen (e? P1;e 2 P2) 2 M, (A). The so-constructed
mapP 7! (€? P1;e 2 P2) de nesthe desiredmorphismK (D) ! K1(A). If P isassumed
to be selfadjoirt, then P, and P, can be chosento be selfadjoirt (by Exercice2.4.1(ii)).
Then the construction givesa unitary in M, (A). Note that without the minus signon one
sidethe resulting elemen (€? P1; € P2) = ¢ 1(P1iP2) 2 M, (A) is homotopicto the idertit y
(by the homotopy [0;1] 3 t 7! € (P12)) and leadsto atrivial map Ko(D) ! Ki(A).



In order to construct the connectingmorphismK (D) ! Kgy(A), let be an invert-

ible in M,(D). Think of asactingontheright onD D ::: D. Considerthe set
M = (Vi V)i (We; 111 W) 2 By B: B> Baj( a(va);ii:; alvy)) =
( 2(wy);:::; 2(wn))g. M isa nitely generatedprojective module over A. The connect-

ing morphism we are looking forisnow [ ] 7! [M ] [n]: Ky(D) ! Kg(A), where[n]
denotesthe classof the freemodule of rank n over A. (We make useof the correspndence
betweenidempotents and nitely generatedprojective modules.)

Example 7.2.2 Considerthe circle S as a union of two closedintervals, S* = | [ |I.
Then we have a pull-back diagram

c(sh) ——= c()
(7.2.37)
C(’i)—' C ?c;
and a correspnding Mayer-Vietoris six-term exact sequence
Ko(C(SY) = Ko(C(l)) Ko(C(l)) = Ko(C C))
i (7.2.38)
Ki(C C) —Ky(C(l) C(1)) —Kl(C(?Sl)):

Let us take for granted that Ko(C) = Z = Ko(C(l)) and K{(C) = 0= K4(C(l)). Then
the above diagram is reducedto

0! Ko(C(SY)! z z!' z zZ! KyC(SH)! O (7.2.39)

We have to determineKo( 2) Ko( 1) :2Z2 Z' Z Z. ;= ,:C(l)! C C
is the map f 7! (f (0);f (1)). The generator of Ko(C(l)) is [1]o, so Ko( 1) is deter-
mined by Ko( 1)([1]o) = ([1]o; [1]o) (where the 1 on the right is 1 2 C). It follows that
Ko( 2) Ko( 1) hasonthe generators([1]o; 0) and (0; [1]p) of Ko(C(1) C(l)) the values
([1]o; 1) and ([1]o; [1b). Thus Im(Ko( 2) Ko( 1)) is the diagonal Z Z,and
K.i(C(SY) = Z Z= = Z. Onthe otherhand, alsoKer (Ko( 2) Ko( 1)) = , because
([11o; [1lo) 7! ([1lo; [1b) *+ ([1]o; [1k) = O and (n[1jo; m[1f) 7! (m  n)([1]o;[1o) & O for
m 6 n. So is the image of the injective map Ko(C(SY) ! Z Z,i.e., Ko(C(SY) =
= Z.

7.3 The Kewunneth form ula

In classicalcohomologytheory, say for di erential forms, the Kunneth formula states
that the cohomologyof a product of two manifolds is the (graded) tensor product of the
cohomologieof the two factors,

H(M N)=H (M)H (N): (7.3.40)

For C -algebras,the product of noncomnutativ e spacescorrespndsto the tensorproduct
of the algebras,and the following theorem generalizeghe classicalK anneth formula:



Theorem 7.3.1. Let A;B be C -algebas, and assumethat K (B) is torsion-free and
that A is se@rableand type I. Then

K (A B)=K (A)"K (B): (7.3.41)
Note that the formula (7.3.41) explicitly means

Ko(A B)
Ki(A B)

(Ko(A) Ko(B)) (Ki(A) Ky(B));
(Ko(A) Kyi(B)) (Ki(A) Ko(B)):

Note alsothat there is no questionabout the kind of tensorproduct A B, becausesvery
separabletype | C -algebrais nuclear. Also, there are more generalstatemens without

assumptionsabout torsion, but still assumingnuclearity of at leastone of the factors (see
[B-B98] and [S-C6]).
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